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Preface

The seventh edition of Schaum’s Outline of Electric Circuits represents a revision and timely update of
materials that expand its scope to the level of similar courses currently taught at the undergraduate level.
The new edition expands the information on the frequency response, polar and Bode diagrams, and first-
and second-order filters and their implementation by active circuits. Sections on lead and lag networks
and filter analysis and design, including approximation method by Butterworth filters, have been added,
as have several end-of-chapter problems.

The original goal of the book and the basic approach of the previous editions have been retained. This
book is designed for use as a textbook for a first course in circuit analysis or as a supplement to standard
texts and can be used by electrical engineering students as well as other engineering and technology stu-
dents. Emphasis is placed on the basic laws, theorems, and problem-solving techniques that are common
to most courses.

The subject matter is divided into 17 chapters covering duly recognized areas of theory and study. The
chapters begin with statements of pertinent definitions, principles, and theorems together with illustra-
tive examples. This is followed by sets of supplementary problems. The problems cover multiple levels
of difficulty. Some problems focus on fine points and help the student to better apply the basic principles
correctly and confidently. The supplementary problems are generally more numerous and give the reader
an opportunity to practice problem-solving skills. Answers are provided with each supplementary problem.

The book begins with fundamental definitions, circuit elements including dependent sources, circuit
laws and theorems, and analysis techniques such as node voltage and mesh current methods. These theo-
rems and methods are initially applied to DC-resistive circuits and then extended to RLC circuits by the use
of impedance and complex frequency. The op amp examples and problems in Chapter 5 have been selected
carefully to illustrate simple but practical cases that are of interest and importance to future courses. The
subject of waveforms and signals is treated in a separate chapter to increase the student’s awareness of
commonly used signal models.

Circuit behavior such as the steady state and transient responses to steps, pulses, impulses, and expo-
nential inputs is discussed for first-order circuits in Chapter 7 and then extended to circuits of higher order
in Chapter 8, where the concept of complex frequency is introduced. Phasor analysis, sinusoidal steady
state, power, power factor, and polyphase circuits are thoroughly covered. Network functions, frequency
response, filters, series and parallel resonance, two-port networks, mutual inductance, and transformers are
covered in detail. Application of Spice and PSpice in circuit analysis is introduced in Chapter 15. Circuit
equations are solved using classical differential equations and the Laplace transform, which permits a con-
venient comparison. Fourier series and Fourier transforms and their use in circuit analysis are covered in
Chapter 17. Finally, two appendixes provide a useful summary of complex number systems and matrices
and determinants.

This book is dedicated to our students and students of our students, from whom we have learned to teach
well. To a large degree, it is they who have made possible our satisfying and rewarding teaching careers.
We also wish to thank our wives, Zahra Nahvi and Nina Edminister, for their continuing support. The con-
tribution of Reza Nahvi in preparing the current edition as well as previous editions is also acknowledged.

MAHMOOD NAHVI
JOSEPH A. EDMINISTER
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Introduction

1.1 Electrical Quantities and Sl Units

The International System of Units (SI) will be used throughout this book. Four basic quantities and their SI
units are listed in Table 1-1. The other three basic quantities and corresponding SI units, not shown in the
table, are temperature in degrees kelvin (K), amount of substance in moles (mol), and luminous intensity in
candelas (cd).

All other units may be derived from the seven basic units. The electrical quantities and their symbols
commonly used in electrical circuit analysis are listed in Table 1-2.

Two supplementary quantities are plane angle (also called phase angle in electric circuit analysis) and
solid angle. Their corresponding SI units are the radian (rad) and steradian (sr).

Degrees are almost universally used for the phase angles in sinusoidal functions, as in, sin(@? + 30°).
(Since @t is in radians, this is a case of mixed units.)

The decimal multiples or submultiples of SI units should be used whenever possible. The symbols given
in Table 1-3 are prefixed to the unit symbols of Tables 1-1 and 1-2. For example, mV is used for millivolt,
1073 V, and MW for megawatt, 10° W.

Table 1-1

Quantity Symbol SI Unit Abbreviation

length L, meter m

mass M, m kilogram kg

time T,t second S

current L ampere A
Table 1-2
Quantity Symbol SI Unit Abbreviation
electric charge 0,q coulomb C
electric potential V,v volt \"
resistance R ohm Q
conductance G siemens S
inductance L henry H
capacitance C farad F
frequency f hertz Hz
force F.f newton N
energy, work W, w joule J
power P, p watt
magnetic flux [0) weber Wb
magnetic flux density B tesla T
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Table 1-3

Prefix Factor Symbol
pico 1072 p
nano 107 n
micro 107 n
milli 107 m
centi 1072 C
deci 107 d
kilo 10° k
mega 10° M
giga 10° G
tera 10" T

1.2 Force, Work, and Power
The derived units follow the mathematical expressions which relate the quantities. From ‘“force equals mass
times acceleration,” the newton (N) is defined as the unbalanced force that imparts an acceleration of 1 meter
per second squared to a 1-kilogram mass. Thus, IN =1 kg - m/s’.

Work results when a force acts over a distance. A joule of work is equivalent to a newton-meter: 1J =
1 N - m. Work and energy have the same units.

Power is the rate at which work is done or the rate at which energy is changed from one form to another.
The unit of power, the watt (W), is one joule per second (J/s).

EXAMPLE 1.1 In simple rectilinear motion, a 10-kg mass is given a constant acceleration of 2.0 m/s”. (a) Find the
acting force F. (b) If the body was at rest at =0, x = 0, find the position, kinetic energy, and power for # =4 s.

(a) F = ma = (10 kg)(2.0 m/s*) = 20.0 kg - m/s* = 20.0 N
(b) Att=4s, x = tar® = 12.0m/s*)(4s)* =16.0 m
KE = Fx = (20.0N)(16.0m) = 320 N - m = 0.32 kJ
P = KE/t =0.32kJ/4s = 008 kJ/s = 0.08 kW

1.3 Electric Charge and Current

The unit of current, the ampere (A), is defined as the constant current in two parallel conductors of infinite
length and negligible cross section, 1 meter apart in vacuum, which produces a force between the conductors
of 2.0 x 107" newtons per meter length. A more useful concept, however, is that current results from charges
in motion, and 1 ampere is equivalent to 1 coulomb of charge moving across a fixed surface in 1 second. Thus,
in time-variable functions, i(A) = dq/dt(C/s). The derived unit of charge, the coulomb (C), is equivalent to an
ampere-second.

The moving charges may be positive or negative. Positive ions, moving to the left in a liquid or plasma
suggested in Fig. 1-1(a), produce a current i, also directed to the left. If these ions cross the plane surface S
at the rate of one coulomb per second, then the resulting current is 1 ampere. Negative ions moving to the
right as shown in Fig. 1-1() also produce a current directed to the left.

Of more importance in electric circuit analysis is the current in metallic conductors which takes place
through the motion of electrons that occupy the outermost shell of the atomic structure. In copper, for
example, one electron in the outermost shell is only loosely bound to the central nucleus and moves freely
from one atom to the next in the crystal structure. At normal temperatures there is constant, random motion
of these electrons. A reasonably accurate picture of conduction in a copper conductor is that approximately
8.5 x 10™ conduction electrons per cubic meter are free to move. The electron charge is —e = —1.602 x 10~1° C,
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so that for a current of one ampere approximately 6.24 X 10"® electrons per second would have to pass a fixed
cross section of the conductor.

EXAMPLE 1.2 A conductor has a constant current of 5 amperes. How many electrons pass a fixed point on the con-
ductor in 1 minute?

5A = (5C/s)(60s/min) = 300 C/min

300C/min

1.602 x 10" C/elect =1.87 x 10*' electrons/min
: x electron

1.4 Electric Potential

An electric charge experiences a force in an electric field which, if unopposed, will accelerate the charge. Of
interest here is the work done to move the charge against the field as suggested in Fig. 1-2(a). Thus, if / joule
of work is required to move the / coulomb charge Q, from position O to position 1, then position 1 is at a potential
of I volt with respect to position 0; 1 V =1 J/C. This electric potential is capable of doing work just as the
mass in Fig. 1-2(b), which was raised against the gravitational force g to a height 4 above the ground plane.
The potential energy mgh represents an ability to do work when the mass m is released. As the mass falls, it
accelerates and this potential energy is converted to kinetic energy.

Vi m PE = mgh

13

>
~—
o

T77TT7777 777777777

(a) (b)
Fig. 1-2

EXAMPLE 1.3 In an electric circuit, an energy of 9.25 WJ is required to transport 0.5 wC from point a to point b. What
electric potential difference exists between the two points?

_9.25x10°°J

=2 185V
0.5x107°C

1 volt =1 joule per coulomb \%
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1.5 Energy and Electrical Power

Electric energy in joules will be encountered in later chapters dealing with capacitance and inductance whose
respective electric and magnetic fields are capable of storing energy. The rate, in joules per second, at which
energy is transferred is electric power in watts. Furthermore, the product of voltage and current yields
the electric power, p=vi; 1 W=1V -1 A. Also, V- A=(/C) - (C/s) =J/s = W. In a more fundamental
sense power is the time derivative p = dw/dt, so that instantaneous power p is generally a function of time.
In the following chapters time average power P, and a root-mean-square (RMS) value for the case where
voltage and current are sinusoidal will be developed.

EXAMPLE 1.4 A resistor has a potential difference of 50.0 V across its terminals and 120.0 C of charge per minute
passes a fixed point. Under these conditions at what rate is electric energy converted to heat?

(120.0 C/min)/(60 s/min) = 2.0 A P =(2.0A)50.0V)=100.0 W

Since 1 W =1 J/s, the rate of energy conversion is 100 joules per second.

1.6 Constant and Variable Functions

To distinguish between constant and time-varying quantities, capital letters are employed for the constant
quantity and lowercase for the variable quantity. For example, a constant current of 10 amperes is written
I=10.0 A, while a 10-ampere time-variable current is written i = 10.0 f(#) A. Examples of common func-
tions in cir(iuit analysis are the sinusoidal function i = 10.0 sin @f (A) and the exponential function
v=15.0¢“ (V).

SOLVED PROBLEMS

1.1 The force applied to an object moving in the x direction varies according to F'= 12/x* (N). (a) Find the
work done in the interval 1 m < x <3 m. () What constant force acting over the same interval would
result in the same work?

3
(@) dW = Fdx ) J—d _12 ] =8J
1 1

(b) 8J = F,(2m) or 4N

C

1.2 Electrical energy is converted to heat at the rate of 7.56 kJ/min in a resistor which has 270 C/min
passing through. What is the voltage difference across the resistor terminals?
From P = VI,

P 7.56 x 10°J/min
V=T ="7270C/min - 28V/C=28V

1.3 A certain circuit element has a current i = 2.5 sin wf (mA), where @ is the angular frequency in rad/s,
and a voltage difference v =45 sin @t (V) between its terminals. Find the average power Pavg and the
energy W, transferred in one period of the sine function.

Energy is the time-integral of instantaneous power:

2r/w 2rlw
W:J vidt:112.5j sin ot dt =

T
0 0

The average power is then

P = Wy 56.25 mW
avg_27r/a)_ m

Note that P, , is independent of @.
g
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1.4

1.5

1.6

1.7

The unit of energy commonly used by electric utility companies is the kilowatt-hour (kWh). (a) How
many joules are in 1 kWh? (b) A color television set rated at 75 W is operated from 7:00 p.m. to 11:30 p.m.
What total energy does this represent in kilowatt-hours and in mega-joules?

(a) 1kWh= (1000 J/s)(3600 s) =3.6 MJ
(b) (75.0 W)(4.5 h) =337.5 Wh =0.3375 kWh
(0.3375 kWh)(3.6 MJ/kWh) = 1.215 MJ

An AWG #12 copper wire, a size in common use in residential wiring, contains approximately 2.77 X 107
free electrons per meter length, assuming one free conduction electron per atom. What percentage of these
electrons will pass a fixed cross section if the conductor carries a constant current of 25.0 A?

25.0C/s

1.602 x 107" =1.56 x 10 electron/s

Cl/electron
(1.56 x 10%° electron/s)(60s/min) = 9.36 X 10*! electrons/min

36x10°!
%(100) = 3.38%

How many electrons pass a fixed point in a 100-watt light bulb in 1 hour if the applied constant voltage
is 120 V?

100W = (120 V) x I(A) I=5/6A

(5/6C/s)(36005s/h)

1.602 %10 C/el =1.87 x 10* electrons per hour
. X electron

A typical 12 V auto battery is rated according to ampere-hours. A 70-A - h battery, for example, at a
discharge rate of 3.5 A has a life of 20 h. (a) Assuming the voltage remains constant, obtain the energy
and power delivered in a complete discharge of the preceding battery. (b) Repeat for a discharge rate
of 7.0 A.
(@) (3.5A)(12V)=42.0W (or J/s)
(42.0 J/5)(3600 s/h)(20 h) = 3.02 MJ
(b) (7.0A)12V)=84.0 W
(84.0 J/5)(3600 s/h)(10 h) =3.02 MJ

The ampere-hour rating is a measure of the energy the battery stores; consequently, the energy trans-
ferred for total discharge is the same whether it is transferred in 10 hours or 20 hours. Since power is
the rate of energy transfer, the power for a 10-hour discharge is twice that in a 20-hour discharge.

SUPPLEMENTARY PROBLEMS

1.8

1.9

1.10

Obtain the work and power associated with a force of 7.5 X 107N acting over a distance of 2 meters in an elapsed
time of 14 seconds. Ans. 1.5m], 0.107 mW

Obtain the work and power required to move a 5.0-kg mass up a frictionless plane inclined at an angle of 30°
with the horizontal for a distance of 2.0 m along the plane in a time of 3.5 s. Ans. 49.0J,14.0 W

Work equal to 136.0 joules is expended in moving 8.5 X 10"® electrons between two points in an electric circuit.
What potential difference does this establish between the two points? Ans. 100V

A pulse of electricity measures 305 V, 0.15 A, and lasts 500 ps. What power and energy does this represent?
Ans. 4575 W,229m]

A unit of power used for electric motors is the horsepower (hp), equal to 746 watts. How much energy does a
5-hp motor deliver in 2 hours? Express the answer in MJ. Ans. 269 MJ



1.13
1.14

1.15
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For1>0, g =(4.0x 1071 - ¢ ") (C). Obtain the current at f=3 ms.  Ans. 47.2mA

A certain circuit element has the current and voltage
i=10eA) v =5001-e""") (V)

Find the total energy transferred during ¢ > 0. Ans. 50 m]

The capacitance of a circuit element is defined as Q/V, where Q is the magnitude of charge stored in the element
and V is the magnitude of the voltage difference across the element. The SI derived unit of capacitance is the
farad (F). Express the farad in terms of the basic units. Ans. 1F= 1(A2 . s4)/(kg . mz)



Circuit Concepts

2.1 Passive and Active Elements

An electrical device is represented by a circuit diagram or network constructed from series and parallel
arrangements of two-terminal elements. The analysis of the circuit diagram predicts the performance of the
actual device. A two-terminal element in general form is shown in Fig. 2-1, with a single device represented
by the rectangular symbol and two perfectly conducting leads ending at connecting points A and B. Active
elements are voltage or current sources which are able to supply energy to the network. Resistors, inductors,
and capacitors are passive elements which take energy from the sources and either convert it to another form
or store it in an electric or magnetic field.

B
Fig. 2-1

Figure 2-2 illustrates seven basic circuit elements. Elements (a) and (b) are voltage sources and
(¢) and (d) are current sources. A voltage source that is not affected by changes in the connected
circuit is an independent source, illustrated by the circle in Fig. 2-2(a). A dependent voltage source
which changes in some described manner with the conditions on the connected circuit is shown by the
diamond-shaped symbol in Fig. 2-2(b). Current sources may also be either independent or dependent
and the corresponding symbols are shown in (¢) and (d). The three passive circuit elements are shown
in Fig. 2-2(e), (f), and (g).

The circuit diagrams presented here are termed lumped-parameter circuits, since a single element in
one location is used to represent a distributed resistance, inductance, or capacitance. For example, a coil
consisting of a large number of turns of insulated wire has resistance throughout the entire length of the
wire. Nevertheless, a single resistance lumped at one place as in Fig. 2-3(b) or (¢) represents the distributed
resistance. The inductance is likewise lumped at one place, either in series with the resistance as in (b) or in
parallel as in (c).

In general, a coil can be represented by either a series or a parallel arrangement of circuit elements. The
frequency of the applied voltage may require that one or the other be used to represent the device.
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| % | # | # | # R L C ;[i:
(a) (b) (c) (d) (e)

(6] ®)
Fig. 2-2

11//4

WL

(a) (b) (c)

Fig. 2-3

2.2 Sign Conventions

A voltage function and a polarity must be specified to completely describe a voltage source. The polarity
marks, + and —, are placed near the conductors of the symbol that identifies the voltage source. If, for example,
v=10.0 sin @ in Fig. 2-4(a), terminal A is positive with respect to B for 0 < wt < 7, and B is positive with
respect to A for w < @t < 27 for the first cycle of the sine function.

o A o A z‘ A
+ +
(P v d) i RLC Vg, U, U
s d B B
(a) (b) (c)
Fig. 2-4

Similarly, a current source requires that a direction be indicated, as well as the function, as shown in
Fig. 2-4(b). For passive circuit elements R, L, and C, shown in Fig. 2-4(c), the terminal where the current
enters is generally treated as positive with respect to the terminal where the current leaves.

The sign on power is illustrated by the dc circuit of Fig. 2-5(a) with constant voltage sources V, =20.0 V
and V,=5.0'V and a single 5-Q resistor. The resulting current of 3.0 A is in the clockwise direction. Consid-
ering now Fig. 2-5(b), power is absorbed by an element when the current enters the element at the positive
terminal. Power, computed by VI or I2R, is therefore absorbed by both the resistor and the V, source,
45.0 W and 15 W, respectively. Since the current enters V, at the negative terminal, this element is the power
source for the circuit. P = VI=60.0 W confirms that the power absorbed by the resistor and the source V/ is

provided by the source V,.
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+ 50 - + -
AAA- )
+ + + +
v, — _ — W <> B <>
200V —/— I=30A — 50V A I=304 B
(a) (b)
Fig. 2-5

2.3 Voltage-Current Relations

The passive circuit elements resistance R, inductance L, and capacitance C are defined by the manner
in which the voltage and current are related for the individual element. For example, if the voltage v
and current 7 for a single element are related by a constant, then the element is a resistance, R is the
constant of proportionality, and v = Ri. Similarly, if the voltage is proportional to the time derivative
of the current, then the element is an inductance, L is the constant of proportionality, and v = L di/dt.
Finally, if the current in the element is proportional to the time derivative of the voltage, then the ele-
ment is a capacitance, C is the constant of proportionality, and i = C dv/dt. Table 2-1 summarizes these
relationships for the three passive circuit elements. Note the current directions and the corresponding
polarity of the voltages.

Table 2-1

Circuit element Units Voltage Current Power

'}

+
v ohms (Q) (%;nlf,ls law) i = % p=vi=iR
Resist;nce
i l .
v henries (H) UZL% i:%Jvdt+ k, P=vi=Li%
Induct;nce

i
ﬁ_ *
v 1 dv . dv
CT farads (F) V=& idt+k, i= v p="ni :CUE

Capacitance
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2.4 Resistance

All electrical devices that consume energy must have a resistor (also called a resistance) in their circuit
model. Inductors and capacitors may store energy but over time return that energy to the source or to another
circuit element. Power in the resistor, given by p = vi = i’R = VIR, is always positive as illustrated in
Example 2.1 below. Energy is then determined as the integral of the instantaneous power

tZ tl 1 t2
W:J pdtzRJ izdtzﬁj V2 dt
t t t

1 1 1

EXAMPLE 2.1 A 4.0-Q resistor has a current i = 2.5 sin @7 (A). Find the voltage, power, and energy over one cycle,
given that @= 500 rad/s.

v = Ri =10.0 sinwt (V)
p =i =i"R = 25.0 sin* ot (W)

t
t sin2ot
w:J.OdeZZS.O[i— 1o :|(J)

The plots of i, p, and w shown in Fig. 2-6 illustrate that p is always positive and that the energy w, although a function
of time, is always increasing. This is the energy absorbed by the resistor.

i, A
D
(a)
! I / >
0 ﬂ\—/Z’ﬂ' w?
W
25f--------
®
! ! >~
0 ™ 21 ot
w, mJ
(©

Fig. 2-6
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2.5 Inductance

The circuit element that stores energy in a magnetic field is an inductor (also called an inductance). With
time-variable current, the energy is generally stored during some parts of the cycle and then returned to the
source during others. When the inductance is removed from the source, the magnetic field will collapse; in
other words, no energy is stored without a connected source. Coils found in electric motors, transformers, and
similar devices can be expected to have inductances in their circuit models. Even a set of parallel conductors
exhibits inductance that must be considered at most frequencies. The power and energy relationships are as
follows.

. di. d |1 o
p_vl_LEl_E[le:I

t i
2 2 1
WL:J pdt=J. Lidi =5 L[i5 - i} |
t i

1 1

Energy stored in the magnetic field of an inductance is w, =11i%

EXAMPLE 2.2 In the interval 0 < ¢ < (7/50)s a 30-mH inductance has a current i = 10.0 sin 507 (A). Obtain the voltage,
power, and energy for the inductance.

. t

V= L% =15.0 cos 50z (V) p=0i=75.0 sin 100t (W) wL=J. pdt=0.75(1 — cos 100¢) (J)
0

As shown in Fig. 2-7, the energy is zero at t =0 and ¢ = (7/50) s. Thus, while energy transfer did occur over the interval,
this energy was first stored and later returned to the source.

i, A W
10 f=-=—=====— 75
|
I
|
|
|
|
|
|
! /50
|
0 /50 t, s 0 t,s
v,V
15
w, J
/50 150 f-—-———--—> ;
0 s :
|
|
|
|
|
|
|
0 /100 /50 s

Fig. 2-7
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2.6 Capacitance

The circuit element that stores energy in an electric field is a capacitor (also called capacitance). When the
voltage is variable over a cycle, energy will be stored during one part of the cycle and returned in the next.
While an inductance cannot retain energy after removal of the source because the magnetic field collapses,
the capacitor retains the charge and the electric field can remain after the source is removed. This charged
condition can remain until a discharge path is provided, at which time the energy is released. The charge, g= C,
on a capacitor results in an electric field in the dielectric which is the mechanism of the energy storage. In
the simple parallel-plate capacitor there is an excess of charge on one plate and a deficiency on the other. It
is the equalization of these charges that takes place when the capacitor is discharged. The power and energy
relationships for the capacitance are as follows.

p=ui=CvQ—i[%Cv ]

dt — dt
tZ UZ 1
wczj pdt:‘[ Cvdv:EC[vg—vlz]
tl Ul
The energy stored in the electric field of capacitance is w, = Lovt

EXAMPLE 2.3 In the interval 0 < ¢ < 5w ms, a 20-UF capacitance has a voltage v=50.0 sin 2007 (V). Obtain the charge,
power, and energy. Plot w . assuming w =0 at7=0.

q = Cv = 1000 sin 200z (uC)

i=C % = 0.20 cos 200z (A)

p = vi = 5.0sin 400t (W)

t
We = J‘ pdt =12.5[1 — cos 400¢] (mJ)
0

In the interval O < ¢ < 2.57 ms the voltage and charge increase from zero to 50.0 V and 1000 uC, respectively.
Figure 2-8 shows that the stored energy increases to a value of 25 mJ, after which it returns to zero as the energy
is returned to the source.

w, mJ

25 p—— — —

o

Fig. 2.8

2.7 Circuit Diagrams

Every circuit diagram can be constructed in a variety of ways which may look different but are in fact
identical. The diagram presented in a problem may not suggest the best of several methods of solu-
tion. Consequently, a diagram should be examined before a solution is started and redrawn if neces-
sary to show more clearly how the elements are interconnected. An extreme example is illustrated in
Fig. 2-9, where the three circuits are actually identical. In Fig. 2-9(a) the three “junctions” labeled A
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are shown as two “junctions” in (b). However, resistor R, is bypassed by a short circuit and may be
removed for purposes of analysis. Then, in Fig. 2-9(c) the single junction A is shown with its three
meeting branches.

(a) (b)
Fig. 2-9

2.8 Nonlinear Resistors

The current-voltage relationship in an element may be instantaneous but not necessarily linear. The
element is then modeled as a nonlinear resistor. An example is a filament lamp which at higher voltages
draws proportionally less current. Another important electrical device modeled as a nonlinear resistor is
a diode. A diode is a two-terminal device that, roughly speaking, conducts electric current in one direc-
tion (from anode to cathode, called forward-biased) much better than the opposite direction (reverse-
biased). The circuit symbol for the diode and an example of its current-voltage characteristic are shown
in Fig. 2-25. The arrow is from the anode to the cathode and indicates the forward direction (i > 0). A
small positive voltage at the diode’s terminal biases the diode in the forward direction and can produce
a large current. A negative voltage biases the diode in the reverse direction and produces little current
even at large voltage values. An ideal diode is a circuit model which works like a perfect switch. See
Fig. 2-26. Its (i, v) characteristic is

v=0 wheni=0
i=0 whenv<0
The static resistance of a nonlinear resistor operating at (1, V) is R = V/I. Its dynamic resistance is r = AVIAI

which is the inverse of the slope of the current plotted versus voltage. Static and dynamic resistances both
depend on the operating point.

EXAMPLE 2.4 The current and voltage characteristic of a semiconductor diode in the forward direction is measured
and recorded in the following table:

v (V) 0.5 0.6 0.65 |0.66 |0.67 [0.68 |0.69 |0.70 |[0.71 |0.72 |0.73 [0.74 |0.75
i (mA) 2x107 [0.11 [0.78 |12 1.7 26 |39 |58 8.6 129 192 [287 |42.7

In the reverse direction (i.e., when v < 0), i =4 X 1075 A, Using the values given in the table, calculate
the static and dynamic resistances (R and r) of the diode when it operates at 30 mA, and find its power
consumption p.
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From the table

Y 0T 580
I 287x10
AV 0.75 - 0.73

LA =0.85Q
Al (42.7-19.2)x107°

p=VI=0.74x28.7x10° W =21.238 mW

EXAMPLE 2.5 The current and voltage characteristic of a tungsten filament light bulb are measured and recorded in

the following table. Voltages are DC steady-state values, applied for a long enough time for the lamp to reach thermal
equilibrium.

v (V) 05 |1 |15 (|2 |3 3514 |45 |5 55 |6 6.5 |7 75 |8
i(mA) |4 6 |8 9 |11 |12 |13 |14 |15 (16 |17 |18 |18 |19 |20

Find the static and dynamic resistances of the filament and also the power consumption at the operating points
(a) i=10mA; (b) i =15 mA.

\4 AV
R—T, r_AI? p_VI
@ R=—22 22500, r=—"2 __500Q, p=25x10x107°W =25 mW
10 x 10 11-9) x10"
) R=— =330, r=—22% __ 5000 p=~5x15x10°W =75 mW
15x10 (16-14) x 10"

SOLVED PROBLEMS

2.1. A 25.0-Q resistance has a voltage v = 150.0 sin 377¢ (V). Find the corresponding current i and
power p.

i :% = 6.0 sin 377t (A) p =i =900.0 sin*377t (W)

2.2. The current in a 5-Q resistor increases linearly from zero to 10 A in 2 ms. At ¢ = 2" ms the current is
again zero, and it increases linearly to 10 A at r = 4 ms. This pattern repeats each 2 ms. Sketch the
corresponding 0.

Since U = Ri, the maximum voltage must be (5)(10) = 50 V. In Fig. 2-10 the plots of i and U are shown.
The identical nature of the functions is evident.

2.3. Aninductance of 2.0 mH has a current i = 5.0(1 — 000

maximum stored energy.

)(A). Find the corresponding voltage and the

_di 50001
v= LE—SO.Oe V)

In Fig. 2-11 the plots of i and v are given. Since the maximum current is 5.0 A, the maximum stored energy
is
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i A
10 P~
l/ |
|
0 2 4 6 {, ms
(a)
v,V
50 -
l | |
|
0 2 4 6 {, ms
(b)
Fig. 2-10
i, A v, V
50f==m=mmmmmm ooy 50.0
i
v
0 1 1 1 1 1 1 t 0 t
Fig. 211

2.4. An inductance of 3.0 mH has a voltage that is described as follows: for 0 < <2 ms, V=15.0 V and
for 2 <t <4 ms, V=-30.0 V. Obtain the corresponding current and sketch v, and i for the given

intervals.
For 0 <t <2 ms,

t t
i=—+ udrz;_3 15.0dr = 5x 10t (A)
L), 3x107 ),

For t =2 ms,

=100 A

For 2 <t <4 ms,

1 (' 1 !
i:—J- vdt +10.0 + 3J. —-30.0dt
2%10° 310755100

1 3
=10.0 + —30.0¢ + (60.0 X 107)] (A
%107 [ ( )1 (A)
=30.0 - (10 x 10°7) (A)

See Fig. 2-12.

2.5. A capacitance of 60.0 ILF has a voltage described as follows: 0 < 7 <2 ms, v=25.0 x 10°¢ (V). Sketch i,

p, and w for the given interval and find W
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U 100

15.() [rm——

0
'
'
'
'
'
4 f, ms 2 t, ms

~300F — -10.0

Fig. 2-12

For 0 <t <2 ms,

i=cd _60x10° 4

3 ja—
ai E(25.0><10 Hn=15A

p=10i=37.5%10"t (W)

t
W = J- pdt =1.875 x 10** (mJ)

0
See Fig. 2-13.
W, =(1.875x10H)2x107)’ =75.0 mJ
I (2 1 -6 2
or W = 5 CVoy = 5(60.0 X 107°)(50.0)° = 75.0 mJ
vV i, A w, mJ
P71 SO
50.0 - 1.5 T E
E ; 422F e ‘ |
i E N
1 1 1 1 E 1 1 I 1 E 4691~ > M j : :.
0 2 t,ms 0 2 t,ms 0 0.5 1.0 1.5 2.0 t, ms

Fig. 2-13

2.6. A 20.0-uF capacitance is linearly charged from 0 to 400 uC in 5.0 ms. Find the voltage function and

-6
U X

v =gq/C=4.0%x10°t (V)

V.o =@0x10)5.0x107)=200V  W_ = % 2 =40mJ
2.7. A series circuit with R = 2Q, L =2 mH, and C =500 UF has a current which increases linearly from
zero to 10 A in the interval 0 <7< 1 ms, remains at 10 A for 1 ms <7 <2 ms, and decreases linearly
from 10 A at 7 =2 ms to zero at r = 3 ms. Sketch Ups Uy, and Ve
U, must be a time function identical to i, with V =2(10) =20 V.

X
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ForO0<t< 1 ms,

di 3
E—IOXIO Als

When di/dt =0, for | ms <7< 2ms, v, =0.
Assuming zero initial charge on the capacitor,

Ve =%J~ idt

For 0 << 1 ms,

v.=—
€ 5x10* ),

t
! J-104tdt:107t2(V)

This voltage reaches a value of 10 V at 1 ms. For 1 ms <7 < 2 ms,

Ve = (20 X 107)(t=107) + 10 (V)

See Fig. 2-14.

=]
—
~
w
~
]

UR, v

=]
-
~
“w

Fig. 2-14

element.

di
and ULZLEZZOV
UL.V
20 _—1
|
| } |
0 1 2 3 t,ms
! 1
g
ve, V
) e e e s . s s
71 J S
20 b———

w p————

|
I
l

. ms

17

2.8. A single circuit element has the current and voltage functions graphed in Fig. 2-15. Determine the

The element cannot be a resistor since v and i are not proportional. v is an integral of i. For 2 ms <7 < 4 ms,
i # 0 but v is constant (zero); hence the element cannot be a capacitor. For 0 < f < 2 ms,

di 3
T =5%10" Ass

Consequently,

di
L= /E—3mH

and

(Examine the interval 4 ms < 7 < 6 ms; L must be the same.)

v=15V
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i A
10 -
. I AN .
2 4 \ 6 8 t, ms
-10
.V
15 Iﬁ
0 —y *>- -+
2 4 6 8 ., ms
I I
I I
-3 ~—t
Fig. 2-15

2.9. Obtain the voltage v in the branch shown in Fig. 2-16 for (a) i, =1 A, (b) i, =-2 A, (¢) i, =0 A.
Voltage v is the sum of the current-independent 10-V source and the current-dependent voltage source
v.. Note that the factor 15 multiplying the control current carries the units €.

(a) v=10+0v =10+151) =25V
(b) v=10+0v =10+15-2)=-20V
() v=10+150)=10V

Fig. 2-16

2.10. Find the power absorbed by the generalized circuit element in Fig. 2-17, for (a) v=50V, (b) v=-50 V.

i=85A
Fig. 2-17
Since the current enters the element at the negative terminal,
(@) p=-vi=-(50)@8.5)=-425 W
(b) p=-vi=—-(-50)8.5) =425 W
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10Q

AAA
A\ A A g

O

20

AAA

AA A4

Fig. 2-18

2.11. Find the power delivered by the sources in the circuit of Fig. 2-18.

. 20-50

i= 3 =-10 A

The powers absorbed by the sources are:

p, = —v,i = —(20)(~10) = 200 W
P, = Ui = (50)(=10) = =500 W

Since power delivered is the negative of power absorbed, source v, delivers 500 W and source v, absorbs
200 W. The power in the two resistors is 300 W.

2.12. A 25.0-Q resistance has a voltage v = 150.0 sin 3777 (V). Find the power p and the average power Pave
over one cycle.
i=v/R=6.0sin377t (A)
p = vi =900.0sin” 377t (W)

The end of one period of the voltage and current functions occurs at 377t = 2. For Pavg, the integration
is taken over one-half cycle, 377t = 7. Thus,

T
Pe= %j 900.0sin”(377)d(377t) = 450.0 (W)
0
2.13. Find the voltage across the 10.0-Q resistor in Fig. 2-19 if the control current i in the dependent source
is (@) 2 A and (b) -1 A.
i =4i —4.0; v, =iR=40.0i —40.0 (V)
i =2A; v, =40.0 V

i =-1A; v, =—80.0 V

X

+
4i 4} 1/%10.09 Q 40A

Fig. 2-19
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SUPPLEMENTARY PROBLEMS

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

2.21.

2.22.

2.23

2.24

A resistor has a voltage of V= 1.5 mV. Obtain the current if the power absorbed is (a) 27.75 nW and (b) 1.20 uW.
Ans.  18.5 pA, 0.8 mA

A resistance of 5.0 Q has a current i = 5.0 x 10° ¢ (A) in the interval 0 < ¢ <2 ms. Obtain the instantaneous and
average powers. Ans. 125.07 (W), 167.0 (W)

Current i enters a generalized circuit element at the positive terminal and the voltage across the element is 3.91 V.
If the power absorbed is —25.0 mW, obtain the current. Ans. —6.4 mA

Determine the single circuit element for which the current and voltage in the interval 0 < 10° 1< mare given by
i=2.0sin 10’7 (mA) and v=5.0 cos 10’1 (mV).  Ans. An inductance of 2.5 mH

An inductance of 4.0 mH has a voltage v= 2,06‘103’

is zero. Ans. 0.5 mW

(V). Obtain the maximum stored energy. At ¢ =0, the current

A capacitance of 2.0 UF with an initial charge Q) is switched into a series circuit consisting of a 10.0-€2 resistance.
Find Q, if the energy dissipated in the resistance is 3.6 mJ. Ans.  120.0 uC

Given that a capacitance of C farads has a current i = (Vm/R)e_t/(RC) (A), show that the maximum stored energy is
$CV . Assume the initial charge is zero.

The current after # = 0 in a single circuit element is as shown in Fig. 2-20. Find the voltage across the element
at 1 = 6.5 s, if the element is (a) a resistor with resistance of 10 kQ, (b) an inductor with inductance of 15 mH,
(c) a 0.3 nF capacitor with Q(0) = 0.

Ans. (@)25V; (b)-75V; (¢)81.3V

i, mA

W e

Fig. 2-20

The 20.0-UF capacitor in the circuit shown in Fig. 2-21 has a voltage for r > 0, v= 100.0¢™"0013 (V). Obtain the
energy function that accompanies the discharge of the capacitor and compare the total energy to that which is
absorbed by the 750-Q resistor. Ans.  0.10 (1 — ¢7/0-0075) ()

20 puF )
IL<— Ic

—IN +

<>
qu: 750 Q
_ 9

Fig. 2-21

Find the current i in the circuit shown in Fig. 2-22, if the control v, of the dependent voltage source has the value
(@4 V,(b)5V,(c)10V. Ans. (@)1 A; (b)0OA; (o)-5A

In the circuit shown in Fig. 2-23, find the current, i, given (@) i, =2 A, i,=0; (b) i, =— 1A, i, =4 A; () i, =i, =1 A.
Ans. (a) 10 A; () 11 A;(c)9 A
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2.25.

2.26.

2.27.

2.28.

2.29.

4i, R Siy

Fig. 2-23

A 1-uF capacitor with an initial charge of 107 C is connected to a resistor R at 7 = 0. Assume discharge current
during 0 < ¢ < 1 ms is constant. Approximate the capacitor voltage drop at # = 1 ms for
(@) R=1MQ; (b) R =100 kQ; (c) R = 10 kQ. Hint: Compute the charge lost during the 1-ms period.

Ans. (@)0.1V; (b)1V; (b)10V

The actual discharge current in Problem 2.25 is i = (1 OO/R)eflOﬁt/R A. Find the capacitor voltage drop at 1 ms

after connection to the resistor for (@) R =1 MQ; (b) R =100 kQ; (¢) R = 10 kQ.

Ans. (@)0.1V; D)1V, (¢)9.52V

A 10-pF capacitor discharges in an element such that its voltage is v = 2¢7100%

delivered by the capacitor as functions of time.
~1000¢

. Find the current and power

Ans. i=20e mA, p =vi= 40¢°10007 1y

Find voltage v, current i, and energy W in the capacitor of Problem 2.27 at time t =0, 1, 3, 5, and 10 ms. By
integrating the power delivered by the capacitor, show that the energy dissipated in the element during the interval
from O to ¢ is equal to the energy lost by the capacitor.

Ans. t v i w
0 2V 20 mA 20 uJ
1 ms 736 mV 736 mA | 2.7
3 ms 100 mV 1 mA 0.05 W
5 ms 13.5mV | 135 A =0.001 wJ
10ms |[91uV 091 pA =0]J

The current delivered by a current source is increased linearly from zero to 10 A in 1 ms time and then is
decreased linearly back to zero in 2 ms. The source feeds a 3-kQ resistor in series with a 2-H inductor (see
Fig. 2-24). (a) Find the energy dissipated in the resistor during the rise time (W) and the fall time (W,). (b) Find
the energy delivered to the inductor during the above two intervals. (¢) Find the energy delivered by the current
source to the series RL combination during the preceding two intervals. Note: Series elements have the same
current. The voltage drop across their combination is the sum of their individual voltages.

Ans. (@) W, =100, W,=200; (b) W, =200, W,=-200; (c) W, =300, W, =0 (All in joules)

i(4) 2

3 kQ
10

2H

1 2 3 t(msec)

Fig. 2-24
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2.30.

2.31.

2.32.

2.33.

2.34.

2.35.

2.36.
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The voltage of a 5-uF capacitor is increased linearly from zero to 10 V in 1 ms time and is then kept at that
level. Find the current. Find the total energy delivered to the capacitor and verify that delivered energy is
equal to the energy stored in the capacitor.

Ans. i =50 mA during 0 <7 < 1 ms and is zero elsewhere, W = 250 pJ.

A 10-UF capacitor is charged to 2 V. A path is established between its terminals which draws a constant current
of 1. (a) For I, = 1 mA, how long does it take to reduce the capacitor voltage to 5 percent of its initial value?
(b) For what value of /) does the capacitor voltage remain above 90 percent of its initial value after passage
of 24 hours? Ans. (a) 19ms, (b)23.15pA

Energy gained (or lost) by an electric charge g traveling in an electric field is g v, where v is the electric potential
gained (or lost). In a capacitor with charge Q and terminal voltage V, let all charges go from one plate to the other.
By way of computation, show that the total energy W gained (or lost) is not QV but QV/2 and explain why. Also
note that QV/2 is equal to the initial energy content of the capacitor.

Ans. W=_|.qut = Q[%] =QV/2= Lcvy?. The apparent discrepancy is explained by the following. The
starting voltage between the two plates is V. As the charges migrate from one plate of the capacitor to the other
plate, the voltage between the two plates drops and becomes zero when all charges have moved. The average of
the voltage during the migration process is V/2 and, therefore, the total energy is QV/2.

Lightning I. The time profile of the discharge current in a typical cloud-to-ground lightning strike is modeled
by a triangle. The surge takes 1 us to reach the peak value of 100 kA and then is reduced to zero in 99 uS.
(a) Find the electric charge Q discharged. () If the cloud-to-ground voltage before the discharge is 400 MV,
find the total energy W released and the average power P during the discharge. (¢) If during the storm there is an
average of 18 such lightning strikes per hour, find the average power released in 1 hour.

Ans. (@)Q=5C; (B)W=10"1,P=10"W; (c)5MW
Lightning II. Find the cloud-to-ground capacitance in Problem 2.33 just before the lightning strike.
Ans. 12.5 uF

Lightning ITII. The current in a cloud-to-ground lightning strike starts at 200 kA and diminishes linearly
to zero in 100 us. Find the energy released W and the capacitance of the cloud to ground C if the voltage
before the discharge is (@) 100 MV; (b) 500 MV.

Ans. (@W=5x10"J,C=0.1uF; (b)) W=25x10%J,C=20nF

The semiconductor diode of Example 2.4 is placed in the circuit of Fig. 2-25. Find the current for (@) V, =1,
b)yv,=-1V. Ans. (a)14mA; (b)0A

i(mA) 4

50 -

40 +
Anode

[

Cathode

20 -

(@)

0 0.1 06 07 08 09 w(V)

Fig. 2-25
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2.37.

2.38.

2.39.

2.40.

2.41.

The diode in the circuit of Fig. 2-26 is ideal. The inductor draws 100 mA from the voltage source. A 2-uF
capacitor with zero initial charge is also connected in parallel with the inductor through an ideal diode such that
the diode is reversed biased (i.e., it blocks charging of the capacitor). The switch s suddenly disconnects with the
rest of the circuit, forcing the inductor current to pass through the diode and establishing 200 V at the capacitor’s

terminals. Find the value of the inductor. Ans. L=8H
i}
t=0
Y I 2
R +
— v on
v, IOOmAl L  C=—=u, -
+
off -~
0 v
(a) (b)
Fig. 2-26

Compute the static and dynamic resistances of the diode of Example 2.4 at the operating point v = 0.66 V.

= Lﬂ: 550 @ and r ~—2077065 ) 5q
1.2x10

1.7-0.78) x 10~
The diode of Example 2.4 operates within the range 10 mA < i < 20 mA. Within that range, approximate its
terminal characteristic by a straight line i = v + B, by specifying o and S.

Ans. =630 v—4407 mA, where visin V.

Ans.

The diode of Example 2.4 operates within the range of 20 mA < i < 40 mA. Within that range, approximate its
terminal characteristic by a straight line connecting the two operating limits.

Ans. 1=993.33 v—702.3 mA, where visin V.

Within the operating range of 20 mA < i < 40 mA, model the diode of Example 2.4 by a resistor R in series
with a voltage source V such that the model matches exactly with the diode performance at 0.72 V and 0.75 V.
Find R and V.

Ans. R=1.007 Q, V=707 mV



Circuit Laws

3.1 Introduction

An electric circuit or network consists of a number of interconnected single circuit elements of the type
described in Chapter 2. The circuit will generally contain at least one voltage or current source. The arrange-
ment of elements results in a new set of constraints between the currents and voltages. These new constraints
and their corresponding equations, added to the current-voltage relationships of the individual elements,
provide the solution of the network.

The underlying purpose of defining the individual elements, connecting them in a network, and solving
the equations is to analyze the performance of such electrical devices as motors, generators, transformers,
electrical transducers, and a host of electronic devices. The solution generally answers necessary questions
about the operation of the device under conditions applied by a source of energy.

3.2 Kirchhoff’s Voltage Law

For any closed path in a network, Kirchhoff’s voltage law (KVL) states that the algebraic sum of the volt-
ages is zero. Some of the voltages will be sources, while others will result from current in passive elements
creating a voltage, which is sometimes referred to as a voltage drop. The law applies equally well to circuits
driven by constant sources, DC, time variable sources, v(f) and i(f), and to circuits driven by sources which
will be introduced in Chapter 9. The mesh current method of circuit analysis introduced in Section 4.2 is
based on KVL.

EXAMPLE 3.1 Write the KVL equation for the circuit shown in Fig. 3-1.

R, vy,

Va (t> Q 1::2% R,
R;

Fig. 3-1

Starting at the lower left corner of the circuit, for the current direction as shown, we have
-V, + U +0,+0,+0,=0
-U, +iR +V, + iR, +iR, =0
v, -V, =iR +R,+R;)

24
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3.3 Kirchhoff’s Current Law

The connection of two or more circuit elements creates a junction called a node. The junction between two
elements is called a simple node and no division of current results. The junction of three or more elements
is called a principal node, and here current division does take place. Kirchhoff’s current law (KCL) states
that the algebraic sum of the currents at a node is zero. It may be stated alternatively that the sum of the
currents entering a node is equal to the sum of the currents leaving that node. The node voltage method of
circuit analysis introduced in Section 4.3 is based on equations written at the principal nodes of a network by
applying KCL. The basis for the law is the conservation of electric charge.

EXAMPLE 3.2 Write the KCL equation for the principal node shown in Fig. 3-2.

= ti—i,—i,=0

ll'|‘l3 :lz+l4+l5
iy —_— prm—
i
—_—
— —_—
L) is
Fig. 3-2

3.4 Circuit Elements In Series

Three passive circuit elements in series connection as shown in Fig. 3-3 have the same current i. The
voltages across the elements are v}, U, and ;. The total voltage v is the sum of the individual voltages:
V=V, +V,+ 0,

Fig. 3-3

If the elements are resistors,

V= lR1 + 1R2 + lR3

(R, +R,+ Ry)

= IR
eq
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where a single equivalent resistance Req replaces the three series resistors. The same relationship between
i and v will pertain.
For any number of resistors in series, we have R, = R, + R, + .
If the three passive elements are inductances,
di di di
v=L—++L +L,
Idt  2dt  3dt

di
=(, +L,+ L3)E

di
eq dt

Extending this to any number of inductances in series, we have Lo, = Ly + L, +---.
If the three circuit elements are capacitances, assuming zero initial charges so that the constants of inte-
gration are zero,

Il
oﬁ —_
o
Q—.

L

~

The equivalent capacitance of several capacitances in series is found from the equation
1/Ceq =1/C+ 1/C, + -

EXAMPLE 3.3 The equivalent resistance of three resistors in series is 750.0 €2. Two of the resistors are 40.0 and 410.0 Q.
What must be the ohmic resistance of the third resistor?

R, =R +R,+R,

©

750.0 = 40.0 + 410.0 + R, and R, =300.0 Q

EXAMPLE 3.4 Two capacitors, C, =2.0 uF and C, = 10.0 UF, are connected in series. Find the equivalent capacitance.
Repeat if C, is 10.0 pF.

GG, (2.0x10°%(10.0x107%)
“a C+C 20x10°+10.0x10°

=1.67 uF

If C, = 10.0 pF,

_(2.0x10710.0x107"%)  20.0x107"*
T 20x10°+10.0x107%  2.0x107°

=10.0 pF

where the contribution of 10.0 x 10™'* to the sum C , + C, in the denominator is negligible and therefore it can be
omitted.

Note: When two capacitors in series differ by a large amount, the equivalent capacitance is essentially equal to the
value of the smaller of the two.

3.5 Circuit Elements In Parallel

For three circuit elements connected in parallel as shown in Fig. 3-4, KCL states that the current i entering
the principal node is the sum of the three currents leaving the node through the branches.
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" @

Fig. 3-4

l=l1‘|‘l2‘|‘l3

If the three passive circuit elements are resistances,

'—£+£+£— i+i+i = 1
""RTR TR T\R TR VTR

For several resistors in parallel,

The case of two resistors in parallel occurs frequently and deserves special mention. The equivalent resis-
tance of two resistors in parallel is given by the product over the sum of the resistances.

R = R1R2
<4 R +R,

EXAMPLE 3.5 Obtain the equivalent resistance of (a) two 60.0-Q resistors in parallel and (b) three 60.0-Q2 resistors
in parallel.

60.0)°
(@) R, =900 _3000
11
®) R, 6007600 T 500 R =200

Note: For n identical resistors in parallel the equivalent resistance is given by R/n.
Combinations of inductances in parallel have similar expressions to those of resistors in parallel:

1 1 1 LL

L_l + L_2 +- and, for two inductances, Leq = L+L

L
eq

EXAMPLE 3.6 Two inductances L, = 3.0 mH and L, = 6.0 mH are connected in parallel. Find Leq.

1 1 1
I, 30mH 6omH M Lg=20mH

With three capacitances in parallel,

. dv dv dv dv dv
l=C1E+C2%+C3E:(Cl +C2+C3)E:Ceqﬁ

For several parallel capacitors, Ceq = C,+C,+--, which is of the same form as resistors in series.
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3.6 Voltage Division

A set of series-connected resistors as shown in Fig. 3-5 is referred to as a voltage divider. The concept
extends beyond the set of resistors illustrated here and applies equally to impedances in series, as will be
shown in Chapter 9.

Fig. 3-5

Since v, = iR, and v = i(R, + R, +R,),

Vi =V 5 o o
1 R1+R2+R3

EXAMPLE 3.7 A voltage divider circuit consists of two resistors in series and with a total resistance of 50.0 Q. If the
output voltage is 10 percent of the input voltage, obtain the values of the two resistors in the circuit.

o010 0.10= <L
» = : 50.0

from which R, =5.0 Q and R, =45.0 Q.

3.7 Current Division

A parallel arrangement of resistors as shown in Fig. 3-6 results in a current divider. The ratio of the branch
current i, to the total current i illustrates the operation of the divider.

+ 1 )
B
v Ry R, % R;

Fig. 3-6

(Y

i= +v+v and i =
R R, R

i IR, R,R,

Then - = =
i 1/R1 + 1/R2 + 1/R3 RR, + RR, + R)R,
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For a two-branch current divider we have
h_ R
i R1 + R2

This may be expressed as follows: The ratio of the current in one branch of a two-branch parallel circuit to
the total current is equal to the ratio of the resistance of the other branch resistance to the sum of the two
resistances.

EXAMPLE 3.8 A current of 30.0 mA is to be divided into two branch currents of 20.0 mA and 10.0 mA by a network
with an equivalent resistance equal to or greater than 10.0 €. Obtain the branch resistances.

20mA R, 10mA R R R,

30mA - R +K,  30mA_R+EK  R+Rk 21008

Solving these equations yields R, 2 15.0 Q and R, > 30.0 Q.

SOLVED PROBLEMS

3.1. Find V; and its polarity if the current / in the circuit of Fig. 3-7 is 0.40 A.

V2
500 100V

Fig. 3-7

Assume that Vs, has the same polarity as V,. Applying KVL and starting from the lower left corner,
V,—1(5.0) -V, - 1(20.0) + V,=0
50.0-2.0-100-80+V,=0
V,=-30.0V

Terminal b is positive with respect to terminal a.

3.2. Obtain the currents /; and /, for the network shown in Fig. 3-8.
a and b comprise one node. Applying KCL,

20+7.0+7,=30 or [ =-60A

Also, c and d comprise a single node. Thus,

40+6.0=1,+1.0 or ,=9.0A

3.3. Find the current 7 for the circuit shown in Fig. 3-9.



30

l]

Fig. 3-9

CHAPTER 3
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The branch currents within the enclosed area cannot be calculated since no values of the resistors are
given. However, KCL applies to the network taken as a single node. Thus,

20-3.0-40-1=0 or

3.4. Find the equivalent resistance for the circuit shown in Fig. 3-10.

VWA

20 Q)
20 Q)
200
O~ &
Fig. 3-10

10 Q

I=-50A

The two 20-Q resistors in parallel have an equivalent resistance Req =[(20)(20)/(20 + 20)] = 10 Q. This
is in series with the 10-Q resistor so that their sum is 20 €. This in turn is in parallel with the other 20-Q

resistor so that the overall equivalent resistance is 10 Q.

3.5. Determine the equivalent inductance of the three parallel inductances shown in Fig. 3-11.



CHAPTER 3 Circuit Laws 31

L L, Ly
10 mH 20 mH 20 mH
Fig. 3-11

The two 20-mH inductances have an equivalent inductance of 10 mH. Since this is in parallel with the
10-mH inductance, the overall equivalent inductance is 5 mH. Alternatively,

L1, t v vt 1 4
L, "L, "L, " T0mH "20mH ' 20 mH _ 20 mH

or Leq =5 mH
eq

3.6. Express the total capacitance of the three capacitors in Fig. 3-12.

G

\
—
S

Fig. 3-12

For C, and C, in parallel, Ceq = C, + C,. Then for C, and Ceq in series,

C. = Clceq _ Cl(cz + C3)
T C+C, C+C,+C
eq

3.7. The circuit shown in Fig. 3-13 is a voltage divider, also called an attenuator. When it is a single resistor with
an adjustable tap, it is called a potentiometer, or pot. To discover the effect of loading, which is caused by the
resistance R of the voltmeter VM, calculate the ratio V, /V; for (@) R=o°, (b)) 1 MQ, (¢) 10k€2, and (d) 1 k€.

(a) WA 250

ou/Vin = 3350 + 250 = 0-100
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(b) The resistance R in parallel with the 250-Q resistor has an equivalent resistance

_250(10%) 2499
eq = m =249.9 Q and Vout/Vin = m =0.100
250)(10000
(C) Req = % =2439Q and Vom/Vm =0.098
2 1
e R, = % =1200.0 Q and  V, /V, =0.082
3.8. Find all branch currents in the network shown in Fig. 3-14(a).
5Q 4
1" 112 Ll I, — ’51 ’ol L ,—>
20 2Q
<> ‘) ‘P ‘P
g12Q 8N 60N <30 Q980 €200
< < < W
137 A 13.7 A
b
(a) (b)

Fig. 3-14

The equivalent resistances to the left and right of nodes a and b are

12)@®
Req(left) =5+ 20

_003)

eq(righty —  Q

=98Q

=2.0Q

Now referring to the reduced network of Fig. 3-14(b),

2.0
I :_11.8(13’7):2'32A
.8
1, = T (13.7)=11.38 A

Ne)

—_
[e e}

Then referring to the original network,
8
I = ﬁ(2'32) =093 A I,=232-093=139A

I =%(11.38)=3.79A I, =11.38-3.79=7.59 A

SUPPLEMENTARY PROBLEMS

3.9. Find the source voltage V and its polarity in the circuit shown in Fig. 3-15 if (a) =2.0 A and (b) [ =-2.0 A.
Ans.  (a) 50V, b positive; (b) 10V, a positive.
3.10. Find Req for the circuit of Fig. 3-16 for (@) R =°, (b)) R =0, and (c) R =5 Q. Ans.  (a) 36 Q; (b) 16 £; (¢) 20 Q



CHAPTER 3 Circuit Laws

>~ \/ =
<

100
'AA%
200V ;) Q C
—WA
50

Fig. 3-15

16 Q)

20Q

P

Fig. 3-16
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3.11. An inductance of 8.0 mH is in series with two inductances in parallel, one of 3.0 mH and the other 6.0 mH. Find

L . Ans.
eq

10.0 mH

3.12. Show that for the three capacitances of equal value shown in Fig. 3-17, Ceq =15C.

Fig. 3-17

Fig. 3-18

3.13. Find R, and R, for the voltage divider in Fig. 3-18 so that the current / is limited to 0.5 A when V=100 V.
Ans. R, =2MQ, R,=200 Q

3.14. Using voltage division, calculate V, and V), in the network shown in Fig. 3-19. Ans. 11.4 V, 73.1V

740 0

B 3
3600 Q

Fig. 3-19

16.4 N

b
1050V 1032 ::Vz
<

28.7 0

+

10,

5Q
\1.0 A
P 4
4Q 20¢Q
Fig. 3-20
6.0 A, 228 W

3.15. Obtain the source current / and the total power delivered to the circuit in Fig. 3-20.

3.16. Show that for four resistors in parallel the current in one branch, for example the branch of R 1> 18 related to the

total current by

R/

Iy = ’r(m)

where R’ =

RR,R

1-2°3

" RR, + RR, + R)R,
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Note: This is similar to the case of current division in a two-branch parallel circuit where the other resistor has
been replaced by R’.

3.17. A power transmission line carries current from a 6000-V generator to three loads, A, B, and C. The loads are
located at 4, 7, and 10 km from the generator and draw 50, 30, and 100 A, respectively. The resistance of the line
is 0.1 Q/km; see Fig. 3-21. (a) Find the voltage at loads A, B, C. (b) Find the maximum percentage voltage drop
from the generator to a load.

| 4 km | 3 km | 3 km |
‘ 180 A ‘ ‘
— 04Q 03Q 03Q
Generator A B c
(6000 V)
+ 72V - + 39V - + 30V —
50 A 30 A 100 A
Fig. 3-21

Ans. (a) v,=5928 V, v, =5889 V, v.=5859 V; (b) 2.35 percent
3.18. In the circuit of Fig. 3-22, R=0 and i, and i, are unknown. Find i and v, . Ans. i=4A,0,,=24V

10A A i B 4 A
4Q 3Q
R
iy D C ip
Fig. 3-22

3.19. In the circuit of Fig. 3-22, R=1Q and i, =2 A. Find, i, i,, and Vyer Ans. i=5A,i,=-16A,v,.=27V

> Yac

3.20. Inthe circuitof Fig. 3-23,i , =v,=0,v,=9V,i,=12 A. For the four cases of () R=0, (b)) R=6Q, (c) R=9 €,
and (d) R =10 000 €, draw the simplified circuit and find i, and v, .. Hint: A zero voltage source corresponds
to a short-circuited element and a zero current source corresponds to an open-circuited element.

2

@ i, =70,.=30

®b) iy, =42, v, =216

Ans. (Allin A and V)
(©) iy, =35 v,.=195

_(d) ip, =0.006~0,v,.=9.02=9

BA
3.21. In the circuit of Fig. 3-23, v, =0,=0,i,= 6 A, i, =12 A. For the four cases of (a) R=0, (b)) R=6Q, (c)R=
9 Q, and (d) R =10 000 €2, draw the simplified circuit and find i,, and v, c

(@ i, =6.v,.=36
®) i, =360, =288
Ans. BA Ac (Allin A and V)

© iy, =3, v, =27

(@) iy, =0.005=0, v, ~18
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3.22.

3.23.

3.24.

3.25.

3.26.

iy % 6Q

Fig. 3-23

In the circuit Fig. 3-23, v, =0, vV, = 6V, iy = 6 A, i,= 12 A. For the four cases of (a) R=0, () R=6 Q, (¢)
R=9Q, and (d) R =10 000 Q, draw the simplified circuit and find i, and v c

(@ iy, =533,0,. =34

AC

b) iy =32, 0v,,=276
Ans. (All'in A and V)
(¢) iz =2.66, v, =26

(d) ig, =0.005=0, v,.=18.01~18

In the circuit of Fig. 3-24, (a) find the resistance seen by the voltage source, R, = /i, as a function of @, and (b)
evaluate Rin fora=0,1,2. Ans. (a) Rm =R/I(1 —a); (b) R, oo, —R

b

(D) B P

Fig. 3-24

In the circuit of Fig. 3-24, (a) find power P delivered by the voltage source as a function of a, and (b) evaluate P
fora=0,1,2.  Ans. (@)P=v"(1-a)lR; (b) VIR, 0,-v’/R

In the circuit of Fig. 3-24, let a = 2. Connect a resistor R in parallel with the voltage source and adjust it within
the range 0 < R < 0.99 R such that the voltage source delivers minimum power. Find (a) the value of R and (b)
the power delivered by the voltage source. Ans. (@) R =0.99R, (b) P= 1)2/(99 R)

In the circuit of Fig. 3-25, R, =0and b=100. Draw the simplified circuit and find v for R =1 kQ and 10 kQ.
Ans. v=1,10V

bi

Fig. 3-25
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3.27.

3.28.

3.29.

CHAPTER 3 Circuit Laws

In the circuit of Fig. 3-25, R, =0 and R =1 kQ. Draw the simplified circuit and find v for b = 50, 100, 200. Note
that v changes proportionally with b. Ans. v=05,1,2V

In the circuit of Fig. 3-25, R, =100 Q and R = 11 kQ. Draw the simplified circuit and find v for » = 50, 100, 200.
Compare with corresponding values obtained in Problem 3.27 and note that in the present case v is less sensitive
to variations in b. Ans. v=0.90,1, 1.04V

A nonlinear element is modeled by the following terminal characteristic.

. _J10v when v > 0
“10.1v when v <0

Find the element’s current if it is connected to a voltage source with (@) V=1 +sin t and (b) v=-1 +sin . See
Fig. 3-26 (a). Ans.  (a)i=10(1 +sin 7); (b) i=0.1(—1 + sin £)

v <t> v nonlinear v <t> v nonlinear

(a) (b)
Fig. 3-26

3.30. Place a 1-Q linear resistor between the nonlinear element of Problem 3.29 and the voltage source. See

Fig. 3-26(b). Find the element’s current if the voltage source is (a) v=1+sintand (b) v=-1 +sin .

Ans. (@) i=0.91(1 +sin 1); (b) i =0.091(-1 + sin 7)
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Analysis Methods

4.1 The Branch Current Method

In the branch current method a current is assigned to each branch in an active network. Then Kirchhoff’s
current law (KCL) is applied at the principal nodes and the voltages between the nodes employed to relate
the currents. This produces a set of simultaneous equations which can be solved to obtain the currents.

EXAMPLE 4.1 Obtain the current in each branch of the network shown in Fig. 4-1 using the branch current method.

50 a 20
—A— —AMA—
L
[ I . L ]
20V C‘D 100 Ct> gy
b
Fig. 4-1

Currents 1, I,, and I, are assigned to the branches as shown. Applying KCL at node a,
I =1,+1, (¢))

The voltage V,, can be written in terms of the elements in each of the branches; V, =20 - [,(5), V,, = I,(10) and

V., = 1,(2) + 8. Then the following equations can be written

20 - 1,(5) = 1,(10) 2)
20-1,5)=1,2)+8 3

Solving the three equations (1), (2), and (3) simultaneously gives I, =2 A, I, =1 A, and ;=1 A.

Other directions may be chosen for the branch currents and the answers will simply include the appropri-
ate sign. In a more complex network, the branch current method is difficult to apply because it does not sug-
gest either a starting point or a logical progression through the network to produce the necessary equations.
It also results in more independent equations than either the mesh current or node voltage method requires.

4.2 The Mesh Current Method

In the mesh current method a current is assigned to each window of the network such that the currents com-
plete a closed loop. They are sometimes referred to as loop currents. Each element and branch therefore
will have an independent current. When a branch has two of the mesh currents, the actual current is given

37
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by their algebraic sum. The assigned mesh currents may have either clockwise or counterclockwise direc-
tions, although at the outset it is wise to assign to all of the mesh currents a clockwise direction. Once the
currents are assigned, Kirchhoff’s voltage law (KVL) is written for each loop to obtain the necessary simul-
taneous equations.

EXAMPLE 4.2 Obtain the current in each branch of the network shown in Fig. 4-2 (same as Fig. 4-1) using the mesh
current method.

5Q 2Q B

\ A A4 yv¥

r -

O, " i |O

<=

Fig. 4-2

The currents /, and I, are chosen as shown on the circuit diagram. Applying KVL around the left loop, starting at
point 0.,

=20+ 51, +10(/, -1,)=0
and around the right loop, starting at point 3,
8+10(1, —1)+2I,=0

Rearranging terms,
151, =101, = 20 “
-107, +121, = -8 o

Solving (4) and (5) simultaneously results in /;, =2 A and 7, = 1 A. The current in the center branch, shown dotted, is
I, —1,=1A. In Example 4.1 this was branch current Z,.

The currents do not have to be restricted to the windows in order to result in a valid set of simultaneous
equations, although that is the usual case with the mesh current method. For example, see Problem 4.6, where
each of the currents passes through the source. In that problem they are called loop currents. The applicable
rule is that each element in the network must have a current or a combination of currents and no two elements
in different branches can be assigned the same current or the same combination of currents.

4.3 Matrices and Determinants

The n simultaneous equations of an n-mesh network can be written in matrix form. (Refer to Appendix B for
an introduction to matrices and determinants.)

EXAMPLE 4.3 When KVL is applied to the three-mesh network of Fig. 4-3, the following three equations are
obtained:

(R, + RYI, ~Ry1, =V,
~Ryl, + (R, + R + R))I, ~R,1, =0

-R,1, + (R, + R, = -V,
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Placing the equations in matrix form,

RA + RB —RB 0 11 #
-Ry Ry +R.+R -R,, =1 0
0 -R, Ry+R. || [V

R, R, R 14
Ry Ry Ryl =Y (6)
Ry Ry, Ryl v

Now element R, (row 1, column 1) is the sum of all resistances through which mesh current /, passes. In Fig. 4-3,
this is R, + R, Similarly, elements R,, and R, are the sums of all resistances through which 7, and I, respectively,
pass.

AAA AAA

EOFOF}

Fig. 4-3

©,

Element R, (row 1, column 2) is the sum of all resistances through which both mesh currents /, and I, pass. The sign
of R, is + if the two currents are in the same direction through each resistance, and — if they are in opposite directions.
In Fig. 4-3, R, is the only resistance common to /; and /,; and the current directions are opposite in R, so that the sign
is negative. Similarly, elements R21’ Rzz’ R13, and R31 are the sums of the resistances common to the two mesh currents
indicated by the subscripts, with the signs determined as described previously for R, ,. It should be noted that for all i and
Js Rij = Rji. As a result, the resistance matrix is symmetric about the principal diagonal.

The current matrix requires no explanation, since the elements are in a single column with subscripts 1, 2, and 3
to identify the current with the corresponding mesh. These are the unknowns in the mesh current method of network
analysis.

Element V| in the voltage matrix is the sum of all source voltages driving mesh current /,. A voltage is counted posi-
tive in the sum if /; passes from the — to the + terminal of the source; otherwise, it is counted negative. In other words,
a voltage is positive if the source drives in the direction of the mesh current. In Fig. 4.3, mesh 1 has a source V, driving
in the direction of /,; mesh 2 has no source; and mesh 3 has a source V, driving opposite to the direction of / making
V, negative.

The matrix equation arising from the mesh current method may be solved by various techniques. One of
these, the method of determinants (Cramer’s rule), will be presented here. It should be stated, however, that
other techniques are far more efficient for large networks.

EXAMPLE 4.4 Solve matrix equation (6) of Example 4.3 by the method of determinants.

The unknown current /; is obtained as the ratio of two determinants. The denominator determinant has the elements
of the resistance matrix. This may be referred to as the determinant of the coefficients and given the symbol A,. The
numerator determinant has the same elements as A, except in the first column, where the elements of the voltage matrix
replace those of the coefficient matrix. Thus,

il R, Ry R, R, Ry 1 Vi R, Ry
L=V, Ry Ry Ry Ry Ry EA_R V, Ry Ry
Vi Ry Ry Ry Ry Ry Vi Ry Ry
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Similarly,
1 R, Vi Ry 1 R, R, V
IZZA_RI V, Ry 13:A_R Ry Y,
Ry V3 Ry Ry Ry Vi

An expansion of the numerator determinants by cofactors of the voltage terms results in a set of equations which can
be helpful in understanding the network, particularly in terms of its driving-point and transfer resistances:

(A A, A,

ol vl R el R v (7)
A, A,, A,

, =V AR +V, AR +V, AR )

I,=V, (i—‘;) + VZ(AA_z,:) +V, (AA—f) )

Here, A, stands for the cofactor of Rl.j (the element in row i, column j) in A,. Care must be taken with the signs of
the cofactors—see Appendix B.

—_

~
1l

4.4 The Node Voltage Method

The network shown in Fig. 4-4(a) contains five nodes, where 4 and 5 are simple nodes and /, 2, and 3 are
principal nodes. In the node voltage method, one of the principal nodes is selected as the reference and equa-
tions based on KCL are written at the other principal nodes. At each of these other principal nodes, a voltage
is assigned, where it is understood that this is a voltage with respect to the reference node. These voltages are
the unknowns and, when determined by a suitable method, result in the network solution.

Vi

Ra Rc Re

w ¢

(a) (b)

Fig. 4-4

The network is redrawn in Fig. 4-4(b) and node 3 selected as the reference for voltages V, and V,. KCL
requires that the total current out of node 1 be zero:

V-V, V. V-V,
a4 14 =0

R, Ry Rc
Similarly, the total current out of node 2 must be zero:
A A /S
Rc R Rg
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(Applying KCL in this form does not imply that the actual branch currents all are directed out of either node.
Indeed, the current in branch 1-2 is necessarily directed out of one node and into the other.) Putting the two
equations for V1 and V2 in matrix form,

L . L VIR

R, "R, R, R, Vil | YR

1 Lot v vr

-5 > +5+5 || "2 »'E
RC RC RD RE

Note the symmetry of the coefficient matrix. The 1,1-element contains the sum of the reciprocals of
all resistances connected to node /; the 2,2-element contains the sum of the reciprocals of all resistances
connected to node 2. The 1,2- and 2,1-elements are each equal to the negative of the sum of the recipro-
cals of the resistances of all branches joining nodes / and 2. (There is just one such branch in the present
circuit.)

On the right-hand side, the current matrix contains Va/R " and Vb/R o the driving currents. Both of these
terms are taken to be positive because they both drive a current info a node. Further discussion of the ele-
ments in the matrix representation of the node voltage equations is given in Chapter 9, where the networks
are treated in the sinusoidal steady state.

EXAMPLE 4.5 Solve the circuit of Example 4.2 using the node voltage method.
The circuit is redrawn in Fig. 4-5. With two principal nodes, only one equation is required. Assuming the currents
are all directed out of the upper node and the bottom node is the reference,

from which V, =10 V. Then, I, = (10 — 20)/5 = -2 A (the negative sign indicates that current /, flows into node 7);
I,=(10-8)/2=1A;1,=10/10=1 A. Current /, in Example 4.2 is shown dotted in Fig. 4-2.

5Q 2Q

20v(@) (Dsv

ref.

Fig. 4-5

4.5 Network Reduction

The mesh current and node voltage methods are the principal techniques of circuit analysis. However,
the equivalent resistance of series and parallel branches (Sections 3.4 and 3.5), combined with the voltage
and current division rules, provides another method of analyzing a network. This method is tedious and
usually requires the drawing of several additional circuits. Even so, the process of reducing the network
provides a very clear picture of the overall functioning of the network in terms of voltages, currents,
and power. The reduction begins with a scan of the network to pick out series and parallel combinations
of resistors.
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EXAMPLE 4.6 Obtain the total power supplied by the 60-V source and the power absorbed in each resistor in the
network of Fig. 4-6.

R,=7+5=120Q

_ 126 _
R = 12+6 =40

g 70 e
$e
7Q
< Q<
60 V 208 $60Q
<
5Q
od b
f
Fig. 4-6
These two equivalents are in parallel (Fig. 4-7), giving
_@®d2 _
R IR

Then this 3-Q equivalent is in series with the 7-€ resistor (Fig. 4-8), so that for the entire circuit,

R,=7+3=10Q

e g 19 e
c a
40 120 60V Cf) 30
d b
-—
f f
Fig. 4-7 Fig. 4-8

The total power absorbed, which equals the total power supplied by the source, can now be calculated as

V(60
PT—Req— =360 W

This power is divided between R and R _as follows:
ge of

7 3
P, = Py = 5-—=(360) = 252 W Py ==5(360)=108 W

Power P, f.is further divided between R, and R , as follows:

12

4
P,=77715108)=81W P, = —=(108)=27TW
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Finally, these powers are divided between the individual resistances as follows:

6 7
Pao =T34 gBN=2TW  Pgo=="=Q2N)=1575W
P= e @) =54W P =N =1125W
0 =12+ = s = 735D =11

4.6 Input Resistance

In single-source networks, the input or driving-point resistance is often of interest. Such a network is sug-
gested in Fig. 4-9, where the driving voltage has been designated as V| and the corresponding current as /,.
The input resistance is

R =-L

Y
input,1 I
EXAMPLE 4.7 Find the input resistance seen by the voltage source in the circuit of Fig. 4-6.
The circuit of Fig. 4-6 was reduced to Fig. 4-8, from which the input resistance is determined to be
Roypue =7+ 3=10Q.
One may find a general expression for the input resistance seen by the voltage source V/, in the circuit of Fig. 4-9.
Since the only source is V|, the equation for /, is [see Eq. (7) of Example 4.4]:

I =V(ﬂ)
1 A,

Vi A

— 1 _ R
Rinput,l - [1 A

The input resistance is the ratio of V, to /,:

The reader should verify that A, /A, actually carries the units of €.

v, ‘ I, Passive

Network

Fig. 4-9

4.7 Output Resistance

A voltage source applied to a passive network results in voltages between all nodes of the network. An exter-
nal resistor connected between two nodes will draw current from the network and in general will reduce the
voltage between those nodes. This is due to the voltage across the output resistance (see the Thévenin equiva-
lent circuit in Section 4.11). The output resistance is found by dividing the open-circuited voltage to the
short-circuited current between the desired terminals. The short-circuited current is found in Section 4.8.

EXAMPLE 4.8 Find the output resistance seen by the output terminal pair ab in the circuit of Fig. 4-6.
The circuit of Fig. 4-6 was reduced to Fig. 4-8, from which the output resistance is determined to be

R =7 Qin parallel with3 Q =7 x3/(7+3)=2.1Q

output,ab

4.8 Transfer Resistance

A driving voltage in one part of a network results in currents in all the network branches. For example, a
voltage source applied to a passive network results in an output current in that part of the network where a
load resistance has been connected. In such a case, the network has an overall transfer resistance.
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EXAMPLE 4.9 In the circuit of Fig. 4-6 find the transfer resistance R, .. = 11', where V, is the voltage source.
From the circuit reduction shown in Fig. 4-7, 1, =V, /12. From Fig. 4-8, we find V.= 60 x 3/(7 + 3) = 18 V and
I, =18/12=1.5 A. Therefore, R, .. =60/1.5=40 Q.
Consider the passive network suggested in Fig. 4-10, where the voltage source has been designated as V, and the
output current as /. The mesh current equation for /; contains only one term, the one resulting from V/, in the numerator

determinant:

v, l L Passive I

Network

Fig. 4-10

I—OA“ 0 VA” 0
S_()A_R + .4 + f A_R + + ..

The network transfer resistance is the ratio of V. tol:

Vv A

r R

Rtran sters — ] T A
s

Consider now the more general situation of an n-mesh network containing a number of voltage sources. The solu-
tion for the current in mesh k can be rewritten in terms of input and transfer resistances [refer to Eqs. (7), (8), and (9)
of Example 4.4]:

1 k-1 k k+1 n
Ik _— + 4+ —"1
ransfer,1k transfer,(k—1)k input,k transfer,(k+1)k transfer,nk

There is nothing new here mathematically, but in this form the current equation does illustrate the superposition principle
very clearly, showing how the resistances control the effects which the voltage sources have on a particular mesh current.
A source far removed from mesh k will have a high transfer resistance into that mesh and will therefore contribute very
little to /,. Source V,, and others in meshes adjacent to mesh & will provide the greater part of /,.

4.9 Reciprocity Property

In a passive circuit the resistance matrix is symmetric, A=A

R

sr’ 80

transfer,rs ~ ° transfer,sr

This expresses an important property of linear passive networks: If a certain voltage in a mesh r gives rise
to a certain current in a mesh s, then the same voltage in mesh s produces the same current in mesh r. This
property is called reciprocity.

4.10 Superposition

A linear network which contains two or more independent sources can be analyzed to obtain the various
voltages and branch currents by allowing the sources to act one at a time, then superposing the results. This
principle applies because of the linear relationship between current and voltage. With dependent sources,
superposition can be used only when the control functions are external to the network containing the sources,
so that the controls are unchanged as the sources act one at a time. Voltage sources to be suppressed while a
single source acts are replaced by short circuits; current sources are replaced by open circuits. Superposition
cannot be directly applied to the computation of power, because power in an element is proportional to the
square of the current or the square of the voltage, which is a nonlinear relationship.
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As a further illustration of superposition consider equation (7) of Example 4.4:

A A A
I =V AJ+V(¢J+V(4)
1 I(AR 2 AR 3 AR

which contains the superposition principle implicitly. Note that the three terms on the right are added to result
in current / I If there are sources in each of the three meshes, then each term contributes to the current I, Addi-
tionally, if only mesh 3 contains a source, V, and V, will be zero and /| is fully determined by the third term.

EXAMPLE 4.10 Compute the current in the 23-Q resistor of Fig. 4-11(a) by applying the superposition principle. With
the 200-V source acting alone, the 20-A current source is replaced by an open circuit, Fig. 4-11(b).

40
47 Q
b
p > <
1’ 23 Q i: 27 Q o.c. 5:230
200 V T
(a) . (b)
& 1"2'3(1
::47 Q
< 4 B 3
3770 0wa $B0
[
s.C.
p
(c)
Fig. 4-11

27)(4 + 23)

R, =47+ """ == =60.5Q
200
I =55 =331A

, 27
th = (5—4)(3.31) =1.65A

When the 20-A source acts alone, the 200-V source is replaced by a short circuit, Fig. 4-11(c). The equivalent resis-
tance to the left of the source is

_ 2NE7
eq_4+—74 =21.15Q
” 21.15
Then 230 — (m)(ZO) =9.58 A
The total current in the 23-Q resistor is
Iy = 1339 + I;’m =11.23 A

4.11 Thévenin’s and Norton’s Theorems

A linear, active, resistive network which contains one or more voltage or current sources can be replaced by a
single voltage source and a series resistance (Thévenin’s theorem), or by a single current source and a parallel
resistance (Norton’s theorem). The voltage is called the Thévenin equivalent voltage, V’, and the current the
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Linear
Active
Network

(a) (b) Thévenin equivalent circuit (¢) Norton equivalent circuit

Fig. 4-12

Norton equivalent current, I’. The two resistances are the same, R’. When terminals ab in Fig. 4-12(a) are
open-circuited, a voltage will appear between them.

From Fig. 4-12(b) it is evident that this must be the voltage V'’ of the Thévenin equivalent circuit. If a short
circuit is applied to the terminals, as suggested by the dashed line in Fig. 4-12(a), a current will result. From
Fig. 4-12(c) it is evident that this current must be [’ of the Norton equivalent circuit. Now, if the circuits in
(b) and (c) are equivalents of the same active network, they are equivalent to each other. It follows that I’ = V’/R’.
If both V” and I” have been determined from the active network, then R” = V’/I’.

EXAMPLE 4.11 Obtain the Thévenin and Norton equivalent circuits for the active network in Fig. 4-13(a).
With terminals ab open, the two sources drive a clockwise current through the 3-Q and 6-Q resistors [Fig. 4-13(b)].

_20+10 _ 30
“73+6 9

Since no current passes through the upper right 3-Q resistor, the Thévenin voltage can be taken from either active branch:

30

4‘""7 0 a

30 6Q

20V 10 V

-0 b

(a)
30 6Q
s.C. S.C.
—0 b
(c)
Fig. 4-13
vV, =V =20 —(3—90)(3) =10V
or Vub=v'=(%)6—1o=1ov
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The resistance R’can be obtained by shorting out the voltage sources [Fig. 4.13(c)] and finding the equivalent
resistance of this network at terminals ab:

PEPCTORP

When a short circuit is applied to the terminals, current I = results from the two sources. Assuming that it runs
through the short from a to b, we have, by superposition,

20 10
Is.c. =1I"= (m) 3+ (3)9(6) - (m) 6 + (3)653) =2A

Figure 4-14 shows the two equivalent circuits. In the present case, V’, R, and I” were obtained independently. Since
they are related by Ohm’s law, any two may be used to obtain the third.

A -0 a O a
5Q
>
v <i> 2A i: 50
—0 b —Q b
(a) Thévenin Equivalent (b) Norton Equivalent
Fig. 4-14

The usefulness of Thévenin and Norton equivalent circuits is clear when an active network is to be examined under
a number of load conditions, each represented by a resistor. This is suggested in Fig. 4-15, where it is evident that the
resistors R, R,, . . ., R, can be connected one at a time, and the resulting current and power readily obtained. If this
were attempted in the original circuit using, for example, network reduction, the task would be very tedious and time-
consuming.

o) N PN

O b

Fig. 4-15

4.12 Maximum Power Transfer Theorem
At times it is desired to obtain the maximum power transfer from an active network to an external load resis-
tor R,. Assuming that the network is linear, it can be reduced to an equivalent circuit as in Fig. 4-16. Then
—_— V,

R’ +R,

1

and so the power absorbed by the load is

b VPRVl (R-R, 2
L (R + RL)2 4R’ R+ R,
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Iti 1s seen that P, attains its maximum value, V’?/4R’, when R, = R’, in which case the power in R’ is also
V72 /4R Consequently, when the power transferred is a max1mum the efficiency is 50 percent.

R’

<
\
-0
X

Fig. 4-16

It is noted that the condition for maximum power transfer to the load is not the same as the condition for
maximum power delivered by the source. The latter happens when R, = 0, in which case power delivered to
the load is zero (i.e., at a minimum).

4.13 Two-Terminal Resistive Circuits and Devices
A circuit made of resistors and sources has no memory of its past state. Element voltages and currents in such
a circuit are related to the source only through the instantaneous values. When connected to another circuit
through a terminal pair, such a circuit appears as a resistor and a source. If all resistors contained in a two-
terminal circuit are linear, the terminal characteristic is v(f) = ai(f) + b, shown by a straight line in the i — v
plane (see Problem 4.51). The Thévenin equivalent circuit of Section 4.11 and Fig. 4-12 illustrate the point.
If a two-terminal resistive circuit contains nonlinear elements (such as a semiconductor diode introduced
in Section 2.8), its terminal i — v characteristic is still an instantaneous one (and in general nonlinear), and
shown by f(v, i) = 0, which can be represented by a piecewise linear plot or a curve in the i — v plane. See
Problems 4.52 and 4.53.

4.14 Interconnecting Two-Terminal Resistive Circuits

Kirchhoff’s laws apply to currents and voltages in an electric circuit regardless of the linearity property for the
circuit. When embedded in a bigger circuit, a two-terminal circuit forms a branch of that circuit. In addition to the
terminal characteristic, its current and voltage conform to KVL/KCL relationships generated by the connection.
The ensemble of these relationships determines the voltages and currents. For linear circuits, the ensemble is a set
of linear equations which can easily be solved analytically. For nonlinear circuits, an analytical approximation, a
graphical solution, or an exact solution may be employed. Problem 4.57 illustrates the use of a graphical solution.

EXAMPLE 4.12 A two-terminal circuit characterized by v, —4i, — 1 =0 is connected to another two-terminal circuit
characterized by i, — 2v, + 4 = 0 as shown in Fig. 4-58. Find the terminal current and voltage.
‘When connected, v, =0, and i = These two equations, along with the given terminal characteristics, result in

v, =0,=17/9 Vand i, =i, =2/9 A.

Ly

Series and Parallel Connections
Of special interest are series or parallel connections of two-terminal circuits. Consider the two-terminal
circuits N, and N, characterized by f,(v,, i) = 0 and f,(v,, i,) = 0, respectively. Connecting N, and N, in
parallel or in series, as shown in Fig. 4-60, produces a two-terminal circuit whose terminal characteristic
f(v, i) =0 can be found by eliminating U, i, U, and I between the four equations due to N, N,, KVL, and
KCL. This is summarized below:

fi(v, i) =0

fz(vzs i2) =0

V=1v =0,andi=1i +i, (parallel connection)

V=v +0v,andi =i =i, (seriesconnection)

1 2
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For linear resistive circuits, the terminal characteristic is of the form v=Ri + Vo and can be easily obtained
analytically as illustrated in Example 4.13. For nonlinear circuits, analytical or graphical methods may be
used. Problems 4.61 and 4.62 illustrate the use of the graphical technique.

EXAMPLE 4.13 (a) Find the terminal characteristics of the series combination of two circuits characterized by
v, —4i,— 1=0and i, - 2v, + 4 =0, as shown in Fig. 4-60(a). (b) Repeat if the two circuits are placed in parallel as
shown in Fig. 4-60(b).

(a) Series connection: i = i, =i, and V=V, + v, resulting inv=4i+ 1)+ (0.5 + 2) = 4.5 + 3. (b) Parallel connec-
tion: v="v, = v, and i =i, + i, resulting in i = (0.250 - 0.25) + 2V - 4) =2.25V - 4.25.

4.15 Small-Signal Model of Nonlinear Resistive Devices

Consider a nonlinear resistor with the terminal characteristic I = f(V). A DC voltage V, applied across the
resistor will create a DC current /, = f(V,)). This is called the DC operating point. Changing the voltage by a
small incremental amount v results in a small incremental current i.

dl .
I=f(V0+v)zf(V0)+WV:VO><v=10+gv=10+z

where i = gvand g = 4 vy is a constant number representing the small-signal conductance of the element
at the operating point (V, IO).O It is seen that the small variations v and i are linearly related to each other
by a factor g which is the slope of the tangent to the / vs. V curve at the DC operating point and can be
approximated graphically. Its inverse » = 1/g is the element’s small-signal (or dynamic) resistance. It may be
approximated from experimental data (as was done for a semiconductor diode in Example 2.4 of Chapter 2)
or computed analytically. The small-signal operation enables us to model nonlinear elements, devices, and

circuits by linear elements and then apply powerful linear analysis techniques to them.

Small Signal Model of an Actual Semiconductor Diode

The current in a semiconductor junction diode as a function of its voltage is I =1 (e — 1) at room tem-
perature, where 1 < n <2 (for germanium diodes and high-current silicon diodes n = 1). _is the diode’s
reverse saturation current (the current when the voltage is negative) and is very small. The dynamic resistance
of the diode (also called its small-signal model) at an operating point (V,, /) is found from

40Vin

_dl _40, aov,m 401, _1_n
g_dVV:V”_n s T oon r_g_4010
As an example, for a diode operating at 1 mA, its dynamic resistance is between 25 Q and 50 Q (depending
on n). The small signal model of the diode is used to construct a small signal model of the circuit in which
the diode is embedded. See Problem 4.64.

SOLVED PROBLEMS

4.1. Use branch currents in the network shown in Fig. 4-17 to find the current supplied by the 60-V source.

L llz 11, 11,,
60v<t> 120 60 E

Y
—
[39]
=)

Fig. 4-17



50 CHAPTER 4 Analysis Methods

KVL and KCL give:

1,(12) = I1,(6) (10)
1,(12) = 1,12) (11)
60 = I,(7) + 1,(12) (12)
L=0,+1,+1, (13)
Substituting (10) and (11) in (13),
I =1,+2I,+1, =4I, (14)

Now (14) is substituted in (12):
60=I](7)+%11(12)=1011 or I, =6A

4.2. Solve Problem 4.1 by the mesh current method.

70

>
60 vV I, 2Q L 6Q L :;120
<

Fig. 4-18

Applying KVL to each mesh (see Fig. 4-18) results in
60 =71 +12(, - 1)
0 =12, - I)+ 6, - I)
0=06(,-1,)+121,

Rearranging terms and putting the equations in matrix form,

191, — 121, = 60
19 12 o] |60
~12[,+181,-6I; = 0 or |-12 18 -6 |[1,|=| ©
0 -6 18| 0

~61,+18L, = 0

Using Cramer’s rule to find 7,

60 -12 0 19 -12 0
I,=]0 18 —6[+|-12 18 -6 =17280+2880=6A
0 -6 18 0 -6 18

4.3. Solve the network of Problems 4.1 and 4.2 by the node voltage method. See Fig. 4-19.
With two principal nodes, only one equation is necessary.
V=60 Vi VY,

—7 tnte T
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from which V| = 18 V. Then,

60 -V,
I, = —=—"=6A
1
70Q
12 O
wv(:)
ref.
Fig. 4-19
4.4. In Problem 4.2, obtain Rinput | and use it to calculate 11.
A 2880 2880
_2r _ — 20999 _
Roput =X =8 -6~ 288 ~ 10
-6 18
60 60
Then Ille :ﬁ:6A
input,1
4.5. Obtain R, oster 12 and R, oster 13 for the network of Problem 4.2 and use them to calculate I, and 13.
The cofactor of the 1,2-element in A, must include a negative sign:
+2-12 -6 A 2880
A, =1 0 18‘ =216 Rpens = A_le = S1e = 13330
Then, 12 =60/13.33 =4.50 A.
3|-12 16 A 2880
A]3 = (_1) 0 -6 =72 transfer,13 = A_ll: = 72 =40 Q

Then, I, = 60/40 = 1.50 A.

4.6. Solve Problem 4.1 by use of the loop currents indicated in Fig. 4-20.

The elements in the matrix form of the equations are obtained by inspection, following the rules of
Section 4.2.

|

+ P 4 <
60 V- I $ra b 6Q L $120

Fig. 4-20
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7 7 19 I, 60
19 7 7

Thus, A, =7 13 7/=2830
7 7 19

Notice that in Problem 4.2, too, AR = 2880, although the elements in the determinant were different. All valid
sets of meshes or loops yield the same numerical value for A,. The three numerator determinants are

60 7 17
N, =160 13 7|=4320 N, = 8642 N, = 4320
60 7 19
Consequently,
N, 4320 N N
A T L _ N _ N5
II_AR_ZSSO_I'SA I2_AR_3A 13—AR—1.5A

The current supplied by the 60-V source is the sum of the three loop currents, I, + I, + I, =6 A.

4.7. Write the mesh current matrix equation for the network of Fig. 4-21 by inspection, and solve for the

currents.
10 Q 20
320 1,
< 50 vV
Fig. 4-21
7 =5 0|4 =25
=5 19 -4 || |=| 25
0 -4 6|1, 50
Solving,
-25 -5 0 7 -5 0
I =25 19 —4|+|-5 19 -4{=(-700)+536=-1.31A
50 -4 6 0 4 6
Similarly,
N 1700 N, 5600
-2 _ - =3 - =
I, = A, = 536 3.17A I A, = 536 10.45 A

4.8. Solve Problem 4.7 by the node voltage method.
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The circuit has been redrawn in Fig. 4-22, with two principal nodes numbered / and 2 and the third
chosen as the reference node. By KCL, the net current out of node / must equal zero.

10 Q

ref.
Fig. 4-22
Vv, V=25 V-V
RIS AT T
25 to10 0
Similarly, at node 2,
V,-Vv, 'V, V,+50
2", _
0 "aT T2 0
Putting the two equations in matrix form,
I 1 1 1 Vi 5
2*3%*0 10 )
L L
10 1047 2]|V,] |25

The determinant of the coefficient matrix and the numerator determinants are

0.80 -0.10
A= -0.10  0.85| " 0-670
5 -0.10 0.80 5
Ny = ‘—25 0.85‘ =175 N, = ‘—0.10 —25‘ =-193
From these,
1.75 -19.5
Vi = 0.670 =261V > = 0670 =-29.1V
In terms of these voltages, the currents in Fig. 4-21 are determined as follows:
p=Y o sia =0 g4 220 jusa
= = I T == =10

4.9. For the network shown in Fig. 4-23, find v, which makes I,= 7.5 mA.

The node voltage method will be used and the matrix form of the equations written by inspection.

P 1.1 1 % V120
20777 7% S
1 1,11 -
7 IS ) 0
Solving for V,,
‘ 0.443 V. /20‘
-0.250 0
Vv, = =0.0638 V,

2 0.443 -0.250
-0.250  0.583



54 CHAPTER 4

4Q

I
8Q

6 Q
O
120
ref.
Fig. 4-23
3 V, 0.0638V,
Then 7.5%x10 :[Ozng

from which V = 0.705 V.

4.10. In the network shown in Fig. 4-24, find the current in the 10-CQ resistor.

10 Q

2

Fig. 4-24

The nodal equations in matrix form are written by inspection.

11 1 [y )
5710 75 || 'L
111
5 3577|%2] [-6
‘2 —0.20‘
-6 0.70
Vl “ 1 0.30 -0.20 =118V
-0.20  0.70

Then, /= V,/10=0.118 A.

4.11. Find the voltage V , in the network shown in Fig. 4-25.

Analysis Methods

The two closed loops are independent, and no current can pass through the connecting branch.

30
Il:2A 122m23A

Vi =V +Vy +V, ==[(5) -5+ L,(4) = -3V
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10 O

5V

Fig. 4-25

4.12. For the ladder network of Fig. 4-26, obtain the transfer resistance as expressed by the ratio of V,

to /.
10 Q 10 Q 10 Q a
‘D
L 508 I, $R
b
Fig. 4-26
By inspection, the network equation is
15 -5 0 oNhL| [V
-5 20 -5 04| | o
0 -5 20 S |L| | o
0 0 -5 5+R, 1, 0

AR=5125R, +18750 N, =125V,

I = & = Vin (A)
47 A, T 41R, +150
Vin
and Rtransfer,l4 = I_ = 41RL +150 (Q)

4

4.13. Obtain a Thévenin equivalent for the circuit of Fig. 4-26 to the left of terminals ab.
The short-circuit current I is obtained from the three-mesh circuit shown in Fig. 4-27.

10 Q : 10 Q 10 @ a

AAA
A A A4 N

L

> O

Fig. 4-27
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15 =5 o] [Va
-5 20 5| 1,|=|0
0 -5 15 I, 0
-5 20
T
s.c. AR _m

The open-circuit voltage V, _ is the voltage across the 5-€2 resistor indicated in Fig. 4-28.

10 Q 10 Q 10 Q a

Fig. 4-28

15 -5 o] [v,
0
0

5V v
= =2%n _ Vin
Iy =35735 =305 M)

Then, the Thévenin source V' = V. = I,(5) =V, /41, and

0.c.

The Thévenin equivalent circuit is shown in Fig. 4-29. With R, connected to terminals ab, the output
current is
P Y. R
47 (150/41)+ R, = 41R, +150

(A)

agreeing with Problem 4.12.

R=ar o a
’4 S
V= —Y!' ::RL
a1 1
 —
b
Fig. 4-29

4.14. Use superposition to find the current 7 from each voltage source in the circuit shown in Fig. 4-30.
Loop currents are chosen such that each source contains only one current.
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-~ ]
< T
70 47 Q
I, 27Q
+)4 200 V
ao0v |1,
Fig. 4-30
54 2711, |=[-460
=27 74| 1,|=] 200
For the 460 V source,
,_ g (460)(T74)
and for the 200 V source
” _ gm _ _(200)(_27) _
I =1 —W—1.65A
Then, I=I'+1"=-1042+1.65=-8.77 A

4.15. Obtain the current in each resistor in Fig. 4-31(a), using network reduction methods.

As a first step, two-resistor parallel combinations are converted to their equivalents. For the 6 Q and
3Q, Req = (6)(3)/(6 + 3) = 2 Q. For the two 4-Q resistors, R, =2 Q. The circuit is redrawn with series
resistors added [Fig. 4-31(b)]. Now the two 6-Q resistors in parallel have the equivalent ReCl =3 Q, and this
is in series with the 2 Q. Hence, R, =5 Q, as shown in Fig. 4-31(c). The resulting total current is

p <
25V 6Q 360 25v<+5 3sa
‘ *

(b) ()
Fig. 4-31
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25
Iy = 5= SA
Now the branch currents can be obtained by working back through the circuits of Fig. 4-31(b) and
4-31(a)

I.=1.=31,=25A
I,=1,=%I.=125A

3 5
ly=6s3lr=34

6 10
lh=gv3lr =734

4.16. Find the value of the adjustable resistance R which results in maximum power transfer across the
terminals ab of the circuit shown in Fig. 4-32.

10 Q 5Q

4
100 V 50 R

Fig. 4-32

First a Thévenin equivalent is obtained, with V' =60 V and R’ = 11 Q By Section 4.10, maximum
power transfer occurs for R = R” = 11Q, with

SUPPLEMENTARY PROBLEMS

4.17. Apply the mesh current method to the network of Fig. 4-33 and write the matrix equations by inspection. Obtain
current /, by expanding the numerator determinant about the column containing the voltage sources to show how
much current each source supplies. Ans. 427 A,3.98 A, 8.58 A

27V

Fig. 4-33
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4.18. Loop currents are shown in the network of Fig. 4-34. Write the matrix equation and solve for the three currents.
Ans. 355A,-198A,-298A

50 30

p
10 v(t) I 5; 20 I (t) 20V
ﬁ *‘T A A ‘

40
I
20

Fig. 4-34

4.19. The network of Problem 4.18 has been redrawn in Fig. 4-35 for solution by the node voltage method. Obtain
node voltages V| and V, and verify the currents obtained in Problem 4.18. Ans. 7.11V,-3.96 V

20V

30

5Q

10V

ref.
Fig. 4-35
4.20. In the network shown in Fig. 4-36, /; = 7.5 mA. Use mesh currents to find the required source voltage V..

Ans. 0.705V

8 Q 40

p
":Cﬁ) 70 6Q i:sn

120

Fig. 4-36

4.21. Use appropriate determinants of Problem 4.20 to obtain the input resistance as seen by the source voltage V..
Check the result by network reduction. Ans. 235Q
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4.22. For the network shown in Fig. 4-36, obtain the transfer resistance which relates the current /; to the source
voltage V.. Ans. 94.0 Q

4.23. For the network shown in Fig. 4-37, obtain the mesh currents. Ans. 50A,1.0A,05A

18 Q
P J
4 Q L 4= 40
L
Fig. 4-37
4.24. Using the matrices from Problem 4.23 calculate R. T R ansier12 A4 R 13- Ans. 109,50 Q, 100 Q

4.25. In the network shown in Fig. 4-38, obtain the four mesh currents.

Ans. 211 A,-0.263 A, -2.34 A,0.426 A

SIS

20V 10V

Q

5Q 40

JAA

AAAS

Fig. 4-38

4.26. For the circuit shown in Fig. 4-39, obtain V_ , I ,and R’ at the terminals ab using mesh current or node voltage
methods. Consider terminal a positive Wlth respect to b. Ans. —629V,-0.667 A, 9.44 Q

12V

AAA
v
)
=)

Fig. 4-39
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4.27. Use the node voltage method to obtain V and [ at the terminals ab of the network shown in Fig. 4-40.
Consider a positive with respect to b. Ans. —11.2V,-7.37 A

40 50
-—-M—t =AA -0 a
2Q
S
50 V <i>
20V

il -0 b

Fig. 4-40

4.28. Use network reduction to obtain the current in each of the resistors in the circuit shown in Fig. 4-41.

Ans. In the 2.45-Q resistor, 3.10 A; 6.7 €, 0.855 A; 10.0 Q, 0.466 A; 12.0 Q, 0.389 A; 17.47 Q, 0.595 A;
6.30Q, 1.65 A

P 4

> JVZ
L

18V
‘D
Q6300
<

Fig. 4-41

4.29. Both ammeters in the circuit shown in Fig. 4-42 indicate 1.70 A. If the source supplies 300 W to the circuit, find
R, and R, Ans. 23.9Q,443.0Q

p
950 SR $15430

Fig. 4-42

4.30. In the network shown in Fig. 4-43 the two current sources provide /" and I” where I’ + I” = I. Use superposition
to obtain these currents. Ans. 12A,150A,162A

8Q

-

I

N0 pe  wa ﬁqu

Fig. 4-43
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4.31. Obtain the current / in the network shown in Fig. 4.44. Ans. =12 A

o N
2A 4v
330 3V,
b3 . R
Vr€2Q y
Fig. 4-44

4.32. Obtain the Thévenin and Norton equivalents for the network shown in Fig. 4.45.

Ans. V' =30V, I"=5A,R"=6Q

6L (V)
Z R J.x\“
\\
L \
240 601;11, | L.
< <
/
/
—oL—

Fig. 4-45

4.33. Find the maximum power that the active network to the left of terminals ab can deliver to the adjustable resistor
R in Fig. 4-46. Ans. 844 W

_ a
60 Q
% 60 Q 300 /g R
0V
- i b
Fig. 4-46

4.34. Under no-load conditions a dc generator has a terminal voltage of 120 V. When delivering its rated current of
40 A, the terminal voltage drops to 112 V. Find the Thévenin and Norton equivalents.

Ans. V' =120V, I'’=600 A, R =0.2Q
4.35. The network of Problem 4.14 has been redrawn in Fig. 4-47 and terminals a and b added. Reduce the network to
the left of terminals ab by a Thévenin or Norton equivalent circuit and solve for the current /.

Ans. —877TA
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4.36.

4.37.

4.38.

4.39.

4.40.

4.41.

4.42.

) Q

47Q

%279 %279

——
460 V

Fig. 4-47

Node Voltage Method. In the circuit of Fig. 4-48 write three node equations for nodes A, B, and C, with node D
as the reference, and find the node voltages.

Node A: 5V, -2V, - 3V, =30

Ans. {Node B: -V, +6V, -3V =0 fromwhich V, =17,V, =9,V, =12.33, allinV.
Node C: -V, =2V, +3V,. =2

B
A ) C
6Q 2Q
1A<D 3Q <f>2A
D
Fig. 4-48

In the circuit of Fig. 4-48 note that the current through the 3-Q resistor is 3 A, giving rise to V,=9 V. Apply KVL
around the mesh on the upper part of the circuit to find current / coming out of the voltage source, then find
V,and V. Ans. I=13A,V, =17V, V.=373V

Superposition. In the circuit of Fig. 4-48 find the contribution of each source to V,, V;, and V, and show that
they add up to the values found in Problems 4.36 and 4.37.

Contribution of the voltage source: V,=3 V=0 | V.=-1
Contribution of the 1 A current source: V,=6 V,=3 Vo= 4
Ans. o (Allin V)
Contribution of the 2 A current source: V,=8 V,=6 Vo= 28/3
Contribution of all sources: V,=17 |V,=9 V.=37/3

In the circuit of Fig. 4-48 remove the 2-A current source and then find the voltage V= between the open-circuited
nodes C and D. Ans. 'V =3V

0.

Use the values for V. and V_  obtained in Problems 4.36 and 4.39 to find the Thévenin equivalent of the circuit
of Fig. 4-48 seen by the 2-A current source. Ans. 'V, =3V,R, =14/3Q

In the circuit of Fig. 4-48 remove the 2-A current source and set the other two sources to zero, reducing the
circuit to a source-free resistive circuit. Find R, the equivalent resistance seen from terminals CD, and note that
the answer is equal to the Thévenin resistance obtained in Problem 4.40. Ans. R=14/3Q

Find the Thévenin equivalent of the circuit of Fig. 4-49 seen from terminals AB. Ans. Vp,=12V,R, =17Q
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4.43.

4.44.

4.45.

CHAPTER 4 Analysis Methods

N 2Q
6V
4Q
M S Y
. ~ Ay L
— AAAY AAAY
AO NV AVAYAY 1Q 2Q
6Q 2Q
3v( " %29 av
e O ©
Ay AV
BO 1Q 1Q
Fig. 4-49 Fig. 4-50

Loop Current Method. In the circuit of Fig. 4-50 write three loop equations using [, I,, and . Then find the

currents.
Loop 1: a1, +21, + 1, =3
Ans. § Loop 2: 21, + 51, -1, =2 From which I, =32/51, 1, = 9/51, I, = 7/51, all in A.
Loop3: -1 +2I,+21,=0
Superposition. In the circuit of Fig. 4-50 find the contribution of each source to /,, I,, and I, and show that

they add up to the values found in Problem 4.43.

From the source on the left: | I, =36/51 L,==-9/51 | I;=27/51
Ans. | From the source on the right: |/, =—4/51 | I,=18/51 | ,=-20/51 | (Allin A)
From both sources: 1,=32/51 I,=9/51 I,=7/51

Node Voltage Method. In the circuit of Fig. 4-51 write three node equations for nodes A, B, and C, with
node D as the reference, and find the node voltages.

7Q
Ay
")
B
Al p C
2Q 3Q
2Q
NO DI
3V
D
Fig. 4-51

Node A: 9V, =TV, -2V, =42
Ans. | Node B: =3V, +8V, -2V, =9 From which V, =9, V, =5, Ve =12, all in V,
Node C: =3V, =7V, +31V.=0
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4.46. Loop Current Method. In the circuit of Fig. 4-51 write two loop equations using /; and I,. Then find the
currents and node voltages.

I =1A, I,=2A

A {Loop 1: 41, -1,=2
ns
V, =9V, V, =5V, V., =2V

Loop 2: -1, +2I,=3 from which, {
4.47. Superposition. In the circuit of Fig. 4-51 find the contribution of each source to V,, V, and V., and show that
they add up to the values found in Problem 4.45.

From the current source: V,=17429 V,=3.143 V.=1429
Ans. | From the voltage source: V,=1571 | V,=1857 |V.=0.571 (Allin V)
From both sources: V,=9 V,=5 Vo=

4.48. Verify that the circuit of Fig. 4-52(a) is equivalent to the circuit of Fig. 4-51.
Ans. Move node B in Fig. 4-51 to the outside of the loop.

(b)

Fig. 4-52

4.49. Find V, and V,, in the circuit of Fig. 4-52(b). Ans. V,=9,V,=5,bothin V.

4.50. Show that the three terminal circuits enclosed in the dashed boundaries of Fig. 4-52(a) and (b) are equivalent
(i.e., in terms of their relation to other circuits). Hint: Use the linearity and superposition properties, along with
the results of Problems 4.48 and 4.49.

4.51. Find the terminal characteristic of the circuit of Fig. 4-53(«a) and plot it in the i —v plane.

Ans. i=0.2v-0.3. See Fig. 4-53(b).
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5Q i

———

15V E v

(@)

Fig. 453

CHAPTER 4 Analysis Methods

1.5

(b)

4.52. In the circuit of Fig. 4-54(a) find terminal current i as a function of terminal voltage v and plot it in the i —v plane.

The diode is ideal (defined in Fig. 2-26 of Chapter 2).

0 V<07V

007 0>07V See Fig. 4-54(b).

Ans. i={

1Q i

-

(a)

Fig. 4.54

(b

4.53. In the circuit of Fig. 4-55(a) express terminal voltage v in terms of terminal current 7 and plot it in the i —v plane.

The diode is ideal.
0 i<03A .
Ans. v = {51. 215 i>03A" See Fig. 4-55(b).

4
<

(a)

Fig. 4-55

0.3

(b)
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. . . L .0, VS5V .
4.54. The i—v characteristic of a two-terminal device is modeled by i = { 0.50-2.5 v>5V See Fig. 4-56(a).

Construct its circuit model using an ideal diode, a resistor, and (a) a voltage source and (b) a current source.

Ans. (a) See Fig. 4-56(b); (b) See Fig. 4-56(c)

i 1
5 AV
v >2Q 14
(D2sa 20
Tsv
0 5 4 I
(a) (b) (c)
Fig. 4-56
4.55. The i—v characteristic of a two-terminal device is modeled by i = {8'51) +25, z i :Z z See Fig. 4-57(a).

Construct its circuit model using an ideal diode, a resistor, and (a) a voltage source and (b) a current source.

Ans. (a) See Fig. 4-57(b); (b) See Fig. 4-57(c)

i
-5 0
1%
y >2Q 1%
Q 25A 20
. sV
S AN T
(a) (b) (c)
Fig. 4-57

4.56. The switch in Fig. 4-58 connects circuit N,, characterized by v, = 2i, + 3, to circuit N,, characterized by v, =i, + 6,
att=0.Find i, i,, v, and v, for —eo< 1 < 0.

4 t<0 v, =3V,0,=6V,i=i,=0A
T l>0 v=v,=5V,i=-i,=1A
t=0
N By
P
N, Vi oV, Ny

Fig. 4-58
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4.57. Find the diode’s DC operating point (/,, V,)) in the circuit of Fig. 4-59(a) using the graph of Fig. 4-59(b).
Ans. V,=11V;1 =73 mA

Iy § =iy
t=0
50 i }\ i
- = —
+ o+
0.3
+
1.5V _ Vi W ) 4
Iy
“V _ _ 1.5
o 0 Vo V=V,=V,
(a) (b)

Fig. 4-59

4.58. Consider a two-terminal circuit N,, characterized by v, = 2i, + 3, and another circuit N,, characterized by v, =
i, + 6. Find the terminal characteristic of their combination if they are connected (a) in series as in Fig. 4-60(a)
and (b) in parallel as in Fig. 4-60(b). Ans. (A v=3i+9;(b)i=150-7.5

—y—— —y—— -——
e m— L ]
+ + 4
N, v, N, v
- A °
J
\%
iy
-
+
N, vy N,
_ _
(@) (b)
Fig. 460

4.59. Repeat Problem 4.58 for i; =2v, + 4 and v, = 0.5i, + 1.5.

Ans. (a) Series connection v = 1.57; (b) Parallel connection i =3v + 2
4.60. Repeat Problem 4.58 for v, =2i, — 6 and i, = v, — 2.

Ans. (a) Series connection v = 2.5i — 4.5; (b) Parallel connection i = 2.5v

4.61. Plot the terminal characteristic of the circuit of Fig. 4-61(a) (i vs. v) if the DC voltage source is (a) 1.5 V
and (b) —1.5 V. The diode’s characteristic is given in Fig. 4-61(b). Ans. (a) See Fig. 4-61(c); (b) See
Fig. 4-61(d)
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il$ i2¢ +
59% b 4 \%4
+
V 7
(@)
i=i+1
Vv

69

iy
0.6
0.4+
0.24
0 1 2 v
(b)
=i +1

Fig. 4-61

4.62. Plot the terminal characteristic of the circuit of Fig. 4-62(a) (i vs. v) if the DC voltage source is (a) 1.5 V and
(a) See Fig. 4-62(b); (b) See Fig. 4-62(c)

(b) —1.5 V. The diode’s characteristic is given in Fig. 4-61(b).

(a)

Ans.
i
0.6 -
0.4 -
0.2 -
0] 2 v=v+V,
A-0.3
(b)
Fig. 4-62

2710

1 2 V=V +V,

(c)

4.63. In the circuit of Fig. 4-63(a), find and plot the voltage transfer ratio V,/V,. The diode is ideal.

A V, = Y
ns. 2= 0.6

V, 0.6V
V,> 06V

See Fig. 4-63(b).
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(@)

Fig. 4-63
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0.6 - —

0.6 v,

(b)

4.64. In the circuit of Fig. 4-64(a), find and plot the voltage transfer ratio V,/V|. The diode is ideal.

-0.8 V,£-08V
Ans.  V, =1V, -0.83 <V, £0.6 V. See Fig. 4-64(b).
0.6 V,>-08V

(@)

Fig. 4-64

Va

038 06 v,

4.65. In the circuit of Fig. 4-65(a), find and plot the voltage transfer ratio V,/V,. The diode is ideal.

0 V, <07V

Ans. 'V, = {Vl —07 Vv >07V See Fig. 4-65(b).

Vi R v,

(@)
Fig. 4-65

(b)
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4.66. (a) In the circuit of Fig. 4-66(a), determine the diode’s DC operating point (/,, V). The diode’s characteristic is
given in Fig. 4-61(b). Hint: Verify the Thévenin equivalent circuit shown in Fig. 4-66(b). Then use the result of
Problem 4.57 (V= 1.1 V, ;=73 mA). (b) A small AC voltage signal e = 0.6 sin 7 is added to the voltage source,
as seen in Fig. 4-66(c), producing an additional small AC current i(¢) in the diode. Find r, the small-signal model
of the diode at the DC operating point and verify the small-signal model of the circuit shown in Fig. 4-66(d).
Then determine the diode’s AC current i(f). Assume the diode’s terminal characteristic to be /=1, Y(e40w "—1), with
n=>2.

Ans. () Vy=L1;1;=73 mA
(b) r=6.85Q; i =14.6 sin r mA

30Q ! 50 I
A 1 A
AN . : MA——1—e
! |
+ | 1 +
IO ! +| 1 *IO
oV 6Q Vo J P15V S L ¥
l b
_ ! .
° ! —e
B i ! B
S
(@) (b)
30 Q A 30Q A
NN o ~
0.6sintV + . *’
* In+i
+ 6Q A 0.6V () 6Q r=685Q
9V _I
B B
(©) (d)

Fig. 4-66

4.67. Given the operating point V,= 1.1 V, ;=73 mA for the diode of Problem 4.66 and assuming n =2, find its reverse
saturation current / . Ans.  I,=20pA



Amplifiers and Operational
Amplifier Circuits

5.1 Amplifier Model

An amplifier is a device which magnifies signals. The heart of an amplifier is a source controlled by an input
signal. A simplified model of a voltage amplifier is shown in Fig. 5-1(a). The input and output reference
terminals are often connected together and form a common reference node. When the output terminal is
open we have v, = kv, where k, the multiplying factor, is called the open circuit gain. Resistors R; and R
are the input and output resistances of the amplifier, respectively. For a better operation it is desired that R,
be high and R be low. In an ideal amplifier, R, = o and R =0 as in Fig. 5-1(b). Deviations from the above
conditions can reduce the overall gain.

A O— VWA O B
+ Ro +
v R % <t> kv, vy

A'C —o B

(a)
o o o
e e
v <t> kl}l %)
o - o
(b)
Fig. 5-1.

EXAMPLE 5.1 A practical voltage source v, with an internal resistance R_is connected to the input of a voltage amplifier
with input resistance R, as in Fig. 5-2. Find v,/v_.

72
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VVV\— ° VWA o
R, R, +
%o 0 3 O '
o o
Fig. 5-2
The amplifier’s input voltage, v, is obtained by dividing v_between R; and R .
— Ri
UTR+R Y
1 s
The output voltage v, is
kR,
LR
from which
v K4 I
v R +R M

s 1

The amplifier loads the voltage source. The open-loop gain is reduced by the factor R/(R; + R).

EXAMPLE 5.2 In Fig. 5-3 a practical voltage source v, with internal resistance R feeds a load R, through an amplifier
with input and output resistances R; and R , respectively. Find v,/v..

VWA o VWV — o
RS RO
vy Ci) v, R,—% <f> kv, v, %Rr
B
Fig. 5-3
By voltage division,
R
UTRFR
1 s
Similarly, the output voltage is
R RR v, R. R
_ 1 _ il 2 _ i 1 (2)
LER RIR TARAR)RFR)S % 3, TR*R “R*R X

Note that the open-loop gain is further reduced by an additional factor of R/(R, + R ), which also makes the output
voltage dependent on the load.

5.2 Feedback in Amplifier Circuits

The gain of an amplifier may be controlled by feeding back a portion of its output to its input as done for
the ideal amplifier in Fig. 5-4 through the feedback resistor R,. The feedback ratio R,/(R, + R,) affects the
overall gain and makes the amplifier less sensitive to variations in k.
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VWA
R,
Rl A e e - —— -
WA Lo L
+ | | +
T | |
Vs —) ¢! | kv, I v,
| |
- | | 5
B l—e——— - —__ J
Fig. 54

EXAMPLE 5.3 Find v,/v, in Fig. 5-4 and express it as a function of the ratio b = R /(R + R,).
From the amplifier we know that

v, = kv, or v, =0,/k 3)
Applying Kirchhoff’s current law (KCL) at node A,
L )
+ =0 “)
R, R,
Substitute v, in (3) into (4) to obtain
v, R,k B k R
v, TR AR -RE DT whereb =g ©)

EXAMPLE 5.4 In Fig. 5-5, R, =1k€Q and R, =5 k€. (a) Find v,/v, as a function of the open-loop gain k. (b) Compute
v,/v, for k=100 and 1000 and discuss the results.

A
W W —
R, R,
Vs Ct) vy kv, vy
—o ™)
B

Fig. 55

(a) Figures 5-4 and 5-5 differ only in the polarity of the dependent voltage source. To find v,/v,, use the results of
Example 5.3 and change k to —k in (5).

v, -k _ R, 1
v, W=D whereb=3TR =%
v, _ -5k
v 6+k

(b) Atk =100, v/v =-4.72; at k = 1000, v,/v, =—4.97. Thus, a tenfold increase in k produces only a 5.3 percent
change in v,/v; i.e., (4.97 — 4.72)/4.72 = 5.3 percent.
Note that for very large values of k, v,/v_approaches —R /R, which is independent of .
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5.3 Operational Amplifiers

The operational amplifier (op amp) is a device with two input terminals, labeled + and — or noninverting and
inverting, respectively. The device is also connected to dc power supplies (+V_ and -V _ ). The common refer-
ence for inputs, output, and power supplies resides outside the op amp and is called the ground (Fig. 5-6).

+V.. (positive supply)
Q

>———o v, (output)

o}
-V, (negative supply)

(inverting input) 9~ Omm———— \

(noninverting input) ¥ Omm—— +/

-;- (common ground)

Fig. 5-6

The output voltage v, depends on v, = v — v". Neglecting the capacitive effects, the transfer function is
that shown in Fig. 5-7. In the linear range, v, = Av . The open-loop gain A is generally very high. v_saturates at

the extremes of +V__and —V__ when input v, exceeds the linear range |v | >V /A
cc cc d d cc

+V. F
~—— slope = A
Vee
A
L i vy =vt-v

>|

- -V,

cc

Fig. 5-7

Figure 5-8 shows the model of an op amp in the linear range with power supply connections omitted for
simplicity. In practice, R, is large, R is small, and A ranges from 10” to several millions. The model of
Fig. 5-8 is valid as long as the output remains between +V__and =V .V, is generally from 5 to 18 V.

EXAMPLE 5.5 In the op amp of Fig. 5-8,V_ =15V, A= 10°, and v”=0. Find the upper limit on the magnitude of v"
for linear operation.

v, <15V V| <15x107° V =150 uv

- |105v+
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EXAMPLE 5.6 In the op amp of Fig. 5-8,V_ =5V, A= 10°, v" =0 and v" = 100 sin 27z (LV). Find and sketch the
open-loop output v .

/ A@=v) "

Fig. 5-8

The input to the op amp is v, = v — v =(100 sin 27:1)10_6 (V). When the op amp operates in the linear range, v, = 10°
v, = 10 sin 27z (V). The output should remain between +5 and —5 V (Fig. 5-9). Saturation starts when v_= 10 sin 27t reaches
the 5-V level. This occurs at = 1/12 s. The op amp comes out of 5-V saturation at # = 5/12. Similarly, the op amp is in =5-V
saturation from ¢ =7/12 to 11/12 s. One full cycle of the output, given in volts, from =0to 1 s is

5 1/12<t<5/12
v = -5 TN2<t<11/12
10sin2zt otherwise

v (1)

Sk
]

Fig. 5-9

EXAMPLE 5.7 Repeat Example 5.6 for v =25 uV and v" = 50 sin 27tz (uV).

v, = V" — v = (50 sin277)107° = 25 x 10~° = 50 x 10~%(sin 27t — 1/2) (V)
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When the op amp is within linear range, its output is
v, =10"v, = 5(sin27r-1/2) (V)

v, saturates at the —5-V level when 5(sin 2ntt — 1/2) < =5, 7/12 < t < 11/12 (see Fig. 5-10). One cycle of v, in volts,
fromt=0to 1sis

_ -5 MM2<t<11/12
Yo~ \5(sin 27t — 1/2)  otherwise

vy (1)

25

Lo

Fig. 5-10

EXAMPLE 5.8 InFig.5-11, R =10k€2, R,=50kQ, R,=500kQ, R =0,and A = 10°. Find 0,/V,. Assume the amplifier
is not saturated.

Ry
AL v
ON g :
+ RI
Al vt
U

Fig. 5-11



78 CHAPTER 5 Amplifiers and Operational Amplifier Circuits

The sum of currents arriving at node B is zero. Note that v, = 0 and v, =—v,. Therefore,

vty Y, U +Y,
0 T30 50 - ° ©)

Since R =0, we have
5 -5
v, =Av, = 10"y, or v, =10, 7)
Substituting v, in (7) into (6), the ratio v,/v, is found to be
v, -5

V14107 +5x10°0 +0.1x107°

5.4 Analysis of Circuits Containing Ideal Op Amps

In an ideal op amp, R, and A are infinite and R is zero. Therefore, the ideal op amp draws zero current at its
inverting and noninverting inputs and, if it is not saturated, these inputs are at the same voltage. Throughout
this chapter we assume op amps are ideal and operate in the linear range unless specified otherwise.

EXAMPLE 5.9 The op amp in Fig. 5-12 is ideal and not saturated. Find (a) v,/v,; (b) the input resistance v,/i,; and
(¢) i, iy, p, (the power delivered by v,), and p, (the power dissipated in the resistors), given v, =0.5 V.

10kQ  ~ 2kQ

v, A

Fig. 5-12

(a) The noninverting terminal A is grounded and so v, = 0. Since the op amp is ideal and not saturated, v, = 0. Applying
KCL at nodes B and C and noting that the op amp draws no current, we get

(Y ,

. 1 c _ _
Node B: 3 + 0= 0 or Ve = 20, (8)
D, D, v V.
. c c c 2 _ _
Node C: 10 + 1 + =0 or v, =3.20, )
Substituting v in (8) into (9),
v, = —6.4y, or v, /v, = —-6.4

(b) With V,=0,i =v,/5000 and so

input resistance = v,/i; = 5 kQ

() The input current is i, = v,/5000. Given that v, = 0.5 V, i; =0.5/5000 = 0.1 mA.
To find i,, we apply KCL at the output of the op amp;
Y, Y, V¢

= 3000 T 72000
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From part (a), v, =-3.2 V and v, =—1 V. Therefore, i, = 1.5 mA.
The power delivered by v, is

P, = Vi, = 0, /5000 = 50 x 107° W = 50 uW

Powers in the resistors are

1kQ: Pirq = Ve/1000 = 0.001 W = 1000 pW

2kQ: Pyra = (0, = 02)7/2000 = 0.00242 W = 2420 uW
5kQ: Ps i = U1/5000 = 0.00005 W = 50 pW

8kQx Pgr = 3/8000 = 0.00128 W = 1280 pW

10kQ: = vé/lOOOO =0.0001 W =100 uW

Proxa
The total power dissipated in the resistors is

Py=Pivot Paot Psio T Psro T Prokg = 1000 + 2420 + 50 + 1280 + 100 = 4850 uW

5.5 Inverting Circuit

In an inverting circuit, the input signal is connected through R, to the inverting terminal of the op amp and the
output terminal is connected back through a feedback resistor R, to the inverting terminal. The noninverting
terminal of the op amp is grounded (see Fig. 5-13).

Ry

VWAWA—eZ
Ul [7+

Fig. 513

f—o1 ¢ +1

To find the gain v,/v,, apply KCL to the currents arriving at node B:

v, K
R 10

-+ =2 =0 and
The gain is negative and is determined by the choice of resistors only. The input resistance of the circuit is R,.

5.6 Summing Circuit
The weighted sum of several voltages in a circuit can be obtained by using the circuit of Fig. 5-14. This
circuit, called a summing circuit, is an extension of the inverting circuit.

To find the output, apply KCL to the inverting node:

U] 1')2 vn vo
F+_+'“+_+_:0
1 2 n f
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from which

R R R

_ S f f
vo——[Flvl+—v2+---+—vn) (11)
EXAMPLE 5.10 Let the circuit of Fig. 5-14 have four input lines with R, =1, R, = %, R, = %, R,= %, and Rf: 1, all
values given in kQ. The input lines are set either at 0 or 1 V. Find v, in terms of Uy, U3, Uy, Uy, given the following sets
of inputs:

(@ vy=1V 0,=0 ,=0 v=1V

Ry
R,
v o——AA— 2
R, ——0
V20— W + Ua
R,
vo——AMN——¢
R,
vo——MWA
Bo——AAA
Rﬂ
Fig. 5-14
b v,=1V v,=1V vV,=1V v, =0

From (11)
v, =-(8v, +4v, + 20, + V)

Substituting for v, to v, we obtain
(@ v,=-9V
(b) v,=-14V

The set {v,, v;, v,, v,} forms a binary sequence containing four bits at high (1 V) or low (0 V) values. Input
sets given in (a) and (b) correspond to the binary numbers (1001), = (9),, and (1110), = (14),,, respectively.
With the inputs at 0 V (low) or 1 V (high), the circuit converts the binary number represented by the input
set {v,, V5, ,, U} to a negative voltage which, when measured in V, is equal to the base 10 representation of
the input set. The circuit is a digital-to-analog converter.

5.7 Noninverting Circuit

In a noninverting circuit the input signal arrives at the noninverting terminal of the op amp. The inverting
terminal is connected to the output through R, and also to the ground through R, (see Fig. 5-15).

R,

3

Uy

Fig. 5-15
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To find the gain v,/v,, apply KCL at node B. Note that terminals A and B are both at v, and the op amp
draws no current.

v v, -V ) R
b u-b v _ )
RT R 0 O v, TR (12)

The gain v,/v, is positive and greater than or equal to one. The input resistance of the circuit is infinite as
the op amp draws no current.

EXAMPLE 5.11 Find v,/v, in the circuit shown in Fig. 5-16.

:
/

v, Uy %RZ
5kQ

Fig. 5-16
First find v, by dividing v, between the 10-kC and 5-k€Q resistors.

5 1
U= 53100 =30
From (12) we get

c
[\
1
VY
Pk
+
I
N——
c
S
Il
| o
[
S
Il
|
/N
W =
<
N——
Il
—_
wn
<

Y,
and —==1.5
Y
Another Method
Find v, by dividing v, between the 2-k€ and 7-k€2 resistors and set v, = v,.
2 2 1 ()
szml)2=§v2=§vl and =1.5

2 =
Y

EXAMPLE 5.12 Determine v, in Fig. 5-17 in terms of Uy, Uy, Vs, and the circuit elements.

. 4
R R R B
3! vy U3
s . o
Fig. 5-17
First, v, is found by applying KCL at node A.
V=V 070 V-0,
T rt R =0 or

13)
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From (12) and (13) we get

<
<
I
~—
—
—+
x|, %
~—
<
S
Il
W[ —

R2
1+F1 (v, + v, +vy) (14)

5.8 Voltage Follower

The op amp in the circuit of Fig. 5-18(a) provides a unity gain amplifier in which v, = v, since v, = v, v, =
v and v" = v . The output v, follows the input v,. By supplying i, to R, the op amp eliminates the loading
effect of R, on the voltage source. It therefore functions as a buffer.

EXAMPLE 5.13 (a) Find i ,v,,0,, and i, in Fig. 5-18(a). (b) Compare these results with those obtained when source
and load are connected directly as in Fig. 5-18(b).

(a) With the op amp present [Fig. 5-18(a)], we have

.s | = vs 1)2 = vl = vs il = US/RZ
The voltage follower op amp does not draw any current from the signal source v Therefore, v, reaches the load
with no reduction caused by the load current. The current in R, is supplied by the op amp.

(b) With the op amp removed [Fig. 5-18()], we have

=1 = and v, =0, = V.

The current drawn by R, goes through R and produces a drop in the voltage reaching the load. The load voltage
v, depends on R,.

I_ _________ | - - === 7orT/T=771
" I I . I
1 . I I \ P! i !
| e A o Lotz
| VW = V |+ 1 |
| RS | | | I |
I ! | Iv I 3 R, !
) C+ Fov (el <
N I I (. I
| I I P I
| - - | |
| | I [ |
o e I b e o I
voltage source voltage follower load
(@)

T T Tt T 1 r-=—=—=-1

| | | |

| ) | | ) |

[ VY — —=

+—eo—o—+

: R, Lttt |

I | ! |

[ (t) o o ! ) 3 R

I 1 ! >

I I ! |

| L o ! !

L e e | _____ |

voltage source load

®)
Fig. 5-18
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5.9 Differential and Difference Amplifiers

A signal source vy with no connection to ground is called a floating source. Such a signal may be amplified
by the circuit of Fig. 5-19.

i R,

=/

~_ |
.

Yo

1

Fig. 5-19

Here the two input terminals A and B of the op amp are at the same voltage. Therefore, by writing KVL
around the input loop we get

v, = 2R;i or i= vf/ZR]
The op amp inputs do not draw any current and so current i also flows through the R, resistors. Applying
KVL around the op amp, we have
UV +RIi+Ri=0 v, =-2R,i =—2R,0, /2R = —(R,/R)v, (15)

In the special case when two voltage sources v, and v, with a common ground are connected to the inverting

and noninverting inputs of the circuit, respectively (see Fig. 5-20), we have V=0 -0, and

v, = (R)/R)(v,— V) (16)

EXAMPLE 5.14 Find v, as a function of v, and v, in the circuit of Fig. 5-20.
Applying KCL at nodes A and B,

R,
R, Vg
' WA T
p——oO
A +
+
D)
R, A v
vy Uy R,
Fig. 5-20
Vv, -V v
Node A: A 2 L A
R, R,
V, — U V, -V
Node B: B__1 L B_ "0

R R

1 2
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Set v, = v, and eliminate them from the preceding KCL equations to get

R, (R, + R)) R (17)
_ 4\Y 2 __2
VT R®TR) 2R Y

When R, =R, and R, = R, (17) is reduced to (16).

5.10 Circuits Containing Several Op Amps

The analysis and results developed for single op amp circuits can be applied to circuits containing several
ideal op amps in cascade or nested loops because there is no loading effect.

EXAMPLE 5.15 Find v, and v, in Fig. 5-21.

+05V 1kQ 2kQ
3kQ o VWA
-06V [ == -
© VVYV - 2k —0 U,
1kQ ” +
f-— + |
Fig. 5-21

The first op amp is an inverting circuit.
v, =-@/D(-0.6)=1.8V
The second op amp is a summing circuit.

v, = —=(2/1)(0.5) — (2/2)(1.8) = 2.8 V

EXAMPLE 5.16 LetR =1 k€ in the circuit of Fig. 5-22. Find v, v,, v,,i,i,, and if as functions of v, for (a) Rf= oo
and (b) Rf= 40 kQ.

— VWA
Rf
9kQ
VWA VWA
6 kQ
- 1.2kQ
5kQ _
+
A + ——o0
. +
U2 Uo
: o

Fig. 5-22
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(a) Rf: oo. The two inverting op amps are cascaded, with v* = 0. By voltage division in the input loop we have

5 5
‘Ul=m‘l)s=g‘l)s (18)

From the inverting amplifiers we get
5
v, =—(9/5)v, =—(9/5) va =-1.50,

v, =—(6/1.2)v, =-5(-1.5v) = 7.5v,

: P A —
=1 —m(A) = 0166'()T (mA)

i, =0

b) Rf = 40 kQ. From the inverting op amps we get v, = =50, and v, = —(9/5)v;, so that v, = 9v,. Apply KCL to the
currents leaving node B.

1 s W o —0 (19)

v, =—(9/5)v, = -1.80,
v, =—(6/1.2)v, = -5(-1.8v,) = 90,

. _vs_vl_o
5 =71000

Apply KCL at node B.

m i = (A= - (A) =
i, =i = 5505 (A) = 5505 (A) = 0.20, (mA)

The current i in the 5-k€ input resistor of the first op amp is provided by the output of the second op amp through

the 40-kQ feedback resistor. The current i, drawn from v, is, therefore, zero. The input resistance of the circuit is
infinite.

5.11 Integrator and Differentiator Circuits

Integrator
By replacing the feedback resistor in the inverting amplifier of Fig. 5-13 with a capacitor, the basic integrator
circuit shown in Fig. 5-23 will result.

C
1Il
R B !
— WA > .,

——oO
+
v Ar + v
1 il 1

Fig. 5-23
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To obtain the input-output relationship apply KCL at the inverting node:

v, Cdvz_ . h'hdvz— 1
?+ W— romwhnic 7——ﬁvl

and
1 t
v, = —pc | v (20)
In other words, the output is equal to the integral of the input multiplied by a gain factor of —1/RC.

EXAMPLE 5.17 InFig. 5-23 let R=1k€, C=1 uF, and v, = sin 2000¢. Assuming v,(0) =0, find v, for > 0.

1 J" .
vV, = ———F————=| sin 2000¢dt = 0.5(cos 2000z — 1
20 10° x10° Jo ( )

Leaky Integrator

The circuit of Fig. 5-24 is called a leaky integrator, as the capacitor voltage is continuously discharged
through the feedback resistor R,. This will result in a reduction in gain |v,/v,| and a phase shift in v,. For
further discussion see Section 5.13.

Ry
VWA
C
I
R, I\
A% o - -
.+-
vy A r + v,
Fig. 5-24

EXAMPLE 5.18 In Fig. 5-24, R, =R.=1 k€, C=1 uF, and v, = sin 2000¢. Find v,
The inverting node is at zero voltage, and the sum of currents arriving at it is zero. Thus,

et B 1078y g
R T TR T oY i "7
3 dv
10 3d_t2 +v, = —sin 20007 1)

The solution for v, in (21) is a sinusoid with the same frequency as that of v, but different amplitude and phase angle; i.e.,
v, = A c0s (2000 + B) (22)

To find A and B, we substitute v, and dv,/dt in (22) into (21). First dv/dt = —2000A sin(2000z + B). Thus,
10_3dv2/dt + U, = —2A sin(20007 + B) + A c0s(2000¢ + B) = —sin 2000¢
But 24 sin(2000¢ + B) — A c0s(20007 + B) = A/5 sin(20007 + B — 26.57°) = sin2000¢

Therefore, A = +/5/5=0.447, B =26.57° and

v, = 0.447 co0s(2000¢ + 26.57°) (23)
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Integrator-Summer Amplifier
A single op amp in an inverting configuration with multiple input lines and a feedback capacitor as shown
in Fig. 5-25 can produce the sum of integrals of several functions with desired gains.

" |C L
VWA 1
R2
VWA ;
v, A r + v,
L vy i
Fig. 525

EXAMPLE 5.19 Find the output v in the integrator-summer amplifier of Fig. 5-25, where the circuit has three inputs.
Apply KCL at the inverting input of the op amp to get

U % +Cdv” =0
R "R, R dt
v v, )
- _ 2 73 (24)
v, J.m(R,C + RZC + R3del

Initial Condition of Integration

The desired initial condition, v , of the integration can be provided by a reset switch as shown in Fig. 5-26.
By momentarily connecting the switch and then disconnecting it at 7 =17 , an initial value of v is established
across the capacitor and appears at the output v,. For 7> 7 , the weighted integral of the input is added to
the output.

1 t
v, = —EJ.[ L, dr + 'l)o (25)
+ S
[ — %47——)(._
_ . .
- I
I\
— T
R
A

vy

Fig. 5-26
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Differentiator
By putting an inductor in place of the resistor in the feedback path of an inverting amplifier, the derivative of
the input signal is produced at the output. Figure 5-27 shows the resulting differentiator circuit.

To obtain the input-output relationship, apply KCL to currents arriving at the inverting node:

v 1t L dv
[t - -1
R + I Jlool)2 dt =0 or 1)2 =R 4 (26)
L
YNV Y
R
— W :
B e O
A +
vy r s vy
Fig. 5-27

5.12 Analog Computers

The inverting amplifiers, summing circuits, and integrators described in the previous sections are used as
building blocks to form analog computers for solving linear differential equations. Differentiators are avoided
because of the considerable effect of noise despite its low level.

To design a computing circuit, first rearrange the differential equation such that the highest existing deriva-
tive of the desired variable is on one side of the equation. Then add integrators and amplifiers in cascade and in
nested loops as shown in the following examples. In this section we use the notations x” = dx/dt, x” = d xldt’
and so on.

EXAMPLE 5.20 Design a circuit with x(#) as input to generate output y(f) which satisfies the following equation:
Y'(@) + 2y'(1) + 3y(1) = x(1) 27
Step 1. Rearrange the differential equation (27) as follows:
Yy =x-2y -3y (28)

Step 2. Use the summer-integrator op amp #1 in Fig. 5-28 to integrate (28). Apply (24) to find R, R,, R, and C, such
that the output of op amp #1 is v, = —y”. We let C, = 1 uF and compute the resistors accordingly:

RC, =1 R = 1MQ
RC =13 R, =333kQ

RC =172 R, =500kQ

v, = —J(x —3y-2y) dt = —Iy” dt = -y’ 29

Step 3. Integrate v, =—)” by op amp #2 to obtain y. We let C, = 1 uF and R, = 1 MQ to obtain v, = y at the output
of op amp #2.

1 .[ J
V,=—5—=—|v,dt=|ydt=y (30)
> R,C, )Y
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Step 4. Supply inputs to op amp #1 through the following connections. Feed v, = -y’ directly back to the R, input of
op amp #1. Pass v, =y through the unity gain inverting op amp #3 to generate —y, and then feed it to the R, input of
op amp #1. Connect the voltage source x(7) to the R, input of op amp #1. The complete circuit is shown in Fig. 5-28.

<
N

n
~<

-I}-o |

op amp 10 kQ

Fig. 5-28

EXAMPLE 5.21 Design an op amp circuit as an ideal voltage source v(f) satisfying the equation v+ v=0 for > 0,
with v(0)=1V.

Following the steps used in Example 5.20, the circuit of Fig. 5-29 with RC =1 s is assembled. The initial condition
is entered when the switch is opened at 7 = 0. The solution v(f) = ¢, > 0, is observed at the output of the op amp.

O
.

-||—0| S +1

Fig. 5-29

5.13 Low-Pass Filter

A frequency-selective amplifier whose gain decreases from a finite value to zero as the frequency of the
sinusoidal input increases from dc to infinity is called a low-pass filter. The plot of gain versus frequency is
called a frequency response. An easy technique for finding the frequency response of filters will be developed
in Chapter 13. The leaky integrator of Fig. 5-24 is a low-pass filter, as illustrated in the following example.

EXAMPLE 5.22 In Example 5.18 let v, = sin or. Find |v,| for @=0, 10, 100, 10°, 10*, and 10’ rads.
By repeating the procedure of Example 5.18, the frequency response is found and given in Table 5-1. The response
amplitude decreases with frequency. The circuit is a low-pass filter.
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Table 5-1. Frequency Response of the Low-pass Filter

o, rad/s 0 10 100 10° 10 10°
f Hz 0 159 159 159 1.59x 10 159x%10°
v, /)| 11 0.995  0.707 0.1 0.01

5.14 Decibel (dB)

The gain of an amplifier is also expressed on a logarithmic scale. The unit is called the decibel (dB).

V.

GainindB = 20 log ,(gain) where gain = 72
1

Therefore, a gain of 1000 corresponds to 20 log, , (1000) =60 dB. Accordingly, —3 dB (also called the 3-dB attenuation)
corresponds to V2/ Vi=U J2 (for simplicity, log, 2 = 0.3). The advantage of the dB scale over the linear scale is that
it covers a bigger range. The frequency response of an amplifier and filter is plotted as dB vs. log,, f(called a log scale)
and is referred to as Bode plot.

EXAMPLE 5.23 Find the gain of the filter of Example 5.18 as a function of frequency and express it in dB. Specify
(a) its dc value, (b) the 3-dB attenuation frequency, (c) its value at 10 kHz, and (d) its high-frequency asymptote.
From Example 5-18 (Fig. 5-24) we have

s dv
10 3—2+v2:—v

dt 1

Let v, (t) = V| cos 27 ft. By repeating the procedure of Example 5-18 we find v,(¢) = V, cos (27 ft — ), where

V. _
=—12 0 = tan l[fJ f0=@=159.15Hz

A 2
L °
f

In addition to an amplitude change, the filter introduces a phase change. In this example we are concerned with the gain
only. The gain in dB is

V5

V. A%
20 log,, 72‘ = -201og,, /1 + (7) dB
1 0

2
(a) The dc gain is 0 dB. (b) The 3-dB attenuation frequency [where 1 + ( ) = 2]is 1 kHz. (c) Atf =10 kHz, the gain

is —20log,,+/101 = -20 dB. (d) At high frequencies the gain is

SH|~

20 log,,

il ol )
—|=-201log,,| =~ | dB
4 10l £,

The gain decreases by 20 dB per each decade of frequency. See Problem 5.50 for a graph of gain vs. frequency in the
form of a Bode plot.

5.15 Real Op Amps

The circuits discussed so far assumed an ideal op amp model under which

(i) The op amp draws no current (input resistance is R;= o).
(if) The op amp’s performance is not influenced by the load (output resistance is R, = 0).

(iii) The op amp’s open-loop gain is infinite at all frequencies (A = o).
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Real op amps differ from the ideal model in several ways: (a) the op amp draws current (R, < <), (b) the
load affects the gain (R > 0), and (c) the open-loop gain is not infinite (A <o) and decreases with frequency.
Despite these differences, if well-designed, the actual performance of an op amp circuit at low frequencies
does not deviate from that expected under an ideal-model assumption. The following two examples illustrate
the effect of finite gain, finite input resistance, and non-zero output resistance.

EXAMPLE 5.24 In the inverting-amplifier circuit of Fig. 5-11, assume R, =0, R =0, and a real-valued gain A. Develop
an expression for v,/v, in terms of k = R,/R, and A.
Apply KCL at the inverting input of the op amp (node B in Fig. 5-11):

1)1+‘Ud+‘l)2+l)d

R, R2

=0

Substitute for v , = Vy/Ato find

v, —kA
v A+k+l
For A >> k, the above ratio is reduced to v, /v, = —k.

EXAMPLE 5.25 Develop an expression for v,/v, in the amplifier circuit of Fig. 5-11 in terms of the circuit elements
and k= R,/R,. The gain A of the op amp is a real-valued number.

vV, +V ) v, + v
KCL at node B: 1 d d 4 2 d

=0 31)
1 i R2
RZ

— R0+Ri
27 R, +R,

Voltage division at the output loop: ) —
AR,

Av, orv, = v, (32)

) —k

—2:
U] k Ro Rl 1
1+Z(1+E)(1+E+EJ

For A = o, the overall gain is v,/V, = —k (as in a circuit with an ideal op amp). For A < e, the overall gain is reduced,
depending on A, R /R,, R/R;, and k. This example assumes A to be a real-valued number, thus changing the signal’s
amplitude only. In reality, A changes the signal’s amplitude and phase, as seen in the text Section 5.16.

Substituting v, from Eq. (32) into Eq. (31) we get: 33)

5.16 A Simple Op Amp Model

The most pronounced deviation of a real op amp from the ideal model is in its open-loop gain A. A real op
amp not only has a finite open-loop gain which decreases with frequency, but also introduces a phase change
in the signal, which has to be taken into account when the frequency response is considered. Chapter 6 will
discuss this subject in detail. This section provides one example of magnitude gain for a real op amp.

EXAMPLE 5.26 At low frequencies the magnitude open-loop gain of a 741 op amp varies as

A= [ = =2
Wi s g’

where typically a, = 200,000 and f, =5 Hz. Find (a) its dc gain in dB, (b) the 3-dB attenuation frequency, (c) the
frequency where the gain is O dB, and (d) its high-frequency asymptote.

2
(a) 20 log,,(2 x 105) =20x5+201log,,2=100+20%0.3 =106 dB.(b) 1+ (fi) =2,f=f,=5Hz.
0
2
(c) 200,000 =, |1 + (%) f= 10° Hz. (d) At high frequencies the gain is

14}

20 log,, 71

=106 - 20 1og10(§) dB
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The gain decreases by 20 dB per each decade of frequency. Note the similarities with the lowpass filter of Example 5.23.

3-dB Bandwidth The 3-dB bandwidth of the lowpass filter is defined as the frequency at which the gain
falls 3 dB below the dc gain, and is generally referred to as the bandwidth. The open-loop bandwidth of
the 741 op amp is 5 Hz.

Gain-Bandwidth Product (GBP) The product of the dc gain with the 3-dB bandwidth of the op amp is
called its gain-bandwidth product. A typical value for the 741 op amp is 10°.

Observation From Examples 5.23 and 5.26 we can derive the open-loop input-output time-domain
relationship of the 741 op amp.

dv
2 _
7 oV = apfy,

Conversely, we can conclude that a device with the above input-output relationship is a lowpass filter with a
dc gain of a, a 3-dB attenuation frequency at f,, and GBP = qf,.

EXAMPLE 5.27 In the inverting amplifier circuit of Fig. 5-11, v,(#) is the input and v, (#) is the output. Let R, = o,
R, =0, and assume the 741 op amp model specified by Example 5.26. (a) Find the circuit’s input-output relationship in
the time domain. (b) Let v,(¢) =V, cos 27z ft produce an output v,(#) =V, cos (27 ft — 6). Develop an expression for
magnitude gain |V2 /V1| vs. frequency.

We first find the circuit’s input-output relationship in the time domain.

dv

Input-output relationship of the op amp: d_t2 + fov, = ayfyuy, (34)
PR : ol _ 1
Voltage division between the input and output terminals: v, ==+ (Y - vz)m (35)
dv
Substituting v, from Eq. (35) into Eq. (34) we get: d_t2 + /v, = —a /iy, 36)
here the new dc gain a, and 3-dB f - are: S df, = f 1+ 2 37
where the new dc gain a, and 3- requency f, are: a = m and f, = f| 1+ T+% (37)
. . . |4 9
Overall magnitude gain of the circuit: V= T (38)
1+ (1)
fody

If a,>> k, the new dc gain and 3-dB frequency are a, = k and f, = X with a, f, = a, f,

The negative feedback has reduced the gain and increased the 3-dB frequency bandwidth. Note that the gain-bandwidth
product of the inverting amplifier circuit remains the same as that of the op amp’s open-loop, a, f;,.

Note. Example 5.27 may appear to be the same as Example 5.24 prompting a solution by substituting the
magnitude gain of the 741 model in the solution obtained in Example 5.24. This, however, would cause an error
because the gain of the 741 op amp is not purely a real-valued number and produces a phase change in the sinusoid
which passes through it.

5.17 Comparator

The circuit of Fig. 5-30 compares the voltage v, with a reference level v . Since the open-loop gain is very
large, the op amp output v, is either at +V__(if v, > v ) or at =V __(if v, < v,). This is shown by v, =V,
sgn[v, — v |, where “sgn” stands for “sign of.” For v =0, we have

C

+V. v >0
cc 1

cc
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o+V

e

v o——+
+

+ | / Lol
u{! B s
o=V, i

C— L

Fig. 5-30

EXAMPLE 5.28 In Fig. 5-30, let V.=5V,v =0,and v, =sin or. Find ,.
ForO<t< mw,

v, = sinwt> 0 v,=5V

2

For /o< t<2m/w,

v, =sinwr <0 V,=-5V
The output v, is a square pulse which switches between +5 V and —5 V with period 277/@. One cycle of v, is
given by

v, =

5V O<t<rnl/w
-5V rmlo<t<2r/ow

Window Comparator

By using two comparators set at two threshold levels (V,, and V) one can detect when a signal v, falls
within the window defined by the threshold levels. Such a circuit is called a window comparator. Its output
v, is given by

-V, otherwise

. {+VCC Vop <0 <V
2

5.18 Flash Analog-to-Digital Converter

An analog signal may be converted to a digital one by using n parallel comparators (as shown in Fig. 5-31
for n=3). The op amps compare the analog signal to n reference levels simultaneously and produce n binary
outputs. The set of n binary levels at the outputs of the op amps represents the analog signal in its digital
form. The circuit is called a flash A/D converter. The parallel operation of comparators speeds up the A/D
conversion. The output of each op amp can control a visual device (such as light-emitting diodes or LEDs),
providing a bar-graph display of the input signal level.

EXAMPLE 5.29 The circuit of Fig. 5-31 is a parallel analog-to-digital converter. The +V_ and -V connections are
omitted for simplicity. Let V.. =5V, v, =4 V, and v, = ¢ (V) for 0 < < 4s. Find outputs v,, v,, and v,. Interpret the
answer.

The op amps have no feedback and they function as comparators. The outputs with values at +5 or =5 V are given
in Table 5-2.

The binary sequences {v;, V,, v} in Table 5-2 uniquely specify the input voltage in the discrete domain. However, in
their present form they are not the binary numbers representing input amplitudes. By using a coder we could transform
the above sequences into the binary numbers corresponding to the values of analog inputs.
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R
3v,
. _
U3
v; 0 N +
S
vl)
5 -
Uy
7N +
S
v, >
e
vy
Y +
?
Fig. 5-31
Table 5-2
Time, s Input, V Outputs, N
O<t<1 O<v,<1 v3=—5 v,=-5 v =-5
1<t<2 I<v,<2 v,=-5 v,=-5 V=45
2<t<3 2<u,<3  v,=-5 v,=+5 v =45
3<t<4 3<y, <4 v =45 v,=45 v =45

5.19 Summary of Feedback in Op Amp Circuits

Op amps are used with negative, positive, or no feedback. Negative feedback is required to prevent
saturation of the op amp and keep the circuit in linear operation. This was done in the circuits of
Figs. 5-12 through 5-29 by applying the feedback to the inverting input of the op amps. The com-
parator circuits of Figs. 5-30 and 5-31 use no feedback, as their functioning requires the op amp
to be driven into saturation. Positive feedback can make an amplifier unstable, as exemplified in
Problem 5.2, and drive it to saturation. However, some specific functions are achieved by establish-
ing positive feedback or a combination of positive and negative feedback (where paths from the
output to both the inverting and noninverting inputs are established simultaneously). An example is
a negative-resistance circuit (see Problem 5.55). Another example is a Schmitt trigger circuit which
retains a memory of its immediate past state (see Problems 5.58 and 5.59). A third example is an
oscillator circuit which generates a controlled signal at its output with zero input.
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SOLVED PROBLEMS

5.1. In Fig. 5-3, let v = 20V, R = 10 Q, R,= 990 Q, k=5, and R, = 3 Q. Find (a) the Thévenin equivalent of
the circuit seen by R, and (b) v, and the power dissipated in R, for R,= 0.5, 1, 3,5, 10, 100, and 1000 Q.

(@) The open-circuit voltage and short-circuit current at the A — B terminal are v, . =5v, and i =5v,/3,
respectively.
We find v, by dividing v_between R_and R, Thus,

R 990
ITR+R T 10199

v O(20)=19.8V

©
©
<
|+
U/
=X B S
VWA
=

Therefore,

U, . =5(19.8) =99V U, =0, =99V

0.

i, =99/3=33A Ry, =v, /i, =3Q
The Thévenin equivalent is shown in Fig. 5-32.
(b) With the load R, connected, we have
) R _ O9R ‘ v
= = an P ==
2 R +Ry ™ R +3 R,

Table 5-3 shows the voltage across the load and the power dissipated in it for the given seven values of
R,. The load voltage is at its maximum when R, = oo. However, power delivered to R, = oo is zero. Power
delivered to R, is maximum at R, = 3 Q, which is equal to the output resistance of the amplifier.

Table 5-3
R, Q v,, V p, W

0.5 14.14 400.04

1 24.75 612.56

3 49.50 816.75

5 61.88 765.70

10 76.15 579.94
100 96.12 92.38

1000 98.70 9.74
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5.2. In the circuits of Figs. 5-4 and 5-5 let R, = 1 kQ and R, =5 k€. Find the gains G'= v,/v, in Fig. 5-4

and G = v,/ in Fig. 5-5fork=1,2,4, 6, 8, 10, 100, 1000, and . Compare the results.
From (5) in Example 5.3, at R, = 1 k€ and R, = 5 kQ we have

v, S5k

+_ 22
G =3 T6-k
In Example 5.4 we found
- v, 5k
G =3 = 76+k

(39)

(40)

The gains G~ and G* are calculated for nine values of k in Table 5-4. As k becomes very large, G* and

G approach the limit gain of —5, which is the negative of the ratio R,

/R, and is independent of k. The circuit

of Fig. 5-5 (with negative feedback) is always stable and its gain monotonically approaches the limit gain.
However, the circuit of Fig. 5-4 (with positive feedback) is unstable. The gain G* becomes very large as k

approaches six. Atk =6, G = co.

Table 5-4

k G G
1 1.0 -0.71

2 2.5 -1.25
4 10.0 -2.00
6 oo —-2.50
8 -20.0 -2.86
10 -12.5 -3.12
100 -5.32 —4.72
1000 -5.03 -4.97
oo -5.00 -5.00

5.3. Let R, =1kQ, R, =5kQ, and R, =50 k€ in the circuit of Fig. 5-33. Find v,/v_for k=1, 10, 100, 1000,

and compare the results with the values of G~ in Table 5-4.

R,

R mrmTmTTTTTT T
W Al ! o
+ : +

' |

|

Us Ct v | R kv, : vy

} |

|
_ ! : ‘5

e _ d

Amplifier
Fig. 5-33

This problem is solved by application of KCL at node A (another approach which uses the Thévenin

equivalent is suggested in Problem 5.30). Thus,

L~ by i_
T t—5 ts570

(41)
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From the amplifier we obtain

v, = —kv, or v =-0,/k 42)
Substituting v, from (42) into (41) and rearranging terms, we obtain
v, =50k -5k
v, C6T+10k ~ 6.1+FK “43)

Values of v,/v_in (43) are shown in Table 5-5 as functions of k. The 50-k€2 input resistance of the amplifier
reduces the overall gain very slightly, as seen by comparing Tables 5-4 and 5-5. The feedback has made the
input resistance of the amplifier less effective in changing the overall gain.

Table 5-5
k vZ/QY
1 -0.704
10 -3.106
100 -4.713
1000 -4.97
= -5.00

5.4. Let again R, = 1 k€Q and R, =5 k€ in the circuit of Fig. 5-33.
(a) Find v,/v_as a function of k and R,
(b) Let R =1 kQ. Find v,/v, for k=1, 10, 100, 1000, . Repeat for R, = oco.

(c) Discuss the effects of R; and k on the overall gain. Show that, for k = e and R, # 0, the gain of the amplifier
is independent of R, and is equal to —R /R .

(a) Apply KCL to currents leaving node A to obtain

-0 UV -V, .

1 s 1 _
r tos TR0
From the amplifier we get v, = —kv, or v, = —v,/k. Substituting for v, in the KCL equation and rear-
ranging terms we get
Yy 5k R
v, - 51+ck wherec-5+6Ri (44)
(b) For R, =1k&, c =1/11 which, when substituted into (44), gives
v -5k
-2 "
v, “TT+k %)
For R, =« we get ¢ = 1/6 and so
v, -5k
—==_— (46)
v 6+k

Table 5-6 gives values from v,/v_in (45) and (46) versus k. Note that (46) is identical with (40).

Table 5-6
/U,
k R.=1kQ R =
1 -0.31 -0.71
10 —2.38 -3.12
100 —4.51 —4.72
1000 -4.95 —4.97
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(c) Comparing the two columns in Table 5-6 we see that the smaller R, reduces the overall gain G".

However, as the open-loop gain k increases, the effect of R, is diminished. As k becomes very large, v,/
v, approaches =5 unless R, = 0.

5.5. Let again R, = 1 k€Q and R, = 5 kQ in the circuit of Fig. 5-33. Replace the circuit to the left of node A
(including R)) by its Thévenin equivalent. Then use (5) to derive (44).
The Thévenin equivalent is given by

where the resistors are in kQ.

From (5),
v, = (1= by,
where b= RT:QT: 3 - 6RiRi+ < and I—p= 56(;:F+R§)
Therefore,

501+ R) —k R -5Rk
V27 6R +5 T+ RII6R +5) T+ R "~ 6R +5+ Rk

which is identical to (44).

5.6. Find the output voltage of an op amp with A = 10° and V=10V forv =0and v" =sin 7 (V). Refer
to Figs. 5-7 and 5-8.

Because of high gain, saturation occurs quickly at

lv,| =10°jv,[=10V  or |y, |=10""V

We may ignore the linear interval and write

+10V v, > 0
v, =

~10V v, <0

where v, = v" — v =sin 7 (V). One cycle of the output is given by

D. =

{+10V O<t<nm
2

-10V #m<t<2rm

For a more exact v,, we use the transfer characteristic of the op amp in Fig. 5-7.

-10 v, <-107*V
v,={ 10°v 10 <v, < 107*V
2 d d

+10

v, > 10*V
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10 <t<m =107

Saturation begins at |v | = |sin #| = 10~ V. Since this is a very small range, we may replace sin ¢ by 7. The

output v, is then given by

1.)2

=-10°(t — ) T-10"<t<m+107"s
T+10% <t<2r-10"%

Y,
-10
To appreciate the insignificance of error in ignoring the linear range, note that during one period of 21 s

Y,
the interval of linear operation is only 4 X 10™* s, which gives a ratio of 64 X 10°°.

10V
when v7 < v~

5.7. Repeat Problem 5.6 for v =sin 27t (V)and v =0.5V.
when v* > v~

The output voltage is
Y,
v,=-10V

1712 <t < 5/12s

= 10V

Switching occurs when sin 27¢ = 1/2. This happens at = 1/12, 5/12, 13/12, and so on. Therefore, one cycle
Y,
v,=-10V 5/12<t<13/12s

of v, is given by

: +
Figure 5-34 shows the graphs of v" and v,.
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5.8. In the circuit of Fig. 5-35 v, = sin 100z. Find v, and v,.
Atnodes B and A, v, = v, =0. Then,

v, = %vs = 0.6 sin 1007 (V)
1 1 . .
v, = —%Ul = —%(0.6 sin 100¢) = =2 sin1007 (V)
) 100 .
Alternatively, v, = _mvs = -2 sin 100z (V)
100 Q
vVWA
20 Q) c 30Q
— M
p—o0
A +
v, = sin 100t v +
R Uy
. )
Fig. 5-35

5.9. Saturation levels for the op amps in Fig. 5-31 are +V,_ =5V and —V_ =-5 V. The reference voltage is

v =1 V. Find the sequence of outputs corresponding to values of v, from 0 to 1 V in steps of 0.25 V.
See Table 5-7, where L=-5V and H=+5 V.

Table 5-7
v, V Uy V, Uy
0 10025 L L L
025710 0.5~ L L H
0.5% t00.75” L H H
075 to 1 H H H

5.10. Find v in the circuit of Fig. 5-36.
Apply KCL at node A,

1 1
R2=‘ R3=E

Uy Uy U3

Fig. 5-36
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(W-v)g +(W-10,)8, +V—-;)g, =0

Vg + 0,8, t 08 VR,R, + URR, + V,RR

Then V= _ 1273 2™ 3% 0
8§ t8& & R|R2 + R2R3 + R3R1

The circuit of Fig. 5-36 generates the sum of v, v,, and v, (weighted by conductance values). However,
unlike the summing op amp circuit of Fig. 5-14 (in which a load connected to the output draws current
from the op amp and not from the input resistors and, therefore, does not affect the summing function of
the circuit), a load connected across the terminal v in Fig. 5-36 draws current from the set of resistors and
interferes with its summing function.

5.11. In the circuit of Fig. 5-37 find v_. (the voltage at node C), i|, R, (the input resistance seen by the 9-V
source), v,, and Iy

VWA
50
ho40 o 30 B
>~ — -
b0
+ by *
+
V=9V —/ 60Q A
- 10Q Uy
T —
Fig. 5-37

Atnodes B and A, v, =v, =0. Applying KCL at node C, we get

(Vo= 94+ v /6+v/3=0  from which v.=3V

Then ii=0©O-v)/4=15A and R =v/i=915=6Q

From the inverting amplifier circuit we have

v, = (53, =-5V  and  i,=-5/10=-0.5 A

5.12. Find v, in Problem 5.11 by replacing the circuit to the left of nodes A-B in Fig. 5-37 by its Thévenin
equivalent.

o _3, O@

6
- e =340 and vy = (9)=54V

Then v, = —(5/5.4)(5.4) = -5 V.

5.13. Find v, i, v,, and R, (the input resistance seen by the 21-V source) in Fig. 5-38.
From the inverting amplifier we get

v, = —=(5/3)v, @7

Note that v, = v, = 0 and so KCL at node C results in
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8 kQ 5kQ
iy 3kQ c

W WI———=
3kQ LS
+

1V i A p
21V — 6k v,
6 T o

Fig. 5-38
Vo —21 v, Ve U~V _0 48)

3 "6 T3 7T 3
Substituting v = —(3/5)v, from (47) into (48) we get v, =—10 V. Then
V., =6V
iy =(21-1v.)/3000 = 0.005 A =5 mA
R =21/i, =21/0.005 = 4200 Q = 4.2 kQ

In the circuit of Fig. 5-38 change the 21-V source by a factor of k. Show that v, i}, and v, in

Problem 5.13 are changed by the same factor, but R, remains unchanged.
Let v, =21k (V) represent the new voltage source. From the inverting amplifier we have [see (47)]

v, = —=(5/3)v,
Apply KCL at node C to obtain [see (48)]
U=V Ve U Ve~V
Ttttz t—g =0

Solving for v and v,, we have
v, = (6/2Dv, = 6k (V) and v, =-(10/2Dv = -10k (V)
i, = (v, = v.)/3000 = (21 - 6)k/3000 = 0.005k A
R = /i =21k/0.005k = 4200 Q

These results are expected since the circuit is linear.

Find v, and v, in Problem 5.13 by replacing the circuit to the left of node C in Fig. 5-38 (including
the 21-V battery and the 3-kQ2 and 6-k€Q2 resistors) by its Thévenin equivalent.
We first compute the Thévenin equivalent:

_©03) _ __6 _
R, = =2 kQ and V. —m(Zl)—MV

Th ~ 6 + 3 Th

Replace the circuit to the left of node C by the above vy, and R, and then apply KCL at C:

Vo —14 v, V.-,

~c -
5 +3+ g =0 (49)

For the inverting amplifier we have v, = —(5/3)v,, or v. = -0.6v,, which results, after substitution in (49),
inv,=-10Vand v.=6V.
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5.16. (a) Find the Thévenin equivalent of the circuit to the left of nodes A-B in Fig. 5-39(a) and then find v
for R, =1ke2, 10 k€, and . (b) Repeat for Fig. 5-39(c) and compare with part (a).

2

(a) The Thévenin equivalent of the circuit in Fig. 5-39(a) is shown in Fig. 5-39(b).
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N\
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|
|
| e
I 3kQ : ! : A
| - \ A : 4 °
| " e +
| <_>15V / |+ | :

| 1
I
| 6 kQ v 3 R, 1 CiDUI‘h : 23 gRl

| > | >
|
! I | :

—e I —o
: —;‘ | B | I';‘ B
b e e e e ] l o J

() @)
Fig. 5-39
__6 _ _ 3O _
vTh—6+3(15)—10V and RTh—3+6—2kQ

By dividing v, between Ry, and R, we get

v 10)

2= Rz—"l'z
ForR, = 1kq, v, =3.33V
For R, =10 kQ, v, =833V
ForR, = e v, =10V

The output v, depends on R,. The operation of the voltage divider is also affected by R,

(b) The Thévenin equivalent of the circuit in Fig. 5-39(c) is shown in Fig. 5-39(d). Here we have
v, =10V and R, =0
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and v, = vy, = 10 V for all values of R,. That is, the output v, depends on R, R,, and v_only and is inde-
pendent of R,

5.17. Find v, as a function of i, in the circuit of Fig. 5-40(a).

| i R I
| = MW !
| | mm—— - |
| (I | |
: B . : 1 °

I+ +

|
Iy C‘) A / I ! ; I
| | v R, | Ri; | vy R,
: B AN G
| 1 — . -
| e e e e e e e J (.
(@) (b)
Fig. 5-40

Current i, goes through resistor R producing a voltage —Ri, across it from right to left. Since the inverting
terminal B is at a zero potential, the preceding voltage appears at the output as v, = —Ri, [see Fig. 5-40(D)].
Therefore, the op amp converts the current i, to a voltage v, with a gain of |U2/i1 = R. The current source i,
delivers no power as the voltage v, , across it is zero.

5.18. A transducer generates a weak current i, which feeds a load R and produces a voltage v, across it. It
is desired that v, follow the signal w1th a constant gain of 10° regardless of the value of R Design a

current-to- Voltage converter to accomplish this task.
The transducer should feed R, indirectly through an op amp. The following designs produce v, = 10 i
independent of R,

Design I: Choose R = 100 MQ in Fig. 5-40. However, a resistor of such a large magnitude is expensive and

not readily available.

Deszgn 2: The conversion gam of 10® V/A is also obtained in the circuit of Fig. 5-41. The first op amp with
=10° converts ijtov, = -10° i The second amplifier with a gain of —100 (e.g., R, = 1 k€ and R, = 100 k€2)

amphfles v, to 1)2 = —1001) = 10 i,. The circuit requires two op amps and three resmtor% (1 MQ 100 k€,

and 1 kQ) Which are less expenswe and more readily available.

R R,
AA%A
R
; + + + +
h
Y vy load R,
Fig. 5-41

Design 3: See Fig. 5-42 in Problem 5.19.

5.19. Determlne the resistor values which would produce a current-to-voltage conversion gain of v,/i; =
10® V/A in the circuit of Fig. 5-42.
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i R c R,
/WA AA%

R,

Uy load R,

Fig. 5-42

Apply KCL at node C. Note that v, = v, =0. Thus,

L, v,
_C+_C+ c 2:0
R TR,

Substituting v =—Ri, and solving for v, we get

R

R R
v,=-R i where R = R|1+ -2+ =2
€q . R

For a conversion gain of v,/i, = R, = 10® V/A = 100 MQ, we need to find resistor values to satisfy the
following equation:

=

R
Rl1+=2+-2[=10%Q
( Rl R]

One solution is to choose R =1 MQ, R, =1k€, and R, =99 k€. The design of Fig. 5-42 uses a single op amp
and three resistors which are not expensive and readily available.

5.20. Find i, as a function of v, in the circuit of Fig. 5-43.

@) ®)
Fig. 5-43

We have

V,=v,=0 i, = U/R, iy =i =V/R,

The op amp converts the voltage source to a floating current source. The voltage-to-current conversion ratio
is R, and is independent of R,.
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5.21. A practical current source (i in parallel with internal resistance R ) directly feeds a load R, as in
Fig. 5-44(a). (a) Find load current i,. (b) Place an op amp between the source and the load as in
Fig. 5-44(b). Find i, and compare with part (a).

[ Xo)

i

Ce

[ Xo
0(‘)

— o we o v w— — l—
M
=

e

O
||i—<h—-—-¢\£/\—1
> =

S ¢

®) ' ©
Fig. 5-44

(@) In the direct connection, Fig. 5-44(a), i, =i R /(R + R)), which varies with R. (b) In Fig. 5-44(b), the
op amp forces v to zero causing the current in R_to become zero. Therefore, i, = i which is now inde-

pendent of R,. The op amp circuit converts the practical current source to an ideal current source. See
Figure 5-44(c).

5.22. Find v, in the circuit of Fig. 5-45.

Rl
R
+

Fig. 5-45
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The first op amp is a unity gain inverter with v, = —v,. The second op amp is a summing circuit with a
gain of —R,/R, for both inputs v, and v,. The output is

2 2
vo __l(v] + v3) _I(DZ — vl)
The circuit is a difference amplifier.

5.23. Find v, in the circuit of Fig. 5-46.

R,
AA%
R,

—/ - 7 _

———0
+

“ ;

_ v,
U

J____ -0

Fig. 5-46

Apply KCL at node B. Note that v, = v, = v,. Thus,

Solving for v, we get v, =V, + (R,/R)(V, — V).

5.24. Find v, in the circuit of Fig. 5-47.

R, R, v Ry Ry
W VWA WA VWA
—0
+ + +
UO
v, v,
Fig. 5-47

The left part of the circuit has a gain of (1 + R|/R,). Therefore, v; = (1 + R,/R,)v,. Using the results of
Problem 5.23 and substituting for v, gives

— RZ =11 R2 RZ 1 Rl =11 R2
v0—1)2+71(1)2—v3)— +Fl vz—fl tRou = +71(vz—vl)

2

5.25. In Fig. 5-48 choose resistors for a differential gain of 10° so that v = 10° (v, — V).
The two frontal op amps are voltage followers.

v, =, and vV, =V
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From (16), Sec. 5.9, we have

RZ RZ
v, = FI(UB -v,)= Fl(v2 -v)

To obtain the required differential gain of R,/R, = 10°, choose R, =100 Q and R, = 100 MQ.

V) o———{ + A R, R

AA%
>_ ’

\vav—a
/ =

v o——————— B R, R,

Fig. 5-48

The circuit of Fig. 5-48 can have the same gain as Fig. 5-45, but its input resistance is infinite. However,
it employs two small and large resistors which are rather out of ordinary range.

5.26. Resistors having high magnitude and accuracy are expensive. Show that in the circuit of Fig. 5-49 we
can choose resistors of ordinary range so that v = 10° (v, — V).

Ulo___\ A R,
VWA

:-

U O——————] R,

Fig. 5-49

The two frontal op amps convey the input voltages v, and v, to the terminals of R ,, creating an upward
current i = (U, — V,)/R; in the resistor. The current also goes through the two R, resistors, creating voltage
drops iR3 across them. Therefore,

v

. R, . R,
A:vl—R3z=vl—R—G(vz—vl) vB=v2+R31=vz+R—G(1)2—vl)
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R, R, 2R,
and Uv:FI(UB_vA)zfl 1+R—G‘ (v, —v)
For a differential gain of 10° we must have

v R 2R
o _ 2 3 1= 10°
vz—vl_R(1+R ) 10

1 G

Choose R, =R, =1 kQ, R,=100k, and R, =5 MQ.
The circuit of Fig. 5-49 has an infinite input resistance, employs resistors within ordinary range, and
uses three op amps.

5.27. Show that in the circuit of Fig. 5-50 i, = i,, regardless of the circuits N, and N,

: 2

‘o
1

T

Fig. 5-50

Nodes A and B are at the same voltage v, = v,. Since the op amp draws no current, i, and i, flow through

the two resistors and KVL around the op amp loop ABC gives Ri, — Ri, = 0. Therefore, i, = i,.

5.28. Let N, be the voltage source v, and N, be the resistor R, in the circuit of Fig. 5-50. Find the input

resistance R, =v,/i,.
From the op amp we obtain v, = v, and i, = i,. From connections to N, and N, we obtain v, = v, =

v, = v, and v, = —i,R,, respectively. The input resistance is v,/i; = —i,R,/i, = =R, which is the negative of
the load. The op amp circuit is a negative impedance converter.

5.29. A voltage follower is constructed using an op amp with a finite open-loop gain A and R, = < (see
Fig. 5-51). Find the gain G = v,/v,. Defining sensitivity s as the ratio of percentage change produced
in G to the percentage change in A, find s.

| |
—2° T Q
I I
I Vg I
+
RO
| o v,
I |
| R |
1
O
el

Fig. 5-51
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From Fig. 5-51 we have v, = Av,. Applying KVL around the amplifier, we obtain
vy =v,+v,=0,+Av, =v,(1+ A4) =v,(1+ A)/A

v, A
v, 1+A

1

G =

The rate of change of G with respect to A is

ﬁ = ;2 from which dG = Lz
dA 1+ A) 1+ A)

The percentage change produced in G is 100(dG/G).

4G __dA _ 1+A_ 1 dA
G_(1+A)2 A T 1+A A

and the sensitivity is

_dGIG 1
STAAIA "1+ A

The percentage change in G depends on A. Sample values for dG/dA and s are shown in Table 5-8.

Table 5-8
A G =1,/ dG/dA K
10 0.909 0.008 0.091
11 0.917 0.007 0.083
100 0.990 0.0001 0.01
1000 0.999 0 0

For high values of A, the gain G is not sensitive to changes in A.

SUPPLEMENTARY PROBLEMS

5.30. Repeat Problem 5.3 by replacing the circuit to the left of node A (include R)) by its Thévenin equivalent
(see Fig. 5-33). Solve the problem by applying the results of Example 5.4.

5.31. Find the Thévenin equivalent of the circuit to the left of nodes A-B in Fig. 5-52 with k = 10 for (a) R, = = and
(b) R, =50 kQ. Ans. (@) vy, =-100V, R, =100 Q; (b) vy, =-31.22 V, R}, =37.48 Q

R, A
——0 VWA
10 kQ + 100 O
10V Uy kud R,
- B
Fig. 5-52

5.32. Repeat Problem 5.31 for R, = 50 kQ and k= 100. Ans. —47.16 V, Ry, =5.66 Q

Upy, =
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5.33.

5.34.

5.35.

5.36.

5.37.
5.38.

5.39.

5.40.

5.41.

5.42.

5.43.

5.44.

Determine the relationship between R, R,, and R, in Fig. 5-41 such that the circuit has a gain of v,/i, = 10° V/A.
Ans. RRyR,=10°

In the circuit of Fig. 5-13, VCC =10V, R1 =2kQ and v, = 1 V. Find the maximum value of R2 before the op amp
is saturated. Ans.  R,=20kQ

Let the summing circuit of Fig. 5-14 have two inputs with v, = 1 and v, =sin 7 (V). Let R, = 3 kQ, R, =5 k{2,
and Rf= 8 k€. Apply superposition to find v,

Ans. v, = —(% + % sin t)

In Fig. 5-17 let R, = 4 kQ and R, = 8 k€. Apply superposition to find v, in terms of the input voltages.

Ans. U, =V, +0,+ U

Find the input resistance seen by v, in Fig. 5-19. Ans. R, =2R,

Use superposition to find v, in Fig. 5-20 forR, =2, R, =7, R, = 10, R, =5, all in kQ.

Ans. v =1.5v,-3.57,

In the circuit of Fig. 5-20 find (a) v, for R, =1, R, =3, R, =2, and R, = 2, all in kQ; (D) the input resistance
R, ., seen by v,; (c) i, as a function of v, and v, and show that v, sees a variable load which depends on v,.
Ans. (@) v, =20,-3v,(D)R,, =4KkQ, ()i, =v,— V,/2

Using a single op amp, design an amplifier with a gain of v,/v, = 3/4, input resistance of 8 k€2, and zero output
resistance. Ans. See Fig. 5-53.

O Uy

no—AMN—p— ¢

2kQ

6 kQ

Fig. 5-53

Show that, given R, = e and R, =0, the noninverting op amp circuit of Fig. 5-15 and (12) is reduced to a voltage
follower.

In the circuit of Fig. 5-22 let R = 10 kQ. (a) Find Rf such that i = 0. (b) Is Rf independent of R ? Discuss.
Ans.  (a) 40 kQ; (b) yes

The input to the circuit of Fig. 5-23 with RC =1 is v, = sin @z. Write KCL at node B and solve for v,.
Ans.  v,=—(l/w) cos wt + C

Show that the output v, in Fig. 5.54 is the same as the output of the integrator in Fig. 5-23.
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1V t>0
5.45. Find v, in the leaky integrator of Fig. 5-24 with R, = R,= 1 kQ, C=1 uF, and v = { .
‘ 0 <0

“14+%% vy >0
Ans.  0,(1) =
t<0
IV <0 vy >0
5.46. Repeat Problem 5.45 for v, = . Ans. v,(1) =
0 t>0 -1V t<0

5.47. In the differential equation 107 dv,/dt + v, = v, v_is the forcing function and v, is the response. Design an
op amp circuit to obtain v, from V.. Ans. See Fig. 5-24, with R1 = Rf, RC = 1072, and v, =-V.

5.48. Design a circuit containing op amps to solve the following set of equations:
Y+x=0v,

2y+x"+3x=-0,

Ans.  See Fig. 5-55, withR C=R,C=15s,R,C= % s, R,C = % S.
réd
| {
1\
R
4os )
| -y
% W% !
+
= o B
[ (€
R, [\
WA -
Ry b=
— A —
R, ¥
VAN =
”..-2( t }
Fig. 5-55

5.49. Average power delivered by a 1 mV voltage source to a 1 Q resistor is 1 uW. Apply the 1 mV voltage source to
the input of an amplifier with a gain of 60 dB and then connect the output to the 1 Q resistor. What is the average
power delivered to the resistor? Ans. 1W

5.50. The input-output relationship in a circuit is

v,

YR + 0,0, = 0,V where 0, = 2000
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(a) Show that given v,(#) = cos 27 ft, the output is v,(#) = V, cos 27 ft + 6), where

- 1 Y
V2 = and 6 = —tan (m)

f 2
1+(1000)

(b) Plot the magnitude of the output (in dB) and its phase (in degrees) as functions of f for 10 < f< 10°. Use
logarithmic scale for frequency axis.

Ans.
Magnitude plot Phase plot
5 T T T 10 T T T
| | | | | |
01 I S ] 0fmsazz- docmoooon hoooooone mm o]
| | | | |
) [ AN R 10 O P AR
| | | | | |
PSI(R E—— L A — -0 i i |
== I | | ~ and-_ N _L________ [
= | | | 20 30 1 1 |
g 7T X T 3 j ! :
g 04 L [ ] Q 407 L T
5 T ‘r | £ S04-------- “f ———————— [ N } —————————
S 5o . A A —— = | |
| | | —604------—-- [ [ N
| | |
A i i — e N L s R
-35{-------- Tommmmmm Fomm oo . 80 4--——--—- dmmmmmmes R
| | |
40 l ; l 90 ; ; ;
10! 102 103 104 105 10! 102 103 104 105
Frequency (Hz) Frequency (Hz)
(a) Magnitude plot (b) Phase plot

Fig. 5-56 Plot of the frequency response of Problem 5.50.

2
o S
(a) The magnitude in dB is 2010g10 1+ (1000 :

(b) The phase is — tan_l (ﬁ) The abscissa for each plot is log f.

5.51. The input-output relationship in a circuit is

dv
2 4 _ 6
7-{-10 1)2—10 'Ul

With v, (#) = cos 27 t, find v, (1) = V, cos(27 ft + 6). Determine (a) the dc gain, (b) the 3-dB attenuation frequency,
and (c) the frequency at which V, =1. Ans. (a) 40 dB; (b) 1591.5 Hz; (¢) 159155 Hz

5.52. Repeat Problem 5.51 for a circuit with the input-output relationship

dv
— T2 x 10"y, =21 x 10°y,

Ans. (a) 40 dB; (b) 10 kHz; (c) 1 MHz
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5.53. Convert the amplifier circuit of Fig. 5-11 into a noninverting configuration and assume the same conditions
as specified in Example 5.27 with v,(7) as the input, v,(?) as the output, R, =, R =0, k=1 + R,/R , and the
op amp model specified by Example 5.26. (a) Find the circuit’s input-output relationship in the time domain.
(b) Let v,(#) = V| cos 2 ft produce an output v,(t) = V, cos(2x ft — 6). Develop an expression for magnitude
gain |V,/V| vs. frequency. (c) Verify that the gain-bandwidth product of the noninverting amplifier circuit is the
same as that of the op amp’s open-loop, a, /.

A

aok )
k 9

O+k

dv
Ans. (a) d_t2 + fv, = —a,fjv,, where the DC gain is q, = 2 and the 3-dB frequency is f; = (a, + k)

4 £

V. a.k
(b) ‘vf‘ = W; (©) ayfy = =57 X (@ + 0 = ol
14|
I

5.54. In the inverting configuration of Fig. 5-13 switch the inverting and noninverting inputs of the op amp so that
the inverting input is connected to the ground and a positive feedback is provided to the op amp through the
R, resistor. (a) Assuming an ideal op amp, find the circuit’s input-output relationship. (b) Give reasons why in
practice the above configuration is avoided. Ans. () V)/v, == R,/R; (b) instability (see Problem 5.2)

5.55. Find /i in Fig. 5-57, assuming an ideal op-amp with saturation levels at + V. Ans. See Fig. 5-58

Segment ABC V=Rji-V, low saturation
Segment CF V=-R R—zi linear operation, negative input resistance
3
Segment FGH V=Ri+V, high saturation
i
D
H
i 72
—_—
o
* B
- Ry G v
v V- Voul A F
R,
_ E
R fWV—
= R
Fig. 5-57 Fig. 5-58

5.56. In the circuit of Fig. 5-57. switch the inverting and noninverting inputs of the op amp so that the external lead
goes to the inverting input and a positive feedback is provided to the op amp through the R, resistor as shown in
Fig. 5-59. Find v/i assuming an ideal op amp with saturation levels at +V . Ans. See Fig. 5-60

Segment ABC V=Ri-V low saturation
Segment CF V=-R R—zi linear operation, negative input resistance

Segment FGH V=Ri+V, high saturation
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A
B
C
i D .-
. B
o B v
+
R
V- 3 F
v V(?Ul
\% G
R,
R :r’\/\/\/-
= R H
Fig. 5-59 Fig. 5-60

5.57. A sensor converts a physical quantity (such as heat, pressure, vibration, etc.) to an electrical signal. It
is modeled by a voltage source v_ in series with an internal resistance ». The sensor feeds a load R as in
Fig. 5-61 (a). It is desired that the load current i be proportional to voltage v, regardless of the load. Design
a circuit (including the elements’ values) which provides such a function. Ans.  See Fig. 5-61(D). If r= R \Ry/R,,
the op amp circuit (internal resistance —r) in combination with the sensor (internal resistance r) presents
an ideal current source (zero internal resistance). The range of operation will be limited by the op amp’s
saturation levels.

Ry

(@) (b)
Fig. 5-61

5.58. The op amp of Fig. 5-30 compares the input signal v, with an independent reference level v, forcing the op amp
into high saturation (if v, > v,) or low saturation (if v, < v). Let the reference level be set up by the output of
the op amp through the voltage divider R,/(R, + R,) as shown in Fig. 5-62(a) with R| = 2R,. Assume saturation
levels of £15. Given v,(#) = 10(sin 207t + sin 307t) and v,(0) = 15V, sketch the output voltage v,(#). The circuit
is called an inverting Schmitt trigger. Ans. See Fig. 5-62(b)
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Inverting Schmitt trigger input-output pair

Amplitude

54

10 4

15 +

—20

= Time (s)
(a) (b)

Fig. 562 Inverting Schmitt trigger

5.59. Repeat Problem 5.58 for the circuit shown in Fig. 5-63(a) with R = 2R,. Assume saturation levels of 15 V.
Given v, (1) = 10(sin 207tz + sin 30m7) and v,(0) =15V, sketch the output voltage v,(#). The circuit is called a
noninverting Schmitt trigger. Ans.  See Fig. 5-63(b)

Noninverting Schmitt trigger input-output pair

Amplitude
<)
1

54

-10 1

—15 4

0 0.02 0.04 0. 14 0.16 0.18 0.2
Time (s)

(b)

—20

Fig. 5-63 Noninverting Schmitt trigger



CHAPTER 6

Waveforms and Signals

6.1 Introduction
The voltages and currents in electric circuits are described by three classes of time functions:

(i) Periodic functions
(i1) Non-periodic functions
(i11) Random functions

In this chapter the time domain of all functions is —eo < f < oo and the terms function, waveform, and signal
are used interchangeably.

6.2 Periodic Functions
A signal v(¢) is periodic with period T if

vt)=v@+T) for all ¢

Four types of periodic functions which are specified for one period 7 and their corresponding graphs are
as follows:

(a) Sine wave:
v, (1) =V, sin 2zt/T (1)

See Fig. 6-1(a).

(73—

Fig. 6-1(a)
(b) Periodic pulse:
Vi forO0<r<T,
(1) = -V, forT, <t<T )

117
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See Fig. 6-1(b).

V(1)

Fig. 6-1(b)

(¢) Periodic tone burst:

V0 sin 2mt/A forO0<r< Tl
;1) = 0 for T, <1 <T 3)

where T = kA and k is an integer. See Fig. 6-1(c).

vs(1)

I ANYANE A WA
MEAVARV vV V

Fig. 6-1(c)

(d) Repetition of a recording every T seconds:

V(D) “)

See Fig. 6-1(d).

V(1)

Fig. 6-1(d)

Periodic signals may be very complex. However, as will be seen in Chapter 17, they may be represented
by a sum of sinusoids. This type of function will be developed in the following sections.
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6.3 Sinusoidal Functions
A sinusoidal voltage v(?) is given by

(1) =V, cos (or + 0)

where V|, is the amplitude, @ is the angular velocity, or angular frequency, and 6 is the phase angle.

The angular velocity @ may be expressed in terms of the period T or the frequency f, where f = 1/T. The
frequency is given in hertz, Hz, or cycles/s. Since cos @t = cos (wt +27), wand T are related by w7 =27 And
since it takes 7 seconds for U(¢) to return to its original value, it goes through 1/7 cycles in 1 second.

In summary, for sinusoidal functions we have

o =2xn/T =2xf f=UT =wl2r T =1/f =2nlw

EXAMPLE 6.1 Graph each of the following functions and specify the period and frequency.
(@) v (1) =cost (b) vy(1) =sin¢ (¢) vy(r) = 2 cos 2mt
(d) v,(t) = 2cos (nt/4 — 45°) = 2cos(mt/4 — w/4) = 2cos [z(t — 1)/4]

(e) V5(1) = Scos (107 + 60°) = 5 cos (107 + 7/3) = 5 cos 10(¢ + 7/30)

(a) SeeFig.6-2(a). T=2r=6.2832sandf = 0.159 Hz.
(b) SeeFig.6-2(b). T =2r=6.2832sandf=0.159 Hz.
(¢) SeeFig.6-2(c). T =1sandf=1Hz.

(d) SeeFig. 6-2(d). T =8sandf=0.125 Hz.

(e) SeeFig.6-2(¢). T =0.2r = 0.62832sandf =1.59 Hz.

EXAMPLE 6.2 Plot u(7) = 5cos wt versus t.
See Fig. 6-3.

6.4 Time Shift and Phase Shift

If the function v(¢) = cos wt is delayed by 7 seconds, we get V(¢ — T) = cos w(t — T ) = cos (wt — 6), where
0 = wt. The delay shifts the graph of v(¢) to the right by an amount of 7 seconds, which corresponds to a
phase lag of 0= wt=2nfT. A time shift of Tseconds to the left on the graph produces v(t + 7), resulting in a
leading phase angle called an advance.

Conversely, a phase shift of 6 corresponds to a time shift of 7. Therefore, for a given phase shift, the higher
the frequency, the smaller the required time shift.

EXAMPLE 6.3 Plot v(t) = 5cos (/6 + 30°) versus ¢ and 7t/6.
Rewrite the expression as

v(t) = 5 cos (wt/6 + m/6) = Scos[n(t + 1)/6]

This is a cosine function with a period of 12 s, which is advanced in time by 1 s. In other words, the graph
is shifted to the left by 1 s or 30° as shown in Fig. 6-4.

EXAMPLE 6.4 Consider a linear circuit with the following input-output pair valid for all @ and A:
Input:  v,(#) = A cos ot Output: () = A cos (0t — 0)
Given v(1) = cos @t + cos m,t, find v (7) when

(a) 6= 10w [phase shift is proportional to frequency, Fig. 6-5(a)]
(b) 6= 10°° [phase shift is constant, Fig. 6-5(b)]

The output is v,(f) = cos (@, — 0,) + cos (w,t — 0,).
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5k

(SE]
E]

5]
[
3
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Nh

-6, rad

w, rad/s

slope =-10-6

(@

@ 6,=10"°w, 6,=10"w, Then

-0, rad

o, rad/s

-10-6

Fig. 6-5

®

(1) = cos (@,f — 10°w)) + cos (w,f — 10 °w,)

=cos o, (1 —10°) + cos w,(t —10°) = v,(t = 10°) = v,(t - 7)

where =105 =1 us. Thus a phase shift proportional to @ [Fig. 6-5(a)] delays all frequency components of the
input signal by 1 ps. The output follows the input with no distortion.

(b) 6,=6,=10"°. Then

v,(1) = cos(@,t —10™°) + cos (@t — 107°)

= cos (1 — 10°/@,) + cos o, (1 — 10 /w,)

A constant phase shift [Fig. 6-5(b)] delays different frequency components of the input signal by different amounts.
The output is a distorted form of the input.
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6.5 Combinations of Periodic Functions

The sum of two periodic functions with respective periods 7, and 7, is a periodic function if a common

period T=n,T, =n,T,, where n, and n, are integers, can be found. This requires T',/T, = n,/n, to be a rational

number. Otherwise, the sum is not a periodic function.

EXAMPLE 6.5 Find the period of v(f) = cos 5¢ + 3 sin (37 + 45°).
The period of cos 5t is T, = 271/5 and the period of 3 sin(37 + 45°) is T, = 27/3. Take T = 27w = 5T, = 3T, which is the
smallest common integral multiple of 7, and T,,. Observe that v(z + T) = v(t) since

V(t+T)=cos5(+2m)+ 3sin[3(t + 21) + 45°] = cos 5¢ + 3sin (31 + 45°) = v(¢)

Therefore, the period of v(¢) is 27.

EXAMPLE 6.6 Is v(7) = cos ¢ + cos 27t periodic? Discuss.
The period of cos ¢ is T| = 27. The period of cos 27t is T, = 1. No common period T = n,T| = n,T, exists because
T,/T,=2mis not a rational number. Therefore, v(7) is not periodic.

EXAMPLE 6.7 Given p = 3.14, find the period of v(t) = cos ¢ + cos 2pt.

The period of cos 7 is T, = 27 and the period of cos 2pt is T, = 7/3.14. The ratio T|/T, = 6.28 is a rational number.
The integer pair n; =25 and n, = 157 satisfies the relation ny/n, = T|/T, = 628/100 = 157/25. Therefore, v(?) is periodic
with period T'=n,T, = n,T, =507s.

Trigonometric Identities
The trigonometric identities in Table 6-1 are useful in the study of circuit analysis.

Table 6-1
sin a = —sin (—a) (5a)
cos a = cos (—a) (5b)
sin a = cos (a — 90°) (5¢)
cos a = sin(a + 90°) (5d)
sin 2a = 2sin a cosa (6a)
cos 2a = cos’a — sin’a =2 cos’a— 1 =1 -2 sin’a (6b)
sina = # (Ta)
1 2
cos’a = 24 (Tb)
sin(a + b) = sin a cos b + cos a sin b (8a)
cos(a+b)=cosacosb—sinasinb (8b)
sina sinb =4 cos (a — b) — 1 cos (a + b) (9a)
sina cosb =1 sin (a + b) + 1 sin (a — b) (9b)
cosa cosb =1 cos (a+b) + 4 cos (a—b) (9¢)
sina +sinb=2sin4 (@ +b) cos 1 (a—b) (10a)
cosa +cosh=2cos 4 (a+b)cost(a—b) (10b)

EXAMPLE 6.8 Express U(f) = cos 5¢ sin(3t + 45°) as the sum of two cosine functions and find its period.

v(t) = cos 5t sin (3t + 45°) = [sin (8¢ + 45°) — sin (2t — 45°)]/2 [Eq. (9b)]

= [cos (8¢ — 45°) + cos (2t + 45°))/2  [Eq. (5¢)]

The period of v(?) is 7.
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6.6 The Average and Effective (RMS) Values

A periodic function f(f), with a period 7, has an average value F' ave given by

1 T 1 to+T
Fop={f0) =7 J. St = T'[ f(ydt (11)

The root-mean-square (rms) or effective value of f(¢) during the same period is defined by

1/2

LT
Feff = F;‘ms = TJ fz(t)dt (12)
t

It is seen that F:ff = (fX ().
Average and effective values of periodic functions are normally computed over one period.

EXAMPLE 6.9 Find the average and effective values of the cosine wave v(t) =V, cos(w?+ 6).
Using (11),

T
1 V., . . T
V,leg = TL V cos(wt + 0)dt = T [sin(wr + 0)], =0 (13)
and using (12),
1 (" 1 ("
V2= 7_[ V> cos” (o1 + 0)dr = ﬁ,[ V[l + cos 2(r + @)]dr = V2/2

0 0

from which Ve =V,/N2=0707V, (14)

Equations (13) and (14) show that the results are independent of the frequency and phase angle 6. In other words, the
average of a cosine wave and its rms value are always 0 and 0.707 V,_, respectively.

EXAMPLE 6.10 Find Vavg and Ve of the half-rectified sine wave

o) = V., sinot when sin wt > 0 (15)
“lo when sin wt < 0
From (11),
T2
_1 V sinotdr = i[—cos o)? =V In (16)
avg T o m oT 0 m
and from (12),
1 T2 | T2
2 _ 1 2 .2 _ 1 2,0 _ 2
Vi = T J.O V. sin” wtdt = 3T J‘O V(1 —cos2wt)dt =V, /4
from which Vg =V, /2 17)

EXAMPLE 6.11 Find Vavg and Vg, of the periodic function V() where, for one period T,
Vo for0 <t <T, )
u(t) = Period T = 3T, (18)

-Vy for 7, <t < 3T
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We h v =Yg oyl 1
¢ have we = 37T —21) = =% (19)
VZ
and 2 _ Yo _ 12
Var =3 (L +2T) =V,
from which Vie =V (20)

The preceding result can be generalized as follows. If |u(£)| =V,

o» then Vg =V,

EXAMPLE 6.12 Compute the average power dissipated from O to 7 in a resistor connected to a voltage v(f). Replace
u(f) by a constant voltage V, . Find V,_ such that the average power during the period remains the same.

p =i =v/R
T 2
1 2 [ Vs
Pavg = ﬁ v (t) dt = ﬁ Veff = TC or Vdc = Veff
0

EXAMPLE 6.13 The current i(#) shown in Fig. 6-6 passes through a 1-UF capacitor. Find (@) v, the voltage across
the capacitor at £ =5k ms (k= 0, 1, 2, 3, ...) and (b) the value of a constant current source /;, which can produce the
same voltage across the above capacitor at t = 5k ms when applied at # > 0. Compare I, with (i(#)), the average of i(f)
in Fig. 6-6, for a period of 5 ms after ¢ > 0.

i(r), mA
4
t, ms
0 3 5 8 10
2+
Fig. 6-6
(a) Att=5ms
1 5x107 3x107° 5%107°
“aczﬁj i(t) dt =10°(107) J' 4dt—J 2dr|=12-4=8V
0 0 3x107°

This is the net charging effect of i(f) during each 5-ms interval. Every 5 ms the above amount is added to the capacitor
voltage. Therefore, at r = 5k ms, v= 8k (V).

(b) With a constant current /, , the capacitor voltage v,_at =5k ms is
1 5k x 107
Vge = ¢ J 1, dt =10°(I,)(5k x 107) = 10°(5k)(I,) (V)
0
Since v, = v, at Sk ms, we obtain

10°(5k)(I,,) =8k  or I, =8k/(5kx10°)=1.6x10"A = 1.6 mA

d

Note that I, = (i(#)) in Fig. 6-6 for any period of 5 ms after > 0.
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6.7 Nonperiodic Functions

125

A nonperiodic function cannot be specified for all times by simply knowing a finite segment. Examples of

nonperiodic functions are

/= 0 fort <0
(@) v (1) = 1 fort >0
0 fort <0
(b) v, (1) =4 /T forO<t<T
0 fort>T
0 fort <0
1) =
© b5() et fort >0
0.(1) = 0 fort <0
(d) 4377 ) sin ot fort >0
0 fort <0
1) =
© DS( ) e coswt fort >0
f) V(1) = et for all ¢
(g) V(1) = el for all ¢
(h) V(1) = e M cosor for all ¢

2

(22)

(23)

(24)

(25)

(26)

27)

(28)

Several of these functions are used as mathematical models and building blocks for actual signals in

analysis and design of circuits. Examples are discussed in the following sections.

6.8 The Unit Step Function

The dimensionless unit step function, is defined by

) = 0 fort <0
=1 fort >0

The function is graphed in Fig. 6-7. Note that the function is undefined at = 0.

u(t)

Fig. 6-7

(29)

To illustrate the use of u(#), assume the switch S in the circuit of Fig. 6-8(a) has been in position / for t <0

and is moved to position 2 at 7= 0. The voltage across A-B may be expressed by v, ,

circuit for the voltage step is shown in Fig. 6-8(b).

= V,u(#). The equivalent
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5 t=0 | _________ |
Ot O A | } OA
s + : : +
+ |
vo_ib Uap | Cj) Vo u(t) : ag
I I
5 ' -
B | 0 OB
R Y
(a) )
Fig. 6-8

EXAMPLE 6.14 The switch in the circuit of Fig. 6-8(a) is moved to position 2 at 1 = #,. Express v,, using the step
function.

The appearance of V|  across A-B is delayed until 7 = 7;. Replace the argument ¢ in the step function by 7 — 7, and so
we have v, , = Vu(t — 1,).

EXAMPLE 6.15 If the switch in Fig. 6-8(a) is moved to position 2 at = 0 and then moved back to position / at#=35s,
express v, , using the step function.

U, = Volu(®) —u(t - 5)]

EXAMPLE 6.16 Express v(f), graphed in Fig. 6-9, using the step function.

u(t)
1L

Fig. 6-9

u(t) = [u(t) — u(t — 2m)]sin t

6.9 The Unit Impulse Function

Consider the function s,(7) of Fig. 6-10(a), which is zero for 7 <0 and increases uniformly from 0 to 1 in
T seconds. Its derivative d,(7) is a pulse of duration T and height 1/7, as seen in Fig. 6-10(b).

0 fort <0
d,(t)=\1/T forO0<t<T (30)
0 fort>T

If the transition time 7 is reduced, the pulse in Fig. 6-10(b) becomes narrower and taller, but the area under
the pulse remains equal to 1. If we let 7" approach zero, in the limit, the function s,.(f) becomes a unit step u(7)
and its derivative d(7) becomes a unit pulse 6(r) with zero width and infinite height. The unit impulse 6(z)
is shown in Fig. 6-10(c). The unit impulse or unit delta function is defined by

o1 =0 forr # 0 and J o(t)dr =1 31)
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An impulse which is the limit of a narrow pulse with an area A is expressed by Ad(¢). The magnitude A is
sometimes called the strength of the impulse. A unit impulse which occurs at # = #,is expressed by 6(t — ).

EXAMPLE 6.17 The voltage across the terminals of a 100-nF capacitor grows linearly, from 0 to 10 V, taking the
shape of the function s,(7) in Fig. 6-10(a). Find (a) the charge across the capacitor at =T and (b) the current i .(¢) in the
capacitor for T=1s,T=1ms,and T=1 ps.

(@) Att=T, v.=10V. The charge across the capacitor is O = Cv. = 107x10=10"°C.

B i ()= dv,
b) i(=C—7=

st (D)
I+ 1
5 '
T
(a)
dr(1)
1
T /
t
T
®)
&(1)
1
t
(©)
Fig. 6-10
From Fig. 6-10,
0 fort <0
ic(t)=131,= 10_6/T(A) forO<t<T (32)
0 fort>T

For T=1s,1,=10"° A; for T=1ms, [,= 10" A; and for T=1 s, [,= 1 A.
In all the preceding cases, the charge accumulated across the capacitor at the end of the transition period is

T
0= J. io(ydr=1,T =10°C
0

The amount of charge at 7 = T is independent of T It generates a voltage v, =10 V across the capacitor.

EXAMPLE 6.18 Let d, (¢ —t,) denote a narrow pulse of width 7 and height 1/7, which starts at t = #,. Consider a func-

tion f(#) which is continuous between 7, and 7, + T as shown in Fig. 6-11(a). Find the limit of integral / in (33) when T
approaches zero.

I = J dp(t — 1) f(t) dt -
/T fy<t<ty+T
d(t—t)) = 0

elsewhere
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Substituting d,.in (33) we get

t+T
11° S
I = TJ. f(t) dt = T (3461)

1,

where § is the hatched area under f(7) between ¢, and 7, + T in Fig. 6-11(b). Assuming T to be small, the function f(?)
may be approximated by a line connecting A and B. S is the area of the resulting trapezoid.

S=2L1f) + ft, + DIT (34b)
I=%[fty) + flty + )] (34¢)

AsT—0,d(1—1) —> 6(t— 1) and f(t, + T) — f(#,) and from (34c) we get

dr(t—ty)
T #T‘/ /ﬂt)

tg to+ T

(b)
Fig. 6-11

lim I = ligqo%[f(to) + f(ty + T)] (34d)

T—0 T

We assumed f(7) to be continuous between #, and 7, + T. Therefore,

lim I' = f(t,) (34¢)

But lim I = J 8t — 1) f (1) di (34f)
T—0 e

and so J. 8t —t)f()dt = f(t,) (34¢)

The identity (34g) is called the sifting property of the impulse function. It is also used as another definition for 6(r).

6.10 The Exponential Function

The function f(7) = ¢”, with s a complex constant, is called an exponential. It decays with time if the real
part of s is negative and grows if the real part of s is positive. We will discuss exponentials ¢’ in which the
constant a is a real number.
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The inverse of the constant a has the dimension of time and is called the time constant T = 1/a. A decaying
exponential ¢"is plotted versus ¢ as shown in Fig. 6-12. The function decays from one at 7 =0 to zero at t = co.
After 7 seconds, the function ¢ ""is reduced to ¢ ' = 0.368. For 7= 1, the function ¢ is called a normalized

. D it
exponential which is the same as ¢ ** when plotted versus #/7.

EXAMPLE 6.19 Show that the tangent to the graph of ¢ ""at 1= 0 intersects the 7 axis at 7 = 7 as shown in Fig. 6-12.

The tangent line begins at point A (v =1, t = 0) with a slope of de_'/f/dt| .o =—1/7. The equation of the line is v, () =
—t/T+ 1. The line intersects the ¢ axis at point B where ¢t = 7. This observation provides a convenient approximate
approach to plotting the exponential function as described in Example 6.20.

EXAMPLE 6.20 Draw an approximate plot of v(¢) = ¢""fort>0.

Identify the initial point A (=0, v=1) of the curve and the intersection B of its tangent with the 7 axis at t = 7. Draw
the tangent line AB. Two additional points C and D located at t = 7 and t = 27, with heights of 0.368 and 0.368> = 0.135,
respectively, also belong to the curve. Using the preceding indicators, the curve may be drawn with a rather good
approximation (see Fig. 6-12).

0.368

0.135

Fig. 6-12

EXAMPLE 6.21 (a) Show that the rate of change with respect to time of an exponential function v = Ae” is at any
moment proportional to the value of the function at that moment. (b) Show that any linear combination of an exponential
function and its n derivatives is proportional to the function itself. Find the coefficient of proportionality.

(a) The rate of change of a function is equal to the derivative of the function, which, for the given exponential
function, is

Lfi—lt) = sAe” = sv
(b) Using the result of (a) we get
d_:‘l) — nAest — SVlv
dt
dv ) "
aov+a17+---+andtn—(a0+a1s+---+ans )= Hv (35)
where H=ay+as+ +a;s" (36)
Specifying and Plotting f(t) = Ae '+ B
We often encounter the function
f@)=Ae“ +B (37)

This function is completely specified by the three numbers A, B, and a:

A =1nitial value — final value B = final value a = inverse of the time constant

Put differently, Initial value f (0)=A + B Final value f(e0) = B Time constant = 1/a
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EXAMPLE 6.22 Find a function v(¢) which decays exponentially from 5 Vat#=0to 1 V at # = oo with a time constant
of 3 s. Plot v(¢) using the technique of Example 6.20.
From (37) we have v(r) =Ae¢""+ B. Now V0)=A+B=5,0(0)=B=1,A=4, and 7= 3. Thus

() = de P+ 1

The preceding result can be generalized in the following form:

t

Ty (final value)

U(t) = (initial value — final value)e™

The plot is shown in Fig. 6-13.

247

\x\" _______________

4(0.368) = 1.47 {
1

.

o

—

()

[UC)) IR

Fig. 6-13

EXAMPLE 6.23 The voltage v= Voe_WT, 7> 0, is connected to a capacitor. Find the current i in the capacitor. Sketch v
and i for V,=10V,C=1UF and 7=1 ms.
Using i = C dv/dt,

forr<0, V= VOe’/T

fort>0, V= Voefm

where [, = CV,/T.

For V,=10V,C=1uF and 7= 10° s, we get [; = 10 mA. Graphs of v and i are shown in Figs. 6-14(a) and (b),
respectively.

v=10 ¢ 100007 () i, mA

t, ms

t, ms

(@) ®

Fig. 6-14
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6.11 Damped Sinusoids

A damped sinusoid, with its amplitude decaying exponentially, has the form

v(1) = Ae"“ cos(wt + 6) (38)
This function will be discussed in more detail in Chapter 8.

EXAMPLE 6.24 The current i = Ioe_m cos wt passes through a series RL circuit. (@) Find vy, , the voltage across this
combination. (b) Compute v, for[,=3 A,a=2, ®=40rad/s, R=5 Q and L=0.1 H. Sketch i as a function of time.

(a) We have

v, = Ri = Rl,e “'cos ot

di —at .
v, = LE =-Llje " (acoswr + @ sin ©r)

Vp, = Vp + 0, = Ije “[(R = La)cos wt — Lo sin wt] = Vye”“'cos (ot + 6)

R
where V, = I,JR - La)’ + Lo’ and 0 =tan [Lw/(R - La)] (39)

(b) Substituting the given data into (39), V,,=18.75 V and 6= 39.8°. Current i and voltage vy, are then given by

i=3¢cos40r  and v, =18.75¢ cos (407 +39.8°)

The current i is graphed in Fig. 6-15.

i(t)

Fig. 6-15

6.12 Random Signals

So far we have dealt with signals which are completely specified. For example, the values of a sinusoidal
waveform, such as the line voltage, can be determined for all times if its amplitude, frequency, and phase are
known. Such signals are called deterministic.

There exists another class of signals which can be specified only partly through certain statistical measures
such as their means, rms values, and frequency ranges. These are called random signals. Random signals can
carry information and should not be mistaken with noise, which normally corrupts the information contents
of the signal.
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The voltage recorded at the terminals of a microphone due to speech utterance and the signals picked up
by an antenna tuned to a radio or TV station are examples of random signals. The future course and values
of such signals can be predicted only on the average and not precisely. Other examples of random signals
are the binary waveforms in digital computers, image intensities over the area of a picture, and the speech or
music which modulates the amplitude of carrier waves in an AM system.

It may not seem useful to discuss signals whose values are specified only on the average. However, through
harmonic analysis we can still find out much about the average effect of such signals in electric circuits.

EXAMPLE 6.25 Samples from a random signal x(7) are recorded every 1 ms and designated by x(n). Approximate the
mean and rms values of x(f) from samples given in Table 6-2.

Table 6-2
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
x(m) 2 4 11 5 7 6 9 10 3 6 8 4 1 3 5 12

The time averages of x(¢) and xz(t) may be approximated from x(7).

Xavg=(2+4+11+5+7+6+9+10+3+6+8+4+1+3+5+12)/16:6
X =@+ + 1P +5 47 +6 +97+10° +3 + 6" +8 +47 + 17 + 37 + 5" +12°)/16 = 46

X, =6.78

EXAMPLE 6.26 A binary signal v(¢) is either at 0.5 or —0.5 V. It can change its sign at 1-ms intervals. The sign change
is not known a priori, but it has an equal chance for positive or negative values. Therefore, if measured for a long time,
it spends an equal amount of time at the 0.5-V and —0.5-V levels. Determine its average and effective values over a
period of 10 s.

During the 10-s period, there are 10,000 intervals, each of 1-ms duration, which on average are equally divided
between the 0.5-V and —0.5-V levels. Therefore, the average of v(f) can be approximated as

Vypg = (0.5 x 5000 — 0.5 x 5000)/10,000 = 0
The effective value of v(¢) is

V2 =1(0.5)% x 5000 + (=0.5)> x 50001/10,000 = (0.5)° or V=05V

The value of V., is exact and independent of the number of intervals.

SOLVED PROBLEMS

6.1. Find the maximum and minimum values of v=1 + 2 sin(w? + 6), given @= 1000 rad/s and 0= 3 rad.
Determine if the function v is periodic, and find its frequency f and period 7. Specify the phase angle
in degrees.

Vo.=1+2=3 V. =1-2=-1

The function v is periodic. To find the frequency and period, we note that @ = 271 = 1000 rad/s. Thus,
f=1000/2r =159.15 Hz and T =1/f = 2m/1000 = 0.00628 s = 6.28 ms

Phase angle = 3 rad = 180° x 3/r = 171.9°

6.2. In a microwave range measurement system the electromagnetic signal v, = A sin 27, with f= 100 MHz,
is transmitted and its echo v,(¢) from the target is recorded. The range is computed from 7, the time
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delay between the signal and its echo. (a) Write an expression for v,(7) and compute its phase angle
for time delays 7, =515 ns and 7, =555 ns. (b) Can the distance be computed unambiguously from the
phase angle in v,(1)? If not, determine the additional needed information.

(a) Letv,(1) = Bsin2xf(r —7) = Bsin Qrft - 6).
For f = 100MHz =10° Hz, 6 = 27f7 = 2 x 10827 = 27k + ¢,where 0 < ¢ < 27.
For 7, =515x107,6, = 2710° x 515x 10 = 1037 = 51 x 27w + ¢, or k, = 5land ¢, = 7.
For 7, = 555x107°,6, = 2710° x 555 x 10~ = 1117 = 55x 27 + ¢, or k, = 55and ¢, = 7.

(b) Since phase angles ¢, and ¢, are equal, the time delays 7, and 7, may not be distinguished from each
other based on the corresponding phase angles ¢, and ¢,. For unambiguous determination of the dis-
tance, k and ¢ are both needed.

6.3. Show that if periods T and T, of two periodic functions v,(7) and v,(7) have a common multiple, the
sum of the two functions, v(r) = v,(7) + v,(7), is periodic with a period equal to the smallest common

multiple of 7, and 7,,. In such a case show that V., =V} 10 + V5 410
If two integers n, and n, can be found such that 7= n,T| = n,T,, then v,(t) = v,(t + n,T)) and v,(?) =
v, (t+ n2T2). Consequently,

vit+T)= vl(t +7T)+ vz(t +7T)= vl(t) + v2(t) = (1)

and v(?) is periodic with period T

The average is

1 (" 10" 1 ("
Vi = TJ [v,(t) + v,(1)] dt = T.[ v, (1)dt + T.[ VOt =V, + Ve
0 0 0

6.4. Show that the average of cos’ (wt+ 0)is 1/2.
Using the identity cosz(a)z +6) = %[1 + cos2 (ot + 0)], the notation (f) = Fawg, and the result of

Problem 6.3, we have

(14 cos2(@t + 0)) = (1) + {cos 2wt + 0))

But (cos2(wt + 0)) = 0. Therefore, {cos*(wt + 6)) = 1/2.

_ 2 _ 2 2
6.5. Let () =V _+V,_ cos (ot + 6). Show that V. =V, + 5V .

T

1

Vi = TJ [V, +V,. cos(ar + 6] dr
0

dc "ac

T
- %J (V) + V2 cos’(wr +0) +2V, V, cos(wt +6)] dt
0

1 /2
+7V

ac

_ys2
- Vdc

Alternatively, we can write

Vi = (02 0)) = ([V,, + V, cos (wt + O)]*)

= (dec + Vfc cos” (w1 + 6) +2V, V. cos (ot + 6))
= dec + Vazc<°052(w1 +0) +2V, V. (cos (of + 6))

C ac

_ 2 1 2
_V:;ic+2vac
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6.6. Let f, and f, be two different harmonics of f,. Show that the effective value of v(r) = V,

cos 2mfit +6,) + V,cos 2ufyr + 0,) is 5V +V5) .

VA1) = V] cos’ Qrfit + 6,) + V, cos 2rfyt + 6,)
+2V,V,cos 2rfit + 6,)cos 2rf,t + 6,)
2 2 2, 2 2, 2
Ve = ™) = V| {cos" 2nfit + 6))) + V, {cos” 2nf,t + 6,))

+2V, V,{cos 2r ft + 6))cos 2xf,t + 6,))
But (cos’(2xfit + 6))) = (cos’(2xf, + ,)) = 1/2 (see Problem 6.4) and

(cos(2mfit + 6))cos2m fot + 6,)) = %(cos[27r(fl + )+ (6, +6,)D
1
+ 7(00s[27r(f1 - fr+,-6,)=0

Therefore, V3, = (V7 + V) and V., = |+ + ;).

6.7. The signal v(¢) in Fig. 6-16 is sinusoidal. Find its period and frequency. Express it in the form v(7) =
A + B cos (ot + 6) and find its average and rms values.

A u(t)

1,8

20

Fig. 6-16

The time between two positive peaks, 7= 20 s, is one period corresponding to a frequency f= 0.05 Hz.
The signal is a cosine function with amplitude B added to a constant value A.

B=t(, -V,.)=18+4=6 A=V _-B=V_  +B=2

max

The cosine is shifted by 2 s to the right, which corresponds to a phase lag of (2/20)360° = 36°. Therefore,
the signal is expressed by

_ T apo
v(t)—2+6cos(10t 36)
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The average and effective values are found from A and B:

V,,=A=2 Vi =A"+BY2=2"+672=22 or  V, =+22=4.69

avg

6.8. Let v, = cos 2007 and v, = cos 2027t. Show that v= v, + v, is periodic. Find its period, V_ , and the

max’
times when v attains its maximum value.
The periods of v, and v, are T, = 1/100 s and 7, = 1/101 s, respectively. The period of v = v, + v, is the
smallest common multiple of 7, and T,, which is T= 1007, = 1017, = 1 s. The maximum of v occurs at t =
k, with k an integer, when v, and v, are at their maxima, and V= 2.

6.9. Convert v(f) =3 cos 1007 + 4 sin 100z to A sin(100z + 6).

Note that3/+/3% + 4% =3/5 =5in36.87° and 433> + 4> = 4/5 = c0s36.87° . Then,
V(t) = 3 cos 1007 + 4 sin 1007 = 5(0.6 cos 1007 + 0.8 sin 100¢7)
= 5(sin 36.87°cos 100z + cos 36.87° sin 100¢) = 5 sin (1007 + 36.87°)

6.10. Find the average and effective value of v,(¢) in Fig. 6-1(b) for V, =2, V,=1,T=4T,.

M-V, (T=T) _ V=3V,
V2,avg = T = ) =-0.25
,  VIT VT -T) 7
Vaert = T =7 or Vyett = J712=1.32

6.11. Find V3, and V; . in Fig. 6-1(c) for T'=100T,.
From Fig. 6-1(c), V3 4, = 0. To find V; . observe that the integral of vi over one period is VOZT] /2. The
average of 1)32 over T = 1007, is therefore

2 2 2 2
;1)) = Vit = Vo 1,/2007; = V7/200 or Viett = VO\/E/ZO = 0.0707V,
The effective value of the tone burst is reduced by the factor ./ 7/T, = 10.

6.12. Referring to Fig. 6-1(d), let T= 6 and let the areas under the positive and negative sections of v,(7) be
+5 and -3, respectively. Find the average and effective values of v,(7).
Vyave = (5= 36 =173

The effective value cannot be determined from the given data.

6.13. Find the average and effective value of the half-rectified cosine wave v,(¢) shown in Fig. 6-17(a).

V. (114 2m vT[ . 2m]™ v
— Im 2t o 2 = Im
VLavg =7 J._T/4 cos—x dt 2”T[sm T -
~T/4
V2 V2 (14 22md V2 (14 (1 4m)d
= cos” ——dt = & + cos—— |dt
Lett T J 74 T 2T ) 114 T
Yl o L gndmt]™ _Vu(T T _Vy
2 ST 2r\47 7)1
~T/4
from which V| .=V /2.
Leff m

6.14. Find the average and effective value of the full-rectified cosine wave v,(¢) =V, |cos 27t/T | shown in
Fig. 6-17(b).
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vy(1) V(1)
v, Vi
1 ; t 1 1 t
o S L S S S N O B
(@) )
Fig. 6-17
Use the results of Problems 6.3 and 6.13 to find V2,avg' Thus,
V(1) = v,() + v, (-T72) and v, — Vi ave T 14 avg = 2Vl,avg =2V Ir
Use the results of Problems 6.5 and 6.13 to find V2 off And so,
2 2 2
Vaett = Viett T Viewr = 2View = V,/2 or Voett = v, /N2

The rms value of v,(¢) can also be derived directly. Because of the squaring operation, a full-rectified
cosine function has the same rms value as the cosine function itself, which is Vm/ﬁ.

6.15. A 100-mH inductor in series with 20-Q resistor [Fig. 6-18(a)] carries a current i as shown in
Fig. 6-18(b). Find and plot the voltages across R, L, and RL.

+ +
20Q UR
URL +
100 mH < VL
(@)
v,V
10-3
-1000
(c)

i, A
10
t,s
10-3
®)
Vg, V
200
10-3
t,s

Fig. 6-18

-800
-1000
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10 ) 0 fort <0
i =410(1 - 10’%) (A) and %: ~-10*A/s for0<t<107s
0 0 fort>107s
200V ) 0 fort <0
v, =Ri =420001-10’n (V)  and v, = L% =1-1000V  for0<r<107s
0 0 fort>107s

Since the passive elements are in series, V,, = U, + U, and so

200V forr <0
V,, = 1-2(10°1) — 800 (V) for0<7<107s
0 fort>10"s

The graphs of v, and vy, are given in Fig. 6-18(c) and (d), respectively. The plot of the resistor voltage
Up has the same shape as that of the current [see Fig. 6-18(b)], except for scaling by a factor of 20.

6.16. A radar signal s(7), with amplitude V, = 100V, consists of repeated tone bursts. Each tone burst lasts
T, =50 us. The bursts are repeated every 7, = 10 ms. Find S ;. and the average power in s(7).
Let V. = V V2 be the effective value of the sinusoid within a burst The energy contained in a single burst
is W, = T V The energy contained in one period of s(#) is W, = TS . Since W, = W_= W, we obtain

T, Veff

TsSeff Seff =T,/ Ts)veff Setr = I,/ T, Vegr (40)

Substituting the values of 7,, T, and V.. into (40), we obtain

=V (50 x107/(10 x 107) (100K2) = 5 V
Then W= 10" (25) =0.25 J. The average power in s(?) is
P=WIT = TSe“/T = Se“ =25W

The average power of s(¢) is represented by Seff and its peak power by Vezﬁ. The ratio of peak power to
average power is /T, /T, . In this example the average power and the peak power are 25 W and 5000 W,
respectively.

6.17. An appliance uses V . =120 V at 60 Hz and draws / ;. = 10 A with a phase lag of 60°. Express v, i,
and p = vi as functions of time and show that power is periodic with a dc value. Find the frequency,

and the average, maximum, and minimum values of p.

v = 12042 cos ot i = 1032 cos (o — 60°)
p = vi = 2400 cos wzcos (wt — 60°) = 1200 cos 60° + 1200cos 2wt — 60°) = 600 + 1200cos 2wt — 60°)

=600W,p_ =600+ 1200=

max

The power function is periodic. The frequency is f=2 x 60 = 120 Hz. Also, P,
1800 W and p_, = 600 — 1200 = —600 W.

Vg

6.18. A narrow pulse i_of 1-A amplitude and 1-ys duration enters a 1-UF capacitor at £ = 0, as shown in
Fig. 6-19. The capacnor is initially uncharged. Find the voltage across the capacitor.

i), A

t, us

Fig. 6-19
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The voltage across the capacitor is

fort <0

= —j idt = 10 l(V) for 0 < t <1 us (charging period)
for¢>1us

If the same amount of charge were deposited on the capacitor in zero time, then we would have v = u(f) (V)
and i(f) = 10°°6() (A).

6.19. The narrow pulse i of Problem 6.18 enters a parallel combination of a 1-uF capacitor and a 1-MQ
resistor (Fig. 6-20). Assume the pulse ends at = 0 and that the capacitor is initially uncharged. Find

the voltage across the parallel RC combination.
Let v designate the voltage across the parallel RC combination. The current in R is i, = V/R = 10~ o

iR} ict

is(D 1 MQ Ti LpF v

Fig. 6-20

During the pulse, i, remains negligible because v cannot exceed 1 V and i, remains under 1 pA. Therefore,
it is reasonable to assume that during the pulse, i, =1 A and consequently v(0") = 1 V. For ¢ > 0, from
application of KVL around the RC loop we get
d
u+d—“=0, (0 =1V (41)
t

The only solution to (41) is v = e "for t >0 or v(f) = e~ u(t) for all ¢. For all practical purposes, i, can be
considered an impulse of size 10 A and then v = ¢ 'u(r) (V) is called the response of the RC comblnatlon
to the current impulse.

6.20. Plot the function v(f) which varies exponentially from 5 V at7=0to 12 V at ¢ = o with a time constant
of 2 s. Write the equation for v(7).

Identify the initial point A (+ = 0 and v = 5) and the asymptote v = 12 in Fig. 6-21. The tangent at A
intersects the asymptote at ¢ = 2, which is point B on the line. Draw the tangent line AB. Identify point C
belonging to the curve at ¢ = 2. For a more accurate plot, identify point D at r = 4. Draw the curve as shown.
The equation is v(f) = Ae 2 4 B. From the initial and final conditions, we get V(0) =A + B =5 and v(e) =
B=120rA=-7,and v(t) = ~7¢ " + 12.

u(t)

12
11.05

9.42

Fig. 6-21
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6.21. The voltage v= Voe_alt| for a > 0 is connected across a parallel combination of a resistor and a capacitor
as shown in Fig. 6-22(a). (a) Find currents i ., iy, and i =i+ i,. (b) Compute and graph v, i, ip, and
i for Vo= 10V, C=1uF,R=1MQ,anda = 1.

i

-

Yig Vic

=V, e-alt C) R =C

(@

ts
ts
LS
i, pA
20
7.36
LS

(e)
Fig. 6-22
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(a) See (a) in Table 6-3 for the required currents.

(b) See (b) in Table 6-3. Figures 6-22(b)—(e) show the plots of v, i, i,, and i, respectively, for the given
data. During t > 0, i = 0, and the voltage source does not supply any current to the RC combination.
The resistor current needed to sustain the exponential voltage across it is supplied by the capacitor.

Table 6-3
Time v i.=Cdvdt  i,=VIR i=i.+iy
@ <0 v= Ve i=CVae"  i,=(V/Re" i=uvy(Ca+1/R)e"
a — — — —
1>0  v=Ve" i.=-CVae" i,=(V/Re™ i=V(~Ca+1/R)e"
<0 Vs 10¢'  i,=107¢ =107 i=2(107¢)
t>0  v=10e" i,=-10"¢"  i,=10"¢" =0

SUPPLEMENTARY PROBLEMS

6.22.

6.23.

6.24.
6.25.

6.26.
6.27.

6.28.

Let v, = 8 sin 1007 and v, = 6 sin 997r. Show that v = v, + v, is periodic. Find the period, and the maximum,
average, and effective values of v. Ans. T=2,V_ =14, Van =0,V = 52

max €
Find period, frequency, phase angle in degrees, and maximum, minimum, average, and effective values of v(¢) =
2+ 6 cos (107t + 7/6).

Ans. T=0.2s,f=5Hz, phase=30°,V =8,V . =—4, Vavg =2,V =22

€

Reduce v(¢) =2 cos (@t + 30°) + 3 cos wt to v(r) = A sin (0t + 0). Ans. A=4.84,0=102°

Find V) ave and V, .. in the graph of Fig. 6-1(b) for V) =V, =3, and T=4 T /3.

Ans. V. =15V, .=3

2,avg 2.eff
Repeat Problem 6.25 for V, =0, V, =4, and T =2T,. Ans. 'V, ave = 2,V = 2.2
Find V3’,(lvg and Vi et in the graph of Fig. 6-1(c) for V, =2 and T = 2007
Ans. V. =0,V, .=0.1

3,avg 3.eff

The waveform in Fig. 6-23 is sinusoidal. Express it in the form v =A + B sin (w? + 0) and find its mean and rms
values. Ans.  v(t) =1+ 65in (/12 + 120°), Ve = L, Vg =19

u(t)

O e L
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6.29. Find the average and effective values of v, (?) in Fig. 6-24(a) and v,(?) in Fig. 6-24(b).

1 [17 1 13
Ans. Vl,avg = _§’ Vl,eff = ?; V2,avg = _z’ V],eff = 7

vy(2) PAG)

-2

-3

@ ®)
Fig. 6-24

6.30. The current through a series RL circuit with R =5 Q and L = 10 H is given in Fig. 6-10(a) where T = 1 s. Find
the voltage across RL.

0 fort <0
Ans. v =410+ 5¢ forO<t<l1
0 fort>1

6.31. Find the capacitor current in Problem 6.19 (Fig. 6-20) for all . Ans. i.= 10°° [8(F) — e "u(n)]

6.32. The voltage v across a 1-H inductor consists of one cycle of a sinusoidal waveform as shown in Fig. 6-25(a).
(a) Write the equation for v(¢). (b) Find and plot the current through the inductor. (¢) Find the amount of and time
for the maximum energy in the inductor.

Ans. (@) = [u(t)—u(t — T)] sin @ )

b) i=T12m)[u(t) — u(t - T)](l — cos %) (A). See Fig. 6-25(b).

© W, = LZT2 (atr=172
2r

v,V
1
/ t
T T
2
-1 r
(@)
i, A
T .
m
; t
! T
®)

Fig. 6-25



142

6.33.

6.34.

6.35.

6.36.

6.37.

6.38.

6.39.

6.40.

CHAPTER 6 Waveforms and Signals

Write the expression for v(f) which decays exponentially from 7 at = 0 to 3 at t = o with a time constant of
200 ms. Ans. v()=3+ 4e fort>0

Write the expression for v(t) which grows exponentially with a time constant of 0.8 s from zero at = —co to 9 at
1=0.  Ans. v(n)=9¢" forr<0

Express the current of Fig. 6-6 in terms of step functions.
Ans.  i(t) = 4u(r) + 62 [u(t — 5k) — u(l — 5k + 2)]

In Flg 6 10(a) let T=1 s and call the waveform s,(¢). Express s,(¢) and its first two derivatives ds,/dt and
d* s /dt* , using step and impulse functions.

Ans.  s,(t) = [u(®) — u(t — D]t + u(t — 1),ds,/dt = u(t) — u(t - 1),d2s1/dt2 =0(t) - o(t—1)
Find an impulse voltage which creates a 1-A current jump at # = 0 when applied across a 10-mH inductor.
Ans. v(D)=1078(1) (V)

(@) Given v, = cos t, v, = cos (t + 30°) and v = v, + V,, write V in the form of a single cosine function v =
A cos (t+ 6). (b) Find effective values of v, v and L. Dlscuss why V eff > (V, leff + Vzeff).

Ans. (a) v=1.93 cos (t + 15°); (b) Vl,eﬁ: V2,eﬁ.= 0.707, V4 = 1.366. V4, is found from the following derivation
Vi =@ = (v, +,)") = (U] + 0] + 21)11)2) = (Up) + (03) + 2(VV,)

Since v, and v, have the same frequency and are 30° out of phase, we get (V| V,) = 4 cos 30° = \/3/4, which

is posrtrve Therefore V > (V, leff +V2 eff)

(@) Show that v, = cos t + cos 2t is not periodic. (b) Replace NG 2 by 1.4 and then show that v, = cos 1 +
cos 1.4zis perlodlc and find its period T, (c) Replace J2 2 by 1.41 and find the period T of v, = cos t+ cos 1.411.
(d) Replace V2 2 by 1.4142 and find the perlod T, of v,=cos 1+ cos 1.41421.

Ans.  (a) V2 is not a rational number. Therefore, v, is not periodic. (b) T, = 107 s. (¢) T, = 2007 s.
(d) T,=100007s.

A random signal s(f) with an rms value of 5 V has a dc value of 2 V. Find the rms value of s(7) = s(#) — 2, that is,
when the dc component is removed. S. 0 off =V5'—4=21=458V



First-Order Circuits

7.1 Introduction

Whenever a circuit is switched from one condition to another, either by a change in the applied source or a
change in the circuit elements, there is a transitional period during which the branch currents and element
voltages change from their former values to new ones. This period is called the transient. After the transient
has passed, the circuit is said to be in the steady state. Now, the linear differential equation that describes the
circuit will have two parts to its solution, the complementary function (or the homogeneous solution) and the
particular solution. The complementary function corresponds to the transient, and the particular solution to
the steady state.

In this chapter we will find the response of first-order circuits, given various initial conditions and sources.
We will then develop an intuitive approach which can lead us to the same response without going through the
formal solution of differential equations. We will also present and solve important issues relating to natural,
forced, step, and impulse responses, along with the dc steady state and the switching behavior of inductors
and capacitors.

7.2 Capacitor Discharge in a Resistor

Assume a capacitor has a voltage difference V between its plates. When a conducting path R is provided,
the stored charge travels through the resistor from one plate to the other, establishing a current i. Thus, the
capacitor voltage v is gradually reduced to zero, at which time the current also becomes zero. In the RC
circuit of Fig. 7-1(a), Ri = v and i = —C dv/dt. Eliminating i in both equations gives

dv 1
YL = 1
7t Re 0 (D

The only function whose linear combination with its derivative can be zero is an exponential function of
the form Ae”. Replacing v by Ae" and dv/dt by sAe” in (1), we get

sAe” + RLAeSt = A(s + Rl—c)est =0

C
f hich +—===0 L 2
rom whic S+ e = or S=~RE (2)
Given v(0) =A =V, v(?) and i(7) are found to be
o) =Ve " >0 3)
o ~dv Vo ke 4
i(t) =— E—?e , t>0 “4)

The voltage and current of the capacitor are exponentials with initial values of V and V|/R, respectively.
As time increases, voltage and current decrease to zero with a time constant of 7= RC. See Figs. 7-1(b)
and (c).
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EXAMPLE 7.1 The voltage across a 1-uF capacitor is 10 V for  <0. At =0, a 1-MQ resistor is connected across the
capacitor terminals. Find the time constant 7, the voltage v(7), and its value at 7 =5 s.

T=RC=10°10"%s=1s u(t) = 10e ' (V), 1> 0 v(5) = 10e™ = 0.067 V

(@)

x| <

VO
0.368—
R

Fig. 7-1

EXAMPLE 7.2 A 5-pF capacitor with an initial voltage of 4 V is connected to a parallel combination of a 3-k and a
6-kQ resistor (Fig. 7-2). Find the current i in the 6-kQ2 resistor.

it + I

ws . ]
1

Fig. 7-2

S

t=0
SuF

The equivalent resistance of the two parallel resistors is R = 2 k(2. The time constant of the circuit is RC = 107%s. The
voltage and current in the 6-kQ resistor are, respectively,

v =4e % (v) and i = v/6000 = 0.67¢ ' (mA)
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7.3 Establishing a DC Voltage across a Capacitor

Connect an initially uncharged capacitor to a battery with voltage V|, through a resistor at 7 = 0. The circuit
is shown in Fig. 7-3(a).

Jj
Vo u(rn) C T v

(a)
ulr)
T R o
0.632V, F----- —
H
: !
RC
(b)
i)
A
R

¥
0.368 -°
R

(e)

Fig. 7-3

For 7> 0, KVL around the loop gives Ri + v =V, which, after substituting i = C(dv/dt), becomes

Ed‘ﬁv_RCVO t>0 (5a)
with the initial condition
(0 =v07)=0 (5b)

The solution should satisfy both (5a) and (5b). The particular solution (or forced response) v (t) =
satisfies (5a) but not (5b). The homogeneous solution (or natural response) V,(t) = =Ae "R can be added and
its magnitude A can be adjusted so that the total solution (6a) satisfies both (5a) and (5b).

V(1) = 0, (1) + V(1) = Vy + Ae”'KC (6a)
From the initial condition, v(0") = V,+A=0o0rA=-V,. Thus the total solution is
u(r) = Vy(1— e " Yu) [see Fig. 7-3(b)] (6b)

i(t) = % e RCu(r) [see Fig. 7-3(c)] (6¢)
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EXAMPLE 7.3 A 4-uF capacitor with an initial voltage of v(0") =2 V is connected to a 12-V battery through a resistor
R =5%kQ at t = 0. Find the voltage across and current through the capacitor for 7 > 0.
The time constant of the circuit is 7= RC = 0.02 s. Following the analysis of Example 7.2, we get

v(1) = 12 + Ae>"
From the initial conditions, v(0") = v(0+) =12+A=2orA=-10. Thus, for > 0,
(1) = 12-10e7" (V)
i(1) = (12 = 0)/5000 = 2 x 107" A4 = 2¢7°% (mA)
The current may also be computed from i = C(dv/dt). And so the voltage increases exponentially from an initial value

of 2 V to a final value of 12 V, with a time constant of 20 ms, as shown in Fig. 7-4(a), while the current decreases from
2 mA to zero as shown in Fig. 7-4(b).

v(),V
12 Fommmmmm g m oo
832 |----/-; .
29 E
0 0.02 bs
(a)
i(f), mA
LS
(b)
Fig. 7-4

7.4 The Source-Free RL Circuit
In the RL circuit of Fig. 7-5, assume that at ¢ = 0 the current is I, For t > 0, i should satisfy Ri + L(di/df) =0,
the solution of which is i = Ae”. By substitution we find A and s:

AR + Ls)e" =0, R+Ls=0, s =—R/L

Fig. 7-5
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The initial condition i(0) = A = I,. Then
i(t) = I,e” " for t > 0 (7
The time constant of the circuit is L/R.

EXAMPLE 7.4 The 12-V battery in Fig. 7-6(a) is disconnected at ¢ = 0. Find the inductor current and voltage v for

all times.
0 4Q
—e A .
Veoy
+
12v-ﬁE— 0.1H v %109
(@)
40
M l ‘ -+ ‘ 1 +
+
12V—— v 0.1H v § 100
_ i(09=3A -
b) (©)
13 v
- 3
1
t 100 t
1
100
30
@ (e)
Fig. 7-6

Assume the switch S has been closed for a long time. The inductor current is then constant and its voltage is zero.
The circuit at =0 is shown in Fig. 7-6(b) with i(0") = 12/4 =3 A. After the battery is disconnected, at ¢ = 0, the circuit
will be as shown in Fig. 7-6(c). For ¢ > 0, the current decreases exponentially from 3 A to zero. The time constant of the
circuit is L/R = (1/100)s. For ¢ > 0, the inductor current and voltage are, respectively,

i(r) = 3¢ (A)
(1) = L(dildt) = =30¢"°" (V)

i(t) and v(¢) are plotted in Figs. 7-6(d) and (e), respectively.
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7.5 Establishing a DC Current in an Inductor

If a dc source is suddenly applied to a series RL circuit initially at rest, as in Fig. 7-7(a), the current grows
exponentially from zero to a constant value with a time constant of L/R. The preceding result is the solution
of the first-order differential equation (8) which is obtained by applying KVL around the loop. The solution
follows.

Vo =& L (@)

(@)
i) v()

(b) ©
Fig. 7-7

Ri+Lﬂ=V

7=V fort >0, i(0H =0 3)

Rt/L

Since i =1i,(1) + ip(t), where i, (f) = Ae " and ip(t) = V,/R, we have

—Rt/L

i=Ae™" + VIR

The coefficient A is found from i(0") = A + Vy/R =0 or A=-V/R. The current in the inductor and the
voltage across it are given by (9) and (10) and plotted in Fig. 7-7(b) and (c), respectively.

i(r) = Vy/R(1— e "'hy fort >0 9)
di —Ri/L
v(t)=LE = Ve fort>0 (10)

7.6 The Exponential Function Revisited

The exponential decay function may be written in the form ¢ ", where Tis the time constant (in s). For the RC
circuit of Section 7.2, T = RC; while for the RL circuit of Section 7.4, T = L/R. The general decay function

f(t) = Ae™'" (t > 0)
is plotted in Fig. 7-8, with time measured in multiples of 7. It is seen that

f(1)=Ae”' =0.368 A
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fo)=A

0.007 A f(®)=0

Fig. 7-8

that is, at # = 7 the function is 36.8 percent of the initial value. It may also be said that the function has under-
gone 63.2 percent of the change from f(0") to f(e9). At ¢ = 57, the function has the value 0.0067A, which is
less than 1 percent of the initial value. From a practical standpoint, the transient is often regarded as over
afterr=57.

The tangent to the exponential curve at £ = 0" can be used to estimate the time constant. In fact, since

slope = f/(0") = - %

the tangent line must cut the horizontal axis at 7 = 7 (see Fig. 7-9). More generally, the tangent at 7 = 7,

has horizontal intercept 7, + 7. Thus, if the two values f(7,) and f ’(to) are known, the entire curve can be
constructed.

A9
¢

)
(S t
\<~slope= —tan ¢ = _A
T T

Fig. 7-9

At times a transient is only partially displayed (on chart paper or on the face of an oscilloscope), and the
simultaneous values of function and slope needed in the preceding method are not available. In that case, any

pair of data points, perhaps read from instruments, may be used to find the equation of the transient. Thus,
referring to Fig. 7-10,

fl :Ae—t]/r f2 :Ae—tzlr

which may be solved simultaneously to give
T = L=
Inf, —1Inf,

and then A in terms of 7 and either f, or f,.
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fi p——

f "———'l———

Fig. 7-10

7.7 Complex First-Order RL and RC Circuits

A more complex circuit containing resistors, sources, and a single energy storage element may be converted
to a Thévenin or Norton equivalent as seen from the two terminals of the inductor or capacitor. This reduces
the complex circuit to a simple RC or RL circuit which may be solved according to the methods described
in the previous sections.

If a source in the circuit is suddenly switched to a dc value, the resulting currents and voltages are expo-
nentials, sharing the same time constant with possibly different initial and final values. The time constant of
the circuit is either RC or L/R, where R is the resistance in the Thévenin equivalent of the circuit as seen by
the capacitor or inductor.

EXAMPLE 7.5 Find i, v, and i, in Fig. 7-11(a).

i 120 | Rm=40 |
== AAYAY, . | AYAYAY, —
+ i | 1 +
! :
9u(t) f> 6Q » 5mH Ivn,=3u(t)Cf> " 5mH
I
| :
w o I 4 o
B B
(@) )

Fig. 7-11

The Thévenin equivalent of the circuit to the left of the inductor is shown in Fig. 7-11(b) with R, =4 Q and v, =
3u(r) (V). The time constant of the circuit is 7= L/R}, = 5(1073)/4 s = 1.25 ms. The initial value of the inductor current is
zero. Its final value is

v,
i(e0) = I AL =0.75 A
R, 4Q
Therefore,
i=0.751-¢"urn A  v= L% =3 U (v) g = 91"—2” = %(3 — () (A)

L can also be derived directly from its initial value V(0" = (9 X 6)/(12 + 6) =3V, its final value v(e<) = 0 and the circuit’s
time constant.
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EXAMPLE 7.6 In Fig. 7-12 the 9-UF capacitor is connected to the circuit at = 0. At this time, capacitor voltage is

v, =17 V. Find v,, vy, U, iyps i4» and i, forz>0.

Vs

=)
S
s

S AAY

w

5

=<t
T

VWA

IS

=

=}

Fig. 7-12

Apply KCL at nodes A, B, and C for ¢ > 0 to find voltages in term of i:

Node A: (%+%+%)0A—%v3—%%=0 or 6v, —3v, -V, =0 (11)
) 1 1 1 3. 1 3.

Node B: _§DA+ 7+Z 03—10’—10c=0 or =2V, +30, =V, = (4 x107)i (12)
] 1 1 1 1 1

Node C: _EUA_ZUB+ Z+3+ﬁ V. =0 or —2v, =30, +6V.,=0 (13)

Solving (11), (12), and (13) simultaneously,
7 . 3. 34 5. 8 3.
vA=§(10 )i vB=j(10 )i vc=§(10 )i

The circuit as seen by the capacitor is equivalent to a resistor R = v,/i = 34/9 k€. The capacitor discharges its initial

voltage V| in an exponential form with a time constant 7 = RC = %(103)(9 X 10_6) = 0.034 s. For 7 > 0, the voltages
and currents are

- Voe—t/‘r — 17¢1000:/34 )

B

dv
i=—C—l = (9 x 17 x 107 /34)e” " = (4.5 5 107)e " (A)

7 . B ; g . ) \
v, = §(103)l =10.5¢ 1000¢/34 V) Ve = §(103)1 = 12¢ 1000¢/34 V)

V=0, — Uy =—6.5¢ (V) i =0,,/2000 = (=3.25 x 107)e 1 (A)
V=0, U =—157" " (V) i, =0, /16000 = (=0.25 x 10 (A)
=1, — v, =5¢ " (V) g0 = Vg /4000 = (1.25 x 107)e 7% (A)

Ve

All voltages and currents are exponential functions and have the same time constant. For simplicity, it is customary to
use units of V, mA, k€, and ms for voltage, current, resistance, and time, respectively, so that the multipliers 1000 and
10~ can be omitted from the equations as summarized below.

v, =105 (V) v, =-65"" (V) i, =-3.25""" (mA)

v, =177 (V) v, =15 (V) i, =-0.25"" (mA)

v. =127 (V) v

- =567 (V) ige = 1.25¢7"" (mA)

BC

i=4.5¢" (mA)
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7.8 DC Steady State in Inductors and Capacitors

As noted in Section 7.1, the natural exponential component of the response of RL and RC circuits to step
inputs diminishes as time passes. At t = oo, the circuit reaches steady state and the response is made up of the
forced dc component only.

Theoretically, it should take an infinite amount of time for RL or RC circuits to reach dc steady state.
However, at t = 57, the transient component is reduced to 0.67 percent of its initial value. After passage
of 10 time constants, the transient component equals 0.0045 percent of its initial value, which is less
than 5 in 100,000, at which time for all practical purposes we may assume the steady state has been
reached.

At the dc steady state of RLC circuits, assuming no sustained oscillations exist in the circuit, all currents
and voltages in the circuit are constants. When the voltage across a capacitor is constant, the current through
it is zero. All capacitors, therefore, appear as open circuits in the dc steady state. Similarly, when the current
through an inductor is constant, the voltage across it is zero. All inductors therefore appear as short circuits
in the dc steady state. The circuit will be reduced to a dc-resistive case from which voltages across capaci-
tors and currents through inductors can be easily found, as all the currents and voltages are constants and the
analysis involves no differential equations.

The dc steady-state behavior presented in the preceding paragraph is valid for circuits containing any
number of inductors, capacitors, and dc sources.

EXAMPLE 7.7 Find the steady-state values of i, Vg and (D in the circuit of Fig. 7-13(a).
When the steady state is reached, the circuit will be as shown in Fig. 7-13(b). The inductor current and capacitor volt-

ages are obtained by applying KCL at nodes A and B in Fig. 7-13(b). Thus,

(=18 u(t)

@ AN = 2200
6 kQ L
VWA * VWA
2kQ 4%Q

'UCZT C2

(a)

18V i,

O—W—=

A 6kQ 5
- VWA ,e VWA
2kQ 4kQ
§3k9 %leQ

3A G v ey
I

Fig. 7-13
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) Uy, VY vA+18—vB_ 3 B
Node A: 3,+ 5 + 5 =3 or 20, -0, =0

Uy, Vy—U, Vp—18-v,
IV *

Node B: =0 or —4v, + 50, =36

Solving for v, and v, we find v, =6 V and v, = 12 V. By inspection of Fig. 7-13(D), we have i, =2 mA, v, =8 V, and
Ve =6V.

EXAMPLE 7.8 Find i and v in the circuit of Fig. 7-14.

36u(t)
© %
N~ 6 kQ
WA———— M
2kQ 4kQ
{i

Fig. 7-14

At t=0, the voltage across the capacitor is zero. Its final value is obtained from dc analysis to be —2 V. The time constant
of the circuit of Fig. 7-14, as derived in Example 7.6, is 0.034 s. Therefore,

0 = —2(1 — 10034y 4y (v

. dv (9 x107°)(2 x 103) ~10001/34
i=C—H=- e

o= e u(t) (A) = —0.53¢ %% (1) (mA)

7.9 Transitions at Switching Time

A sudden switching of a source or a jump in its magnitude can translate into sudden jumps in voltages or
currents in a circuit. A jump in the capacitor voltage requires an impulse current. Similarly, a jump in the
inductor current requires an impulse voltage. If no such impulses can be present, the capacitor voltages and
the inductor currents remain continuous. Therefore, the post-switching conditions of L and C can be derived
from their pre-switching conditions.

EXAMPLE 7.9 In Fig. 7-15(a) the switch S is closed at # = 0. Find i and v for all times.

Att=0, the circuit is at steady state and the inductor functions as a short with v(0") = 0 [see Fig. 7-15(b)]. The inductor
current is then easily found to be i(0") =2 A. After S is closed at ¢ = 0, the circuit will be as shown in Fig. 7-15(c). For 1 > 0,
the current is exponential with a time constant of 7= L/R = 1/30 s, an initial value of i(0M)=i(07) =2 A, and a final value
of 12/3 =4 A. The inductor’s voltage and current are

For t <0, i=2Aand v=0

Fort>0, i=4-2¢""(A)and v= L% =6¢7" (V)
and plotted in Figs. 7-15(d) and (e).
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S
t=0
——————
i
— VW AMN—=
20 3Q +
+
12V —/— 60 v 100 mH
(a)
20 30 30 i
‘ NN—=
+
+ ) +
12V _|, 60 i 12V—=— v 100 mH
b) (c)
v,V
6
i, A
4 --------------------------
2 ;
1 . t,s t s
d) (e)

Fig. 7-15

EXAMPLE 7.10 Findiand v for7=0" and = 0" in the circuit of Fig. 7-16, given R=5 Q, L = 10 mH, and

v = 5V for t <0
s | 5sin ot (V) for t >0
R i
4VAVAY, T
Us v L
Fig. 7-16

Atr=07,i(07)=5/5=1A and v(0") = 0. During the transition time = 0 to # = 0", the inductor current is continu-
ous as there exists no voltage impulse to produce a discontinuity in it. Therefore, i(0M =i(07) =1 A. To find v(0"), write
KVLatt=0": v =RI+ vand note that v,(0") = 0. Therefore, v(0") = v(0") — ri(0") ==5 V.
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7.10 Response of First-Order Circuits to a Pulse

In this section we will derive the response of a first-order circuit to a rectangular pulse. The derivation applies
to RC or RL circuits where the input can be a current or a voltage. As an example, we use the series RC circuit
in Fig. 7-17(a) with the voltage source delivering a pulse of duration T and height V,,. For <0, v and i are
zero. For the duration of the pulse, we use (6b) and (6¢) in Section 7.3:

v =V, -e "R O<t<T) (14a)
1%
i= Toe"”?c 0<t<T) (14b)

When the pulse ceases, the circuit is source-free with the capacitor at an initial voltage V.
Vv, =V,(1-e " (14¢)

Using (3) and (4) in Section 7.2, and taking into account the time shift 7, we have

v = Ve UTDIRE (t>T) (15a)
i = ~(V,IR)e ""TVRE (t>T) (15b)

The capacitor voltage and current are plotted in Figs. 7-17(b) and (c).

R i
NN—= +
vy= Volu®) - u(t-T)] c =y
(a)
i
Yy
R
E - _T+"r
: [ S t
T T T+t T T
_VT
e
) (c)
Fig. 7-17

EXAMPLE 7.11 In the circuit of Fig. 7-17(a), let R=1kQ and C =1 puF and let the voltage source be a pulse of height
V,, and duration 7. Find i and v for (@) V,=1V and T=1ms, (b) V,=10 V and T=0.1 ms, and (¢) V,= 100 V and
T=0.01 ms.

We use (14) and (15) with the time constant of 7 = RC = 1 ms. For convenience, time will be expressed in ms,
voltages in V, and currents in mA. We also use the approximation ¢ ' = 1 — ¢ when ¢ < 1.

(@ V,=1V,T=1ms.

ForO<t<1 ms,
v=(>1-¢"),i=¢", and V,=(-¢")=0632V
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For > 1 ms,
v=0.632""=172", and i=-172"
) V,=10V,T=0.1 ms.
For 0 <#<0.1 ms,
v=101-e¢"),i=10e", and  V,=1001-¢*) =095V
For > 0.1 ms,
v=0.95"""Y=1.05", and  i=-1.05"
() V,=100V,T=0.01 ms.
For 0 <1< 0.01 ms,
v=100(1-¢")=100t,i = 100e" =100l -7),  and  V, =100(1-¢ ") =0.995V
For t > 0.01 ms,
v=10.995¢""""" =1.0le"  and  i=-1.0le"
As the input voltage pulse approaches an impulse, the capacitor voltage and current approach v = ¢ 'u(r) (V) and

i= 8 (1) — e 'u(t), respectively.

7.11 Impulse Response of RC and RL Circuits

A narrow pulse can be modeled as an impulse with the area under the pulse indicating its strength. Impulse
response is a useful tool in the analysis and synthesis of circuits. It may be derived in several ways: take the
limit of the response to a narrow pulse, to be called the limit approach, as illustrated in Examples 7-11 and
7-12; take the derivative of the step response; or solve the differential equation directly. The impulse response
is often designated by A(f).

EXAMPLE 7.12 Find the limits of i and v of the circuit in Fig. 7-17(a) for a voltage pulse of unit area as the pulse
duration is decreased to zero.
We use the pulse responses in (14) and (15) with V,, = 1/T and find their limits as 7 approaches zero. From (14¢) we have

lim V, = lim (1- ¢ "*)/T = 1/RC
T—0 T-0

From (15) we have:

Fort<O, hv =0 and hl. =0
For0 <t<0", 0<h <—— and h, :lé(t)
v RC ' R
For t > 0, h(f) = Leit/RC and h.(t) = —Left/Rc
v RC i R2C

Therefore,

1 _i/re 1 1 ke
hv([) = Ee u(t) and hi([) = ES([) - RTCE u(t)

EXAMPLE 7.13 Find the impulse responses of the RC circuit in Fig. 7-17(a) by taking the derivatives of its unit step
responses.

A unit impulse may be considered the derivative of a unit step. Based on the properties of linear differential equations
with constant coefficients, we can take the time derivative of the step response to find the impulse response. The unit
step responses of an RC circuit were found in (6) to be

l)(l) — (1 _ e—t/RC —t/RCu(l)

We find the unit impulse responses by taking the derivatives of the step responses. Thus

Ju(t) and i(t) = (1/R)e

1 _yre 1 1 ke
hv(l) = Ee u(t) and hi(l) = Eé(t) - RTCB u(t)
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EXAMPLE 7.14  Find the impulse responses (1), h (), and h,, (1) of the RL circuit of Fig. 7-11(a) by taking the deriva-
tives of its unit step responses.

The responses of the circuit to a step of amplitude 9 were already found in Example 7.5. Taking their derivatives and
scaling them down by 1/9, we find the unit impulse responses to be

1 8007 200

hy(t) = §%[0.75(1 — 3% = Te_gootu(t)
1d . o0 800 _so0r 1
hy(0) = g7 B3e " un] = === u(n) + 38(1)
hy (1) = %%[%(3 - e‘8°°’)u(t)} = @e‘mu(z) + %5(:)

7.12 Summary of Step and Impulse Responses in RC and RL Circuits

Responses of RL and RC circuits to step and impulse inputs are summarized in Table 7-1. Some of the entries in this
table have been derived in the previous sections. The remaining entries will be derived in the solved problems.

Table 7-1(a). Step and Impulse Responses in RC Circuits

RC Circuit Unit Step Response Unit Impulse Response
R i
W—= N
v, = u(t) v, = 6(1)
U q) C =4~ v _ _ —t/Re _ —t/RC
v=>_0-e Ju(t) h, = (1/RC)e u(t)
. —t/Rc
. i = (R)e™"™u(r) h. = —(1IRC)e™ " Cut) + (1IR)S(1)

i = u(t) i =06(1)

)
“

x
VWA

a

\|

)

<

{v R(1 = ¢ "yu(r) h, = (1/C)e” " u(r)
B} i=e"®u) h, = ~(/RC)e™""Cu(r) + 8(1)

Table 7-1(b). Step and Impulse Responses in RL Circuits

RL Circuit Unit Step Response Unit Impulse Response

v, = u(t) v = 6(1)
ge 3

{v Ry {hv = (RIL)e M ut) + 5(r)
_ i

WRY(1 — e ®"Eyu(r) h, = —(L)e " u(r)
i, = u(t) i, = 6(n
2 (1) R% L v ;

{v = Re Ry (r) —~(R¥L)e ® u(t) + RS(r)
i=0-e¢ "0 (RIL)e ™" u(r)

—N—
S
o
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7.13 Response of RC and RL Circuits to Sudden Exponential Excitations

Consider the first-order differential equation which is derived from an RL combination in series with a
sudden exponential voltage source v, = Voe‘”u(t) as in the circuit of Fig. 7-18. The circuit is at rest for ¢ < 0.
By applying KVL, we get

di

Ri+L_ = Ve u(t) (16)
For t > 0, the solution is
i(t) =i, ()+ ip(t) and i(0+) =0 (17a)
i v,=Voestu(t)
= NV
R Vo
Cﬁ) v L
t
(@) (b)
Fig. 7-18

The natural response i,(7) is the solution of Ri + L(di/dr) = 0, i.e., the case with a zero forcing function.
Following an argument similar to that of Section 7.4 we obtain

i, (1) = Ae " (17b)
The forced response ip(t) is a function which satisfies (16) for # > 0. The only such function is
(1) = Ie" (17¢)

After substituting ip in (16), /; is found to be I, = V /(R + Ls). By choosing A = —V/(R + Ls), the boundary
condition i(0") = 0 is also satisfied. Therefore,

i) = 53 ZO (€ = e () (17d)

Special Case. 1If the forcing function has the same exponent as that of the natural response (s = —R/L), the
forced response needs to be i (f) = Iote_R”L. This can be verified by substitution in (16), which also yields
1, =V,/L. The natural response is the same as (17b). The total response is then

i) = i (1) + i, (1) = (It + A)e RIE

From i(07) = i(0") = 0 we find A = 0, and so () = I,te”""*u(r), where I, = V,/L.
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7.14 Response of RC and RL Circuits to Sudden Sinusoidal Excitations

When a series RL circuit is connected to a sudden ac voltage v, =V, cos or (Fig. 7-19), the equation of
interest is

. di
Ri+ L— = Vi (cos otu(r) (18)
The solution is
; L . ~Rt/L ;
i =i, + i where i, (1) = Ae and zp(t) =1, cos (wr — 0)
By inserting i in (18), we find I;:
V -1 Lo
I =—% and 0 = tan” =
0 /Rz + 2o? R
Then i(t) = Ae RE 4 1, cos (ot — 0) t>0

From i(0") = 0, we get A =—I, cos 6. Therefore,

i(t) = I,[cos (@t — ) — cos Be "'")]

Fig. 7-19

7.15 Summary of Forced Response in First-Order Circuits
Consider the following differential equation:

1)+ avir) = £ (19)

The forced response vp(t) depends on the forcing function f(¢). Several examples were given in the
previous sections. Table 7-2 summarizes some useful pairs of the forcing function and what should be
guessed for vp(t). The responses are obtained by substitution in the differential equation. By a weighted
linear combination of the entries in Table 7-2 and the appropriate time delay, the forced response to new
functions may be deduced.

7.16 First-Order Active Circuits

Active circuits containing op amps are less susceptible to loading effects when interconnected with other
circuits. In addition, they offer a wider range of capabilities with more ease of realization than passive circuits.
In our present analysis of linear active circuits we assume ideal op amps; that is, (1) the current drawn by
the op amp input terminals is zero and (2) the voltage difference between the inverting and noninverting
terminals of the op amp is negligible (see Chapter 5). The usual methods of analysis are then applied to the
circuit as illustrated in the following examples.
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Table 7-2
o v, (1)
1
1 -
a
; r_1
a 42
eSt
St
5 # —
¢ (s @) s+a
e—at te—at
1 0]
cos ot A cos (ot — 0) where A= — and tan 0 = —
[2 2 a
a +w
bt b 1
e cos mt Ae

"cos (wt — 0) where Y —— and tan 6 = Lb
Ja-b?+ o’ a-

EXAMPLE 7.15 Highpass filter. The op amp in the circuit of Fig. 7-44 is ideal. Find the unit-step response of the
circuit; that is, L, for v, = u(r).

The inverting input terminal of the op amp is at virtual ground and the capacitor has zero voltage at t =0
The 1-V step input, therefore, generates an exponentially decaying current i through R, C (from left to right,
with a time constant R, C and initial value of 1/R)).

+

I -1/RO)
—e u

R,

(0

i =

All of the preceding current passes through R, (the op amp draws no current), generating v, =—R,i at the output terminal.
The unit-step response is, therefore,

R, w0

__ 2 1
v, = R e u(t)

EXAMPLE 7.16 In the circuit of Fig. 7-44 derive the differential equation relating v, to v,. Find its unit-step response
and compare with the answer in Example 7.15.

Since the inverting input terminal of the op amp is at virtual ground and doesn’t draw any current, the current i
passing through C, R, and R, from left to right is —v,/R,. Let v, be the voltage of the node connecting R, and C. Then,
the capacitor voltage is v, — v, (positive on the left side). The capacitor current and voltage are related by
v al(v1 -V A)

R dt

To eliminate v,, we note that the segment made of R, R,, and the op amp form an inverting amplifier with v, =—(R,/R,)
Uy, from which v ), = —(R,/R,)0,. Substituting for v ), We get

de dvl
v, +RC—2=-RC—L
2 " dt 27 dt

To find the unit-step response, we first solve the following equation:

dv, —R2C tr>0
v+ RCZ- =10 1<0
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~t/(R,

The solution of the preceding equation is -RC(-e C))u(t). The unit-step response of the circuit is the time-

derivative of the preceding solution.

R
_ 5 —uwo
vz(t)— ra e T
1

®
Alternate Approach
The unit step response may also be found by the Laplace transform method (see Chapter 16).

EXAMPLE 7.17 Passive phase shifter. Find the relationship between v, and v, in the circuit of Fig. 7-45(a).
Let node D be the reference node. Apply KCL at nodes A and B to find

dv (vA—v)_

KCL at node A: c—4 + “ =90
dt R
dv, - v v
KCL at node B: CB—‘)+—B:0
dt R

Subtracting the second equation from the first and noting that v,= v, — v, we get

dv2 dv1
v, + RC—= =v, — RC—
2 dt 1 dt

EXAMPLE 7.18 Active phase shifter. Show that the relationship between v, and v, in the circuit of Fig. 7-45(b)
is the same as in Fig. 7-45(a).
Apply KCL at the inverting (node A) and non-inverting (node B) inputs of the op amp.

W, —v) O =v)

R R

KCL at node A: 0

w, —v,) dv
KCL at node B: B 1T ic—8=-9
R dt

From the op amp we have v, = v, and from the KCL equation for node A, we have v, = (v, + v,)/2. Substituting the
preceding expressions in the KCL equation at node B, we find

d1)2 d1
v,+ RC—==v — RC—
dt

SOLVED PROBLEMS

7.1. Att =0, just before the switch is closed in Fig. 7-20, v, = 100 V. Obtain the current and charge
transients.

+
+

p
v UR 1;4009

Fig. 7-20
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With the polarities as indicated on the diagram, v, = v for ¢ > 0, and 1/RC = 62.5 s Also, vC(O+) =
V(07) =100 V. Thus,

v

R — 0.25¢7%%% (A) g = Cu, = 4000e " (C)

—62.5 .
U, = U, = 100e V) =75

7.2. In Problem 7.1, obtain the power and energy in the resistor, and compare the latter with the initial
energy stored in the capacitor.

Vi = 25¢ (W)

Pr
! t
Wp = I det = j 25671251dt =0.20(1 - 671251) a)
0 0
The initial stored energy is

1 1 -
Wy = 5CVy = 540 x 107)(100)°J = 0.20 = wy(=)

In other words, all the stored energy in the capacitor is eventually delivered to the resistor, where it is
converted into heat.

7.3. An RC transient identical to that in Problems 7.1 and 7.2 has a power transient
pR — 3606_”0‘00001 (W)
Obtain the initial charge 0, if R=10 Q.

_ 2
pp=PRe "¢ or C = 10° or C=2uF

t
Wwe = J- pedt = 3.6(1— """ (mJ)
0

Then, wR(oo) =3.6m] = Q;/ZC, from which Q=120 uC.

7.4. The switch in the RL circuit shown in Fig. 7-21 is moved from position / to position 2 at ¢ = 0. Obtain
U, and v, with polarities as indicated.

Fig. 7-21

The constant-current source drives a current through the inductance in the same direction as that of the
transient current i. Then, for r > 0,

i = Ioe—RI/L — 26_25t (A)

v, = Ri = 200e7> (V)
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7.5. For the transient of Problem 7.4 obtain p, and p, .
Pp = Vi = 400e7" (W)
p, = v,i = —400e" (W)

Negative power for the inductance is consistent with the fact that energy is leaving the element. And, since
this energy is being transferred to the resistance, p, is positive.

7.6. A series RC circuit with R =5 kQ and C = 20 UF has a constant-voltage source of 100 V applied at
t = 0; there is no initial charge on the capacitor. Obtain i, Vg Vs and ¢, for t > 0.
The capacitor charge, and hence U, must be continuous at t = 0:

v.(07) =v.(07)=0

Ast— o0, 0. — 100V, the applied voltage. The time constant of the circuit is 7= RC = 107" s. Hence, from
Section 6.10,

Ve = [0.(07) = V(91" + V(o9 = =100e™" +100 (V)

The other functions follow from this. If the element voltages are both positive where the current enters,
Vp+ U= 100 V, and so

v, = 100e"" (V)

v _
i =% =20e 0" (mA)

q = Cv, =2000(1 - ¢ ') (uC)

7.7. The switch in the circuit shown in Fig. 7-22(a) is closed at # = 0, at which moment the capacitor has
charge O, =500 uC, with the polarity indicated. Obtain i and g, for 7 > 0, and sketch the graph of g.

q, uC
1000
/—‘ 1 kQ
1
50V
- 0
Q 20 uF

T

~500
(a) (b)
Fig. 7-22

The initial charge has a corresponding voltage V, = Q,/C = 25 V, whence UC(0+) = —25 V. The sign is
negative because the capacitor voltage, in agreement with the positive direction of the current, would be +
on the top plate. Also, V(e0) = +50 V and 7= 0.02 s. Thus, as in Problem 7.6,

Ve = =75¢7" +50 (V)

from which

q = Cv,. = -1500¢>" +1000 (ue) i= % =75¢" (mA)
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The sketch in Fig. 7-22(b) shows that the charge changes from 500 uC of one polarity to 1000 uC of the
opposite polarity.

7.8. Obtain the current i, for all values of ¢, in the circuit of Fig. 7-23.

For t < 0, the voltage source is a short circuit and the current source shares 2 A equally between the two
10-€ resistors:

50u(r) (V)
10 Q
10 Q SE . 2u(=1) (A)
‘| 302
Fig. 7-23

i) =i(07)=i0"H=1A

For r > 0, the current source is replaced by an open circuit and the 50-V source acts in the RL series
circuit (R = 20 Q). Consequently, as t — o , I — —50/20 = -2.5 A. Then from Section 6.10,

i(t) = [i(0") — (9l ®"F + i(eg = 3.5¢7'% — 2.5 (A)
By means of unit step functions, the two formulas may be combined into a single formula valid for all #:
i(1) = u(=t) + (3.5¢"% = 2.50u(r) (A)

7.9. In Fig. 7-24(a), the switch is closed at r = 0. The capacitor has no charge for 7 < 0. Find I U Ve and
v, for all times if i =2 mA.
For1<0,i,=2mA, Io=V,= 0, and v, = (2 mA)(5000 Q) =10 V.
For t > 0, the time constant is 7= RC = 10 ms and
i(0Y=0,i(0)=2mA,and i, =2(1 - ¢ ") (mA)  [See Fig. 7-24(b).]

V0" =0, V(o) = (2 mA)S kQ) =10 V, and v, = 10(1 —¢'*") (V) [See Fig. 7-24(c).]
i(0N=2mA, i () =0,andi.=2¢""" (mA)  [See Fig.7-24(d).]

00" =0, V() = (2 mA)S kQ) =10 V,and v, = 10(1 —¢ ™) (V) [See Fig. 7-24(e).]

7.10. In Fig. 7-25, the switch is opened at # = 0. Find i,,, iC, Ve and V.

For ¢ < 0, the circuit is at steady state with i, = 6(4)/(4 + 2) = 4 mA, ir=0,and v.=v =4(2)=8 V.

During the switching at # = 0, the capacitor voltage remains the same. After the switch is opened, at £ = 0",
the capacitor has the same voltage UC(O+) = vC(O_) =8 V.

For ¢ > 0, the capacitor discharges in the 5-kQ resistor, produced from the series combination of the 3-kQ

and 2-kQ resistors. The time constant of the circuitis 7= (2 + 3)(103)(2 X 10_6) =0.01 s. The currents and
voltages are

Uc — Se—IOOt (V)

iy = =i = 0./5000 = (8/5000)e " = 1.6¢”'""" (mA)
v = (6 mA)(4 kQ) =24V
since, for # > 0, all of the 6 mA goes through the 4-kQ resistor.

7.11. The switch in the circuit of Fig. 7-26 is closed on position / at # = 0 and then moved to 2 after one time
constant, at # = 7= 250 ps. Obtain the current for ¢ > 0.
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+ I Vir
t=0
i=2 mA D U, e % 5kQ
(el ,[ 2 [LF
(@)
ve, V
IR mA
10f--------+ Iaataiiteitedlfatatulletetiady
A i
; t, ms . t, ms
10 10
®) (©)
v, V
ic, mA I (| B
2 :
t, ms . t, ms
I 10 10
() (e)
Fig. 7-24

Fig. 7-25
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It is simplest first to find the charge on the capacitor, since it is known to be continuous (at # = 0 and at
t = 7), and then to differentiate it to obtain the current.
For 0 <t < 7, ¢ must have the form

q= A" + B

From the assumption ¢(0) = 0 and the condition

. dq
i(0h) = =
dt o
we find that A =-B =-10 uC, or

—4000¢

qg=101-e ) (UC) ((E Y] (20)

From (20), ¢(7) = 10(1 - ¢! ) UC; and we know that g(e0) = (0.5 uF)(-40 V) = -20 uC.
Hence, g, is determined for 7 > T as

q = [q(1) = gl """ + gleo) = 71.55¢ 74 —20 (LC) 1)

Differentiating (20) and (21),

. dg {40{4000’ mA)  (0<t<7)

| = — =
dt 1-286.2¢74%" (mA) (t>1)
See Fig. 7-27.
i, mA
40
147 1= — == '
0
| =250 us
I
|
|
|
|
I
-105.3 F— —_
Fig. 7-27

7.12. A series RL circuit has a constant voltage V applied at 7= 0. At what time does v, = v,?
The current in an RL circuit is a continuous function, starting at zero in this case, and reaching the final
value V/R. Thus, for >0,
i=Ya-er and v, =Ri=V1-e"")
R R

where 7= L/R is the time constant of the circuit. Since v, + v, =V, the two voltages will be equal when

1
URZEV
vi-e'y =1Ly

2

—t/‘L'_l

=2
L2

T

that is, when ¢ = 0.693 7. Note that this time is independent of V.
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7.13. A constant voltage is applied to a series RL circuit at # = 0. The voltage across the inductance is 20 V
at 3.46 ms and 5 V at 25 ms. Obtain Rif L=2 H.
Using the two-point method of Section 7-6.

-t 25 -3.46
_ 2 1 — —
U= T, —Inv, - 20— 1In5 ~ >34 ms
and so R=£=;3=128.7Q
T 1554 %107

7.14. In Fig. 7-28, switch S, is closed at 7= 0. Switch §, is opened at ¢ =4 ms. Obtain i for z > 0.

S,

100 V

Fig. 7-28

As there is always inductance in the circuit, the current is a continuous function at all times. In the
interval 0 < ¢ < 4 ms, with the 100 Q shorted out and a time constant 7= (0.1 H)/(50 Q) = 2 ms, i starts at
zero and builds toward

100V

500 — 24

even though it never gets close to that value. Hence, as in Problem 7.12

i=21-¢"*)(A) 0<t<4) (22)

where ¢ is measured in ms. In particular,
i4)=201-¢?)=1.729 A

In the interval 1 > 4 ms, i starts at 1.729 A and decays toward 100/150 = 0.667 A, with a time constant
0.1/150 = % ms. Therefore, with ¢ again in ms,

i=(1.729 — 0.667)e "~V 1 0667 = 428.4¢7" +0.667 (A) (1= 4) (23)

7.15. In the circuit of Fig. 7-29, the switch is closed at 7 = 0, when the 6-lLF capacitor has charge O, =300 pC.
Obtain the expression for the transient voltage V.
The two parallel capacitors have an equivalent capacitance of 3 UF. Then this capacitance is in series with
the 6 UF, so that the overall equivalent capacitance is 2 UF. Thus, 7= RC, =40 Us.
Atr=0" KVL gives v, =300/6 = 50 V; and, as t — o, v, — 0 (since i — 0). Therefore,

v, =50 " =507 (V)

in which 7 is measured in ps.
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1 2 200 Q
20 Q
—/ O~ AAAP

/ "o .T’ i
+ ! i I \
On‘;kmul: ,[mF :rz,m _"ACD

SH 10 H

Fig. 7-29 Fig. 7-30

7.16. In the circuit shown in Fig. 7-30, the switch is moved to position 2 at r = 0. Obtain the current I, at
t=34.7 ms.

After the switching, the three inductances have the equivalent value of

_10,500 _
w6 15

Then 7= 5/200 = 25 ms, and so, with ¢ in ms,

i=6" (A Q= (%)l =2¢7"7 (A)

and i,(34.7) = 27" A=0.50 A

7.17. In Fig. 7-31, the switch is closed at # = 0. Obtain the current i and capacitor voltage v, for 7> 0.

10 Q

"‘kz;m

Fig. 7-31

As far as the natural response of the circuit is concerned, the two resistors are in parallel; hence,
T= ReqC =5 Q)Q2uF) =10us

By continuity of the capacitor voltage, UC(O+) = v(07) = 0. Furthermore, as ¢ — o, the capacitor becomes
an open circuit, leaving 20 Q in series with the 50 V. That is,

.50 _ _

i(o0) = 30 = 25A V(9 = (2.5A)(10 Q) =25V
Knowing the end conditions on V., We can write

Ve = [0 (07) = V(e + V(o9 = 25(1 = ') (V)

where 7 is measured in ps.
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The current in the capacitor is given by
. dv, -
io=C—E=5¢"1"(A)
and the current in the parallel 10-Q resistor is

v —
i = IOCQ =2.51-¢""% (A)

Hence, i= i +igg =251+ (A)

The problem might also have been solved by assigning mesh currents and solving simultaneous differ-

ential equations.

7.18. The switch in the two-mesh circuit shown in Fig. 7-32 is closed at # = 0. Obtain the currents i, and i,

for t> 0.
10 Q
_w 5Q iz
i <
100 V 250
<
001 H

\ A4

Fig. 7-32
10G, +1i)) + 5i, + 0.01; =100 (24)
106, + i,) + 5i, = 100 25

From (25), i, = (100 — 10i,)/15. Substituting in (24),

di 833i =3333 26
W + l] = ( )

The steady-state solution (particular solution) of (26) is (o) = 3333/833 = 4.0 A; hence,
i = A+ 4.0 (A)
The initial condition i, (07) = i1(0+) =0 now gives A =—4.0 A, so that

i =4.0(1-¢*)(A)  and i, =4.0+2.67¢* (A)

Alternate Method
When the rest of the circuit is viewed from the terminals of the inductance, the equivalent resistance is

R =5+ 5(10)

. 5 =833Q

Then, 1/7= Req/L =833s Att= oo, the circuit resistance is

.56
RT_10+W_12'SQ
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so that the total current is i, = 100/12.5 = 8 A. And, at t = oo, this divides equally between the two 5-€Q
resistors, yielding a final inductor current of 4 A. Consequently,

=i = 4(1-e ) (A)

l 1

7.19. A series RL circuit, with R =50 Q and L = 0.2 H, has a sinusoidal voltage

v =150 sin (5007 + 0.785) (V)

applied at r = 0. Obtain the current for 7 > 0.

The circuit equation for > 0 is

% +250i = 750 sin (5007 + 0.785) 27

The solution is in two parts, the complementary function (i.) and the particular solution (i ), so that i =i_+ ip.
The complementary function is the general solution of (27) when the right-hand side is replaced by zero:
i.= ke >%_ The method of undetermined coefficients for obtaining ip consists in assuming that

ip = A cos 500¢ + B sin 500¢

since the right-hand side of (27) can also be expressed as a linear combination of these two functions.
Then

di
d—f = —500A sin 5007 + 5008 cos 500¢

Substituting these expressions for ip and dip/dt into (27) and expanding the right-hand side,

—500A sin 500¢ + 5008 cos 500¢ + 250A cos 500¢ + 250B sin 5007 = 530.3 cos 5007 + 530.3 sin 500¢
Now equating the coefficients of like terms,

-500A + 2508 = 530.3 and 5008 + 250A = 530.3

Solving these simultaneous equations, A = —0.4243, B =1.273.

i, = —0.4243 cos 500¢ + 1.273 sin 500¢ = 1.342 sin (500¢ — 0.322) (A)
and i=i +i,=ke " +1.3425in (500¢ — 0.322) (A)
Att=0,i=0. Applying this condition, k = 0.425, and, finally,

i =0.425¢ 2% +1.342 sin (500¢ — 0.322) (A)

7.20. For the circuit of Fig. 7-33, obtain the current i, for all values of 7.

0.2 mH

J TV VY

1
wa "

100 (f Su(r) (A)

S0 u(-=1 (V)

Fig. 7-33
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For t < 0, the 50-V source results in the inductor current 50/20 = 2.5 A. The 5-A current source is applied
for #> 0. As t — oo, this current divides equally between the two 10-Q resistors, whence 7, () = -2.5 A. The
time constant of the circuit is

_02x107°H 1
~T20Q ~100™

and so, with ¢ in ms and using iL(O+) =i,(0)=25A,
i, =i, (0" =i, (e +i,(c9 = 5.0¢ " —2.5(A)

Finally, using unit step functions to combine the expressions for t <0 and ¢ > 0,

—100¢

i, = 2.5u(=1) + (5.0¢”" = 2.5)u(r) (A)

7.21. The switch in Fig. 7-34 has been in position / for a long time; it is moved to 2 at t = 0. Obtain the
expression for i, for > 0.

1

a—{o

\
02
40 0
50 V=~ i

1ov T 20 mH

Fig. 7-34

With the switch on /, i(07) = 50/40 = 1.25 A. With an inductance in the circuit, i(07) = i(0™). Long after
the switch has been moved to 2, i(ee) = 10/40 = 0.25 A. Using the previous notation for the current expression,

B=i()=025A A:i(0+)—B:1.00A
and the time constant is 7= L/R = (1/2000) s. Then, for ¢t > 0,
i=Ae"" + B =100e"" +0.25(A)

7.22. The switch in the circuit shown in Fig. 7-35 is moved from / to 2 at = 0. Find v and vy, for > 0.

Fig. 7-35
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With the switch on 7, the 100-V source results in v,(0") = 100 V; and, by continuity of charge, vC(O+) =
V07). In position 2, with the 50-V source of opposite polarity, v () =—50 V. Thus,

B=0.(9=-50V  A=0,0")-B=150V

and v, = 150" =50 (V)
Finally, KVL gives v, + U+ 50=0, or
v, = —150e7" (V)

7.23. Obtain the energy functions for the circuit of Problem 7.22.

1

we = 5 Cug = 1.253¢7™ — 1) (m)

t 2
v _
Wy = J —dr=11.25(1-¢ 4001y (mJ)
0

7.24. A series RC circuit, with R =5 kQ and C =20 pF, has two voltage sources in series. They are

v, = 25u(=1) (V) and v, = 25u(t — 1) (V)

Obtain the complete expression for the voltage across the capacitor and make a sketch, if #’ is positive.

The capacitor voltage is continuous. For # < 0, v, results in a capacitor voltage of 25 V.
For 0 <t < ¢/, both sources are zero, so that v decays exponentially from 25 V toward zero:

v.=25¢""RC = 250719 () O<t<y)

c
In particular, V(") = 25¢”"*" (V).
For t 2 1, v, builds from v.(¢") toward the final value 25 V established by v,

—(t=t")IRC

vC = [vc(t,) - I)C(OO)]e + DC(°°)

=25[1 - (' = e '] (V) (t>1)

Thus, for all ¢,

—-10¢ 10 _ —10¢

V= 25u(=1) + 25¢ " [u(®) — u(t — t")] + 25[1 - (e De " u(t —t") (V)
See Fig. 7-36.

bc

25V

Fig. 7-36
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SUPPLEMENTARY PROBLEMS

7.25.

7.26.

7.27.

7.28.

7.29.

7.30.

7.31.

7.32.

The capacitor in the circuit shown in Fig. 7-37 has initial charge Q, = 800 UC, with polarity as indicated. If the
switch is closed at 7 = 0, obtain the current and charge, for 7 > 0.

Ans. i=—-10e 2" (A), g=4x 107 (1 + 2 %% (C)

~

a 2 \
100 V +
T ) T

Fig. 7-37 Fig. 7-38

-~

50 uF

A 2-uF capacitor, with initial charge Q) = 100 UC, is connected across a 100-€2 resistor at ¢ = 0. Calculate the
time in which the transient voltage across the resistor drops from 40 to 10 volts. Ans. 0277 ms

In the RC circuit shown in Fig. 7-38, the switch is closed on position / at r = 0 and then moved to 2 after the
passage of one time constant. Obtain the current transient for (a) 0<t< 7, (b) t> 7.

Ans. (@) 0.5¢ 2 (A);  (b) —0.516¢ 2 (A)

A 10-pF capacitor, with 1n1t1a1 charge Q, is connected across a resistor at # = 0. Given that the power transient
for the capacitor is 800¢ % " (W), find R, 0, and the initial stored energy in the capacitor.

Ans. 50 Q, 2000 uC, 0.20J
A series RL circuit, with R =10 Q and L = 1 H, has a 100-V source applied at = 0. Find the current for 7 > 0.
Ans. 101 —e ') (A)

In Fig. 7-39, the switch is closed on position / at ¢ = 0, then moved to 2 at = 1 ms. Find the time at which the
voltage across the resistor is zero, reversing polarity. Ans. 1261 ms

O
1 \\" 2

500 Q

50 vV S0 v

Fig. 7-39

A series RL circuit, with R = 100 Q and L =0.2 H, has a 100-V source applied at = 0; then a second source, of
magnitude 50 V with the same polarity, is switched in at r = ¢/, replacing the first source. Find ¢” such that the
current is constant at 0.5 A for ¢ > 1. Ans. 139 ms

The circuit of Problem 7.31 has a 50-V source of opposite polarity switched in at ¢ = 0.50 ms, replacing the first
source. Obtain the current for (a) 0 << 0.50 ms, (b) t > 0.50 ms.

Ans. (@)1= (A); (b)0.721700000009 _ 50 (A)
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7.33.

7.34.

7.35.

7.36.

7.37.

7.38.

7.39.

7.40.

7.41.
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A voltage transient, 35670 (V), has the value 25 V at t, = 6.73 x 10™*s. Show that at t = t, + T the function has
a value that is 36.8 percent of that at 7,.

A transient that increases from zero toward a positive steady-state magnitude is 49.5 at 7, = 5.0 ms, and 120 at
t, =20.0 ms. Obtain the time constant 7. Ans. 124 ms

The circuit shown in Fig. 7-40 is switched to position / at ¢ = 0, then to position 2 at = 37. Find the transient
current i for (a) 0<t< 37, (b) t>37.

Ans. (a) 2.56_50 000¢ (A), (b) -1 .588_66 700 (+-0.00006) (A)

i

/ 500 Q
0.5

().SpFT TI.S;:.F j\ZuF Oo+| wE

Fig. 7-40 Fig. 7-41

An RL circuit, with R =300 Q and L = 1 H, has voltage v =100 cos (1007 + 45°) (V) applied by closing a switch
att=0. [A convenient notation has been used for the phase of v, which, strictly speaking, should be indicated as
100z + (7/4) (rad).] Obtain the resulting current for ¢ > 0.

Ans.  —0.282¢7" 1+ 0.316 cos (100z + 26.6°) (A)

The RC circuit shown in Fig. 7-41 has an initial charge on the capacitor Q= 25 uC, with polarity as indicated.
The switch is closed at # = 0, applying a voltage v = 100 sin (10007 + 30°) (V). Obtain the current for ¢ > 0.

Ans.  153.5¢7%% 4 48 4 sin (10007 + 106°) (mA)

What initial charge on the capacitor in Problem 7.37 would cause the current to go directly into the steady state
without a transient? Ans. 13.37 uC (+ on top plate)

Write simultaneous differential equations for the circuit shown in Fig. 7-42 and solve for i, and i,. The switch
is closed at ¢ = 0 after having been open for an extended period of time. (This problem can also be solved by
applying known initial and final conditions to general solutions, as in Problem 7-17.)

Ans. i =167 +5 (A), i,=-0.555¢ " +5 (A)

5Q / 20 Q

A A A4

) ¢
i we ¢
100 V Ct $0a SOu V) <t> (D 5A
< .
2H ‘Ll 10 mH

Fig. 7-42 Fig. 7-43

For the RL circuit shown in Fig. 7-43, find the current i, at the following times: (a) —1 ms, (b) 0%, (¢) 0.3 ms,
(d) oo. Ans. (a)2.00A; (b)2.00A; (¢)2.78A; (d)3.00A

A series RC circuit, with R =2 kQ and C = 40 UF, has two voltage sources in series with each other, v, = 50V
and v, =—100u(?) (V). Find (a) the capacitor voltage at ¢ = 7, (b) the time at which the capacitor voltage is zero
and reversing polarity. Ans. (a)—-13.2V; (b)55.5ms
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7.42. Find the unit-impulse response of the circuit of Fig. 7-44; i.e., v, for v, = &(¢) (a unit-area narrow voltage
pulse).

R 1
Ans. v, = —72[5(:) -z (R'C)u(t):|
1 1

NV
R,
C A R,
+ v, — - —o
¢ gl +
vy v,
Fig. 7-44

7.43. In the circuits of Fig. 7-45, RC=5x 10" "and v (O =10+ cos (10007) + 3 cos (2000¢). Find v,(?). Assume
tan O= Owhen 6<1°.  Ans. v,() = 10+ cos 'T1000(r — 10°)] + 3 cos [2000(7 — 10°%)] = v (r— 107

Rl
NN
cC—— R /\;Q/\/ 4
W) R e
- + +
X B
R T 9 T
D — — =
(@) ()
Fig. 7-45

7.44. The input voltage in the circuits of 7-45 is a weighted sum of sinusoids with the highest frequency f; Hz.
Assuming that RC < 1/(360 f), find v,(7). Ans.  v,(1) = v,(t - 2RC)

7.45. Find the relationship between v, and v, in the circuit of Fig. 7-46.

dv,
Ans. v, + RCW =2y,
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7.46. In the circuit of Fig. 7-47, find the differential equation relating v, to v,. Compare with the result of
Example 7.17.

A RC dv, 1 RC dv,
ns. 1)2 + 7 7 'Ul - —

Fig. 7-47

7.47. In the circuit of Fig. 7-48, find the relationship between v, and v,.

dv, C dv,
Ans. v, + RIC ==Y — RZCZW

1dr ~ T C,

4

Fig. 7-48

7.48. In the circuit of Fig. 7-49, let k = 0. Find v and i after the switch is closed at # = 0.

Ans. v=¢ ' i=1-0.5¢"

Fig. 7-49

7.49. Show that the segment of the circuit enclosed by the dashed box in the circuit of Fig. 7-49 is equivalent to an
inductor with value L = 1/(1 — k) H. Hint: Write a KVL equation between terminals AB of the dashed box.

7.50. The switch in the circuit of Fig. 7-49 is closed at t = 0. Find v at ¢ > 0 for the following values of k: (a) 0.5,
) 1, (c) 2. Ans. (a)v= e_[/z; b v=1; (c)v=¢
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7.51. Find i, the current drawn from the battery, in Problem 7.50.
Ans. (a)i=1-05¢" (b)i=05; (¢)i=1-0.5¢

7.52. A 90 UF capacitor having 6" volts across its terminals is connected at 7 = 0 to the input of the circuit of Fig. 5-57,
reproduced below in Fig. 7-50(a). Assume R = R, = R, =1 kQ and an ideal op amp with saturation levels of
%12 V. () Find and plot v(¢) for 7> 0. (b) Find v_ for 7> 0.

Ans. (@ v(n)=12-6¢"%1>0,7=90ms; (b) (1) >6V, v >, v, =12 V. See Figs. 7-50(b) and (c).

t

i
D H
C
R3
—‘r Vnut B
! G
Ry ! v
Y
W A F
L%
E

(@) (b)

Capacitor voltage

12

10

Amplitude (V)
oy

T T
0 005 01 015 02 025 03 035 04 045 05
Time (s)
(©

Fig. 7-50

7.53. A 90 UF capacitor having an initial voltage of v; =6V is connected at f = 0 to the input terminal of the circuit
of Fig. 5-59, reproduced below in Fig. 7-51(a). Assume R, = R, = R, =1 k€ and an ideal op amp with saturation
levels of £12 V. (a) Find and plot v(¢) for > 0. (b) Find v for > 0.

12-6e"",7=0.09s 0<t<0.07

Ans, (a) v(r) = 118¢ - 12 0.07 <1<0.17
12 - 18¢ 7017/ 0.17 <1< 0.27
v(t - 0.2) t > 0.27. See Figs. 7-51(b) and (c).
e = 12 when v is increasing.
(b)-6<v <6and v’ = on v, =12 when v is decreasing. The op amp works as a

Schmitt trigger.
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Fig. 7-51

7.54. By observing that the circuit of 7-51 (a) is an inverting Schmitt trigger (introduced in Problem 5.58), argue that
the capacitor voltage and the op amp’s output are correctly shown in Fig. 7-51(c).

Ans.  The op amp is either at high- or low-saturation levels. The capacitor voltage provides the input to the op

amp. It is charged (or discharged) through R, toward v = %12 V. Switching occurs when its voltage reaches
+

vV =16V



CHAPTER 8

Higher-Order Circuits
and Complex Frequency

8.1 Introduction

In Chapter 7, RL and RC circuits with initial currents or charge on the capacitor were examined and first-
order differential equations were solved to obtain the transient voltages and currents. When two or more
storage elements are present, the network equations will result in second-order differential equations. In this
chapter, several examples of second-order circuits will be presented. This will then be followed by more
direct methods of analysis, including complex frequency and pole-zero plots.

8.2 Series RLC Circuit

The second-order differential equation, which will be examined shortly, has a solution that can take three
different forms, each form depending on the circuit elements. In order to visualize the three possibilities, a
second-order mechanical system is shown in Fig. 8-1. The mass M is suspended by a spring with a constant k.
A damping device D is attached to the mass M. If the mass is displaced from its rest position and then
released at 7 = 0, its resulting motion will be overdamped, critically damped, or underdamped (oscillatory).
Figure 8-2 shows the graph of the resulting motions of the mass after its release from the displaced position
z, (atr=0).

The series RLC circuit shown in Fig. 8-3 contains no voltage source. Kirchhoff’s voltage law for the
closed loop after the switch is closed is

vR+vL+vC:O
. di 11].
or Rl+LE+E idt =0

179
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Oscillatory

Critically
damped

Differentiating and dividing by L yields

d’i Rdi 1

2 Ta e 70

A solution of this second-order differential equation is of the form ;j = Alesl’ +A2e52’. Substituting this solution
in the differential equation results in

st 2 R 1 st 2 R 1
Ale (Sl +zsl+ﬁ)+A2€“ (Sz +ZS2+E)=0

Therefore, if s, and s, must be the roots of s2+ (R/L)s + (1/LC) =0,

R RY L s o ROYRY 1 g
=" "\\2r) "¢ =7 ¢ =727 \\2£) "Ic =~ ¢

where o = R/2L, B =,Jo* - w;, and w, = 1/3/LC-

Overdamped Case (a > @)
In this case, both o and B are real positive numbers.

i= AP AP 2 AP + AP
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EXAMPLE 8.1 A series RLC circuit, with R =200 Q, L = 0.10 H, and C = 13.33 uF, has an initial charge on the
capacitor of Q) = 2.67 X 107 C. A switch is closed at ¢ = 0, allowing the capacitor to discharge. Obtain the current
transient. (See Fig. 8-4.)

For this circuit,

_ R 3 > 1 5 2 _[2 2 -1
a—ﬁ—IOS . C()O—T—7.5X10S . and ﬁ— o —COO—SOOS

. 10007, , 5001 ~500¢
Then, i=e (A + Aye )

The values of the constants A| and A, are obtained from the initial conditions. The inductance requires that i(0H=i0).
Also the charge and voltage on the capacitor at = 0" must be the same as at 1=0", and v(07)=0,/C=200 V. Applying
these two conditions,
0=A +A, and 2000 = -5004, - 15004,

from which A, =£2, A, = %2, and, taking A, positive,

i = 275000 _ 5,-1500¢ (A)
If the negative value is taken for A, the function has simply flipped downward but it has the same shape. The signs of
A, and A, are fixed by the polarity of the initial voltage on the capacitor and its relationship to the assumed positive
direction for the current.

2

Fig. 8-4

Critically Damped Case (0. = ©)
With o= @, the differential equation takes on a different form and the two exponential terms suggested in
the preceding will no longer provide a solution. The equation becomes

d’i di

420+ aki=0

dt dt
and the solution takes the form i = e_m(Al +A0).
EXAMPLE 8.2 Repeat Example 8.1 for C = 10 UF, which results in o= @,

As in Example 8.1, the initial conditions are used to determine the constants. Since i(0") = i(0h, 0= [A, +A0)]
and A1 = 0. Then,

di
dt
from which A, = (dildp)|+ = £2000. Hence, i = £2000¢¢™'** (A) (see Fig. 8-5).

= %(Azte_m) = A(-ate ™ +e )

i

N 7\
0 :
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Once again the polarity is a matter of the choice of direction for the current with respect to the polarity of the initial
voltage on the capacitor.

The responses for the overdamped and critically damped cases plotted in Figs. 8-4 and 8-5, respectively,
are quite similar. The reader is encouraged to examine the results, selecting several values for ¢, and compar-
ing the currents. For example, find the time at which the current in each of the two cases reaches the values
of 1.0 mA and 1.0 pA. Also, in each case, find f for the maximum current.

Underdamped or Oscillatory Case (o < @)
When a < @, s, and s, in the solution to the differential equation suggested in the preceding are complex

conjugates s, = a+ jfand s, = o — jf3, where 3 is now given by la)g — o . The solution can be written in
the exponential form

i=e A" + AP
or, in a readily derived sinusoidal form,
i=e (A cos Bt + A, sin Br)

EXAMPLE 8.3 Repeat Example 8.1 for C=1 uF.

As before,
R _ 1 _
a=5p=1000s" @y =7==10"s7  B=+10"-10° = 3000 rad/s
Then, i = ¢ ' (A, cos 3000z + A, sin 30007)

The constants A, and A, are obtained from the initial conditions as before, i(0")=0and vL_(0+) =200 V. From this A, =0 and
A,=20.667. Thus,

i = +0.667¢ %% (sin 30007) (A)

See Fig. 8-6. The function +0.667¢ " shown dashed in the graph, provides an envelope within which the sine
function is confined. The oscillatory current has a radian frequency of J (rad/s), but is damped by the exponential

—at
terme .

0.667 N

~0.667 "

Fig. 8-6
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8.3 Parallel RLC Circuit

The response of the parallel RLC circuit shown in Fig. 8-7 will be similar to that of the series RLC circuit,
since a second-order differential equation can be expected. The node voltage method gives

v 1 td Cdv_o
E'ﬁ'z OU t+ E— (1)

Differentiating and dividing by C yields

v, 1dv v
di*  RCdt " LC ~
A solution is of the form

L= Aleslt + Azeszt (2)

1 1V 1 T 2
V‘Wﬂ/(%) B 7ol
1 1Y 1 PR
Sz—‘m—\/(m) TIC = O TNE o

where o= 1/2RC and @, = 1/J/LC. Note that ¢, the damping factor of the transient, differs from « in the

series RLC circuit.
v
R % L
+
CH~0
=4

where

0

Fig. 87

The transient response is easiest to visualize by assuming an initial charge Q,, on the capacitor and a switch
that closes at r = 0. However, a step function voltage applied to the circuit will initiate the same transient
response.

Overdamped Case (a'2 > a)oz)
In this case, the solution (2) applies.

EXAMPLE 8.4 A parallel RLC circuit, with R =1000 Q, C=0.167 UF, and L = 1.0 H, has an initial voltage V,;=50.0 V
on the capacitor. Obtain the voltage v(f) when the switch is closed at 7 = 0.
We have

1

1
o = 5pe = 299 o? =8.96 x 10° @ = —==75.99 x 10°

07 LC ™
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Since & > a)g , the circuit is overdamped and from (2) we have

slz—a+,/a2—a)§ =-1271 and 5, = -0 — az—coé =—-4717

dv
di

Atr=0, Vo =4 +A4, and 0= 54, + 5,4,

From the nodal equation (1), at # = 0 and with no initial current in the inductance L,

V dv dv 74
_0 =Y =Y —__0
RT¥Cm =0 o G T"RC

Solving for A,

_ Vyls, + URC)

A P

———=1553  and A =V,—4,=500-1553=-1053
2 1

Substituting into (2)
v =155.3¢"" —105.3¢77" (V)

See Fig. 8-8.

1553

155.3¢ -1271t

100.0

50.0

-50.0

-105.3¢ 4717t

-105.3

Fig. 8-8

Underdamped (Oscillatory) Case (a)o2 >a? )
The oscillatory case for the parallel RLC circuit results in an equation of the same form as that of the under-
damped series RLC circuit. Thus,

v=e "(Acosm,t +A,sinw,r) 3)

where ov=1/2RC and o, = \ wg - w , 18 a radian frequency just as was the case with sinusoidal circuit
analysis. Here it is the frequency of the damped oscillation. It is referred to as the damped radian
frequency.
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EXAMPLE 8.5 A parallel RLC circuit, with R =200 €2, L=0.28 H, and C = 3.57 UF, has an initial voltage V,=50.0 V

on the capacitor. Obtain the voltage function when the switch is closed at r = 0.

1 1
~ 2RC " 20200)(3.57 x 10°°)

700 a’=49x10° o = -k

o

. 2 2 o . .
Since @y > o7, the circuit parameters result in an oscillatory response.

0, = Jol - o’ =10° ~ (4.9 x 10°) = 714

At1=0, V,;=50.0; hence in (3) A, = V= 50.0. From the nodal equation

Vo 1 (' dv
0 4, - ey _
r T Ljovdt+cdt =0
vl W
dtli=0~ RC
attr=0,
Differentiating the expression for v and setting ¢ = 0 yields
dv Yo
W[:O =C()dA2—O(Al or wdA2_aAl Z_W
Since A; =50.0,
—(V.,/RC)+V «
= M =-49.0
@,
and so v =e"(50.0 cos 7141 — 49.0 sin 7141) (V)

0T IC T 028)3.57x10°)

10°

The critically damped case will not be examined for the parallel RLC circuit, since it has little or no real
value in circuit design. In fact, it is merely a curiosity, since it is a set of circuit constants whose response,

while damped, is on the verge of oscillation.

8.4 Two-Mesh Circuit

The analysis of the response for a two-mesh circuit which contains two storage elements results in simultane-

ous differential equation as shown in the following.

For the circuit of Fig. 8-9, choose mesh currents i1 and i2, as indicated. KVL yields the two first-order

differential equations

. di, .
Rlll + LIE + R112 =V

. . di,
Ri + (R + R)i, + sz =V

R,

R,

Fig. 8-9

“)
&)
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which must be solved simultaneously. To accomplish this, take the time derivative of (4),

o % Ld2i1 R
@l

di
—2 _ 6
1 dt 0 ( )
and then eliminate i, and di,/dt between (4), (5), and (6). The following result is a second-order equation for
i,, of the types treated in Sections 8.2 and 8.3, except for the constant term on the right:
2. .
di, RL +RL +RL,dii RR, RV %)

— 14 + i =
ar’ LL, de ~ LL," LL,

The steady-state solution of (7) is evidently i,(e0) = V/R,; the transient solution will be determined by the
roots s, and s, of

» RL+RL+RL, RR,

5T+ s+ =0
LL, LL,
together with the initial conditions
di Vv
. +\ _1 _
K(07) =0 drlo =L

1

(both i, and i, must be continuous at 7 = 0). Once the expression for i, is known, that for i, follows from (4).

There will be a damping factor that insures the transient will ultimately die out. Also, depending on the
values of the four circuit constants, the transient can be overdamped or underdamped, which is oscillatory.
In general, the current expression will be

. . Vv
i, = (transient) + Fl

The transient part will have a value of —V/R, at =0 and a value of zero as t — oo.

8.5 Complex Frequency
We have examined circuits where the driving function was a constant (e.g., V =50.0 V), a sinusoidal function
(e.g., v=100.0sin (5007 + 30°) (V), or an exponential function, e.g., V= 10e”™ (V). In this section, we intro-
duce a complex frequency, s, which unifies the three functions and will simplify the analysis, whether the
transient or steady-state response is required.

We begin by expressing the exponential function in the equivalent cosine and sine form:

e/ = cos (w1 + ¢) + jsin (of + @)

We will focus exclusively on the cosine term cos (w7 + ¢) =Re Al
Introducing a constant A and the factor ¢°’,

and for convenience drop the prefix Re.

A%/ = Ae” cos(wt + ¢) Ae e THO = Al where s = 0 + jo

The complex frequency s = 0 + jw has units s”', and @, as we know, has units rad/s. Consequently, the
units on ¢ must also be s . This is the neper frequency with units Np/s. If both o and w are nonzero, the
function is a damped cosine. Only negative values of o are considered. If o and  are zero, the result is a
constant. And finally, with @ = 0 and o nonzero, the result is an exponential decay function. In Table 8-1,
several functions are given with corresponding values of s for the expression Ae®.

When Fig. 8-10 is examined for various values of s, the three cases are evident. If =0, there is no damp-
ing and the result is a cosine function with maximum values of £V (not shown). If @ = 0, the function is
an exponential decay with an initial value V. And finally, with both @ and ¢ nonzero, the damped cosine
is the result.
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Table 8-1
S@® s A
107" —5+j6 10
5 cos (500 + 30°) 0+ 500 5
2¢ " cos (100t —45°) =3 +,100 2
100.0 0+ jO 100.0
Vo
~N
~N
~
R A
< \
A\ -~ -
. ) L SN T
0 27w 411‘/’9_) __\e_ ¢
/j
-
e A
~
7~
-V, V
Fig. 8-10

8.6 Generalized Impedance (R L, C) in s-Domain

A driving voltage of the form v="V ¢* applied to a passive network w111 result in branch currents and
voltages across the elements, each having the same time dependence ¢”; e.g., 1V €%, and V,¢%". Con-

sequently, only the magnitudes of currents and voltages and the phase angles need be determlned (this will
also be the case in sinusoidal circuit analysis in Chapter 9). We are thus led to consider the network in the
s-domain (see Fig. 8-11).

iy = Leivel +jor 1) =1,

v = Vel +iox V(s) = V,, L

+ - + -
vy, = Vyeifel( +jo) Vi(s) =V, L
(a) Time domain (b) s-Domain

Fig. 8-11
A series RL circuit with an applied voltage v="V ¢’ %™ will result in a current i = 1 ¢’ e"=1 ¢ which,
substituted in the nodal equation

di ](D st
Ri + LE = Vm
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will result in

' V ol
RI ¢ =sLI ¢ = V /%" from which | =-—m
m m m m~ R+sL

Note that in the s-domain the impedance of the series RL circuit is R + sL. The inductance therefore has

an s-domain impedance sL.

EXAMPLE 8.6 A series RL circuit, with R = 10 Q and L =2 H, has an applied voltage v =10 ¢ cos (107 + 30°).
Obtain the current i by an s-domain analysis.

_ o St _ p: di_ . di
U—]OZ30 e —Rl+LE—1OI+ZE

. . 13
Since i = I¢¥,

o st _ st st _10/30°
10 /30° €™ =10le™ + 2sle or I—m
Substituting s = -2 + 510,

O 10/30°10/30° .
1= 105202+ J10) = 6+ jo0 = 04824337

Then, i = Ie* = 0.48¢  cos(10¢ — 43.3°) (A).

EXAMPLE 8.7 A series RC circuit, with R = 10 Q and C = 0.2 F, has the same applied voltage as in Example 8.6.
Obtain the current by an s-domain analysis.
As in Example 8.6,

1
v=10/30°¢" = Ri+—= | idt =10i + 5| idt
C
Since i = Ie",

o St _ st D s . _ IOLJ’OO _ o
10 /30° €™ = 101e +§Ie from which 1_m_1.01 [32.8
Then, i = 1.01¢™ cos (10¢ + 32.8°) (A).
Note that the s-domain impedance for the capacitance is 1/(sC). Thus the s-domain impedance of a series RLC circuit
will be Z(s) =R + sL + 1/(sC).

8.7 Network Function and Pole-Zero Plots

A driving voltage of the form v = Ve applied to a passive network will result in currents and voltages
throughout the network, each having the same time function & for example, I¢/ Ye¥. Therefore, only the
magnitude / and phase angle ¥ need be determined. We are thus led to consider an s-domain where voltages
and currents are expressed in polar form, for instance, V /0, I;¥, and so on. Figure 8-12 suggests the cor-
respondence between the time-domain network, where s = 0+ j®, and the s-domain where only magnitudes
and phase angles are shown. In the s-domain, inductances are expressed by sL and capacitances by 1/(sC).
The impedance in the s-domain is Z(s) = V(s)/I(s).

A network function H(s) is defined as the ratio of the complex amplitude of an exponential output Y(s) to
the complex amplitude of an exponential input X(s) If, for example, X(s) is a driving voltage and Y(s) is the
output voltage across a pair of terminals, then the ratio Y(s)/X(s) is nondimensional.

The network function H(s) can be derived from the input-output differential equation

d"y da"y dy d"x d"'x dx
ot ta g tagy = b, o +b, P +~-+b]E+b0x
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i = JejVest I(s) = 1./

—

v= Vet V(s) = VL
(a) Time domain (b) s-Domain
Fig. 812

When x(7) = Xe* and y(r) = Ye*,

m—1

"4+ bs + bye”

n n—1 st _ m
(s +a,_s  +---+as+aye =(0b,s +b,

Then,

n n—1
_Y(s) as ta s +---t+as+a,

X)) b " +b, $" T bs + b,

H(s)

In linear circuits made up of lumped elements, the network function H(s) is a rational function of s and
can be written in the following general form

(s—zl)(s—zz)---(s—z”)

H(s) = k
& = s —p)G-p -1,
where k is some real number. The complex constants z, (m=1,2,..., W), the zeros of H(s), and the
p, (n=1,2, ..., v)the poles of H(s), assume particular importance when H(s) is interpreted as the ratio of

the response (in one part of the s-domain network) to the excitation (in another part of the network). Thus,
when s = z,, the response will be zero, no matter how great the excitation; whereas, when s = P, the response
will be infinite, no matter how small the excitation.

EXAMPLE 8.8 A passive network in the s-domain is shown in Fig. 8-13. Obtain the network function for the current
I(s) due to an input voltage V(s).

( I(s) 250
+
ve) CP ss 20

Fig. 813
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Is) 1

0O = Vi) = Z)

(SS) 20)
3 )Ns s +8s+12
Z(s) =2.5+ 35 20 = (ZS)ﬁ

3 S

Since

we have

s +12

HG) = 0D G576 16

The numerator of H(s) in Example 8.8 is zero when s = * jV12. Consequently, a voltage function at this frequency
results in a current of zero. In Chapter 12 where series and parallel resonance are discussed, it will be found that the
parallel LC circuit is resonant at @ = 1//LC . With L = 3H and C = 55 F, @ = /12 rad/s.

The zeros and poles of a network function H(s) can be plotted in a complex s-plane. Figure 8-14 shows the poles
and zeros of Example 8.8, with zeros marked © and poles marked X. The zeros occur in complex conjugate pairs,
s = +j./12, and the poles are s = —2 and s = —6.

Jw. rad/s
V12
O]
HE= V)
__* 1 1 1 * 1
-6 =2 o. Np/s
-jvV12
Fig. 8-14

8.8 The Forced Response

The network function can be expressed in polar form and the response obtained graphically. Before starting
the development, it is helpful to recall that H(s) is merely a ratio such as V (s)/V (s), L,(s)/V,(s), or
L(s)/I,(s). With the polynomials factored,

(s—zl)(s—zz)-“(s—z#)

HS) =k s p)5-2) G-p)

Now setting (s —z,) = N, {am (m=1,2,...,,u)and(s—pn)=Dn&(nzl,Z,...,v),wehave

N N .-+ (N
k( 1&)( 2&) ( /a'u):kNlNZ N.U /(al+...+au)_(ﬁ1+...+ﬂv)
(D, /B)D, /By (D /B) " DD,-D,

H(s) =

It follows that the response of the network to an excitation for which s = 0+ jwis determined by measuring
the lengths of the vectors from the zeros and poles to s as well as the angles these vectors make with the
positive o axis in the pole-zero plot.
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EXAMPLE 8.9 Test the response of the network of Example 8.8 to an exponential voltage excitation v = 1¢*, where
s=1 Np/s.

Locate the test point 1 + jO on the pole-zero plot. Draw the vectors from the poles and zeros to the test point and
compute the lengths and angles (see Fig. 8-15). Thus,

N, =N,=\13,D,=3,D, =7, = B,=0,and o, = —a, = tan"'/12 = 73.9°
Hence, H1) = (0.4) (\/;;E;/)_) [0° —0°=0.248
Jw. rad/s

X

Fig. 815

The result implies that, in the tlme domain, i(f) = 0.2480(t), so that both voltage and current become
infinite according to the function e"". For most practical cases, 0 must be either negative or zero.

The above geometrical method does not seem to require knowledge of the analytic expression for H(s)
as a rational function. It is clear, however, that the expression can be written, to within the constant factor &,
from the known poles and zeros of H(s) in the pole-zero plot. See Problem 8.37.

8.9 The Natural Response

This chapter has focused on the forced or steady-state response, and it is in obtaining that response that the
complex-frequency method is most helpful. However, the natural frequencies, which characterize the
transient response, are easily obtained. They are the poles of the network function.

EXAMPLE 8.10 The same network as in Example 8.8 is shown in Fig. 8-16. Obtain the natural response when a source
V(s) is inserted at xx’.

) <

25Q

V(s)

y

Fig. 8-16
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The network function is the same as in Example 8.8:

2
s"+12

HO = 0D 26+6)

The natural frequencies are then —2 Np/s and —6 Np/s. Hence, in the time domain, the natural or transient current is of

the form

. -2t -6t
i, =Ae " +Age

where the constants A, and A, are determined by applying the initial conditions to the complete response, i =i, +

where if indicates the forced response.

if,

EXAMPLE 8.11 The network of Fig. 8-16 is driven by current I(s) across terminals yy”. The network function is
H(s) = V(s)/I(s) = Z(s). The three branches are in parallel so that

20s

H(s) = Z(s) = “GTG6+6

1
1 3 S
725%3s7 20

Again the poles are at —2 Np/s and —6 Np/s, which is the same result as that obtained in Example 8.10.

8.10 Magnitude and Frequency Scaling

Magnitude Scaling

Let a network have input impedance function Z, (s), and let K, be a positive real number. Then, if each
resistance R in the network is replaced by K R, each inductance L by K L, and each capacitance C by
C/K,, the new input impedance function will be K, Z. (s). We say that the network has been magnitude-
scaled by a factor K .

Frequency Scaling

If, instead of the above changes, we preserve each resistance R, replace each inductance L by L/Ky (Ky> 0),
and replace each capacitance C by C/K = then the new input impedance function will be Z, (s/K f). That is, the
new network has the same impedance at complex frequency K s as the old had at s. We say that the network
has been frequency-scaled by a factor K 2

EXAMPLE 8.12 Express Z(s) for the circuit shown in Fig. 8-17 and observe the resulting magnitude scaling.

K
K, R F¢ R(1/
_ m' Cs _ (1/Cs)
Z(s) = K, Ls + = Kml:Ls + R+ /Cs)
K R+ 2
m Cs
K, Ls
S L Km
Or—————

Fig. 817
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There are practical applications suggested by this brief exposure to magnitude scaling. For example, if the input current
to a network were greater than it should be, a factor K, = 10 would reduce the current to 1/10 of the former value.

8.11 Higher-Order Active Circuits

Application of circuit laws to circuits which contain op amps and several storage elements produces, in
general, several first-order differential equations which may be solved simultaneously or be reduced to a
higher-order input-output equation. A convenient tool for developing the equations is the complex frequency
s (and generalized impedance in the s-domain) as used throughout Sections 8.5 through 8.10. Again, we
assume ideal op amps (see Section 7.16). The method is illustrated in the following examples.

EXAMPLE 8.13 Find H(s)=V,/V, in the circuit of Fig. 8-41 and show that the circuit becomes a noninverting integrator
if and only if R, C, = R,C,.

Apply voltage division, in the phasor domain, to the input and feedback paths to find the voltages at the terminals
of the op amp.

1

At terminal A:  V, = m

Y

. R,C,s
At terminal B: VB = mvz
272

But V, =V, Therefore,

V. 1+ R,Cys

2 - 272
V (I+ RCs)R,Cys

Only if R,C, = R,C, = RC do we get an integrator with a gain of 1/RC

v, 1 1
Y2 _ -
V, T RCs® UZ_RCJ. vy dt
EXAMPLE 8.14 The circuit of Fig. 8-42 is called an equal-component Sallen-Key circuit. Find H(s) = V,/V, and
convert it to a differential equation.
Write Kirchhoff’s current law (KCL) at nodes A and B.

V,-V, V, -V,
A+ AL+ (V- V))Cs=0

At node A:

VB_VA
At nodeB: R +Vy,Cs =0

Let 1+ R)/R, =k, then V, = kV,. Eliminating V, and V, between the above equations we get

v, _ k
Vi R*C**+(3-kRCs+1

R*C? dv, 53— re L =k
74‘( - ) 74‘1)2— 'U]

EXAMPLE 8.15 In the circuit of Fig. 8-42 assume R =2 kQ, C = 10 nF, and R,=R,. Find v, if v, = u(D).
By substituting the element values in H(s) found in Example 8.14 we obtain

v, 2
Vi 4ax10%%2+2x107s+1

dv
2 4 2 8 _ 9
Py +5x10 —dt+25><101)2 5107y,
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The response of the preceding equation for > 0 to v, = u(?) is
v,=2+e¢ “(2coswr — 2.31sinwr) = 2+ 3.055¢ “ cos (@r +130.9°)

where ¢ =25000 and w= 21651 rad/s.

EXAMPLE 8.16  Find conditions in the circuit of Fig. 8-42 for sustained oscillations in v,(#) (with zero input) and
find the frequency of oscillations.
In Example 8.14 we obtained

v, k
Vi R*C’*+(3-kRCs +1

For sustained oscillations the roots of the characteristic equation in Example 8.14 should be imaginary numbers. This
happens when k=3 or R, = 2R,, in which case = 1/RC.

SOLVED PROBLEMS

8.1. A series RLC circuit, with R =3 kQ, L = 10 H, and C =200 UF, has a constant-voltage source, V=50V,
applied at = 0. (a) Obtain the current transient, if the capacitor has no initial charge. (b) Sketch the
current and find the time at which it is a maximum.

r
2L

-1 2 1 -2 2 2 -1
=150 0y = 7 =500's B = o’ —a; =1483s

The circuit is overdamped (& > @,).

(a) o=

s, =—a+p=-170s" s, =-o-B=-29835"

. ~1.70 -298.3
and i=Age "y Aje !

Since the circuit contains an inductance, i(0") = i(07) = 0; also, Q(0") = Q(07) = 0. Thus, at r = 0",
Kirchhoff’s voltage law (KVL) gives

di di \%
Tilo= \% or = 5A/s

0+0+ L E(Y_

Applying these initial conditions to the expression for i,

0= A+ A0

5=-1.70A,(1) - 298.34, (1)

from which A| =-A, =16.9 mA.
i = 16.9(e_]'70’ _ e—298.3t) (mA)
(b) For the time of maximum current,

di

T =0= —28.73¢7 7 4 5041.3.729%

Solving by logarithms, t = 17.4 ms. See Fig. 8-18.
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.
20 30 40 t, ms

4

Fig. 8-18

8.2. A series RLC circuit, with R=50Q, L=0.1 H, and C =50 pF, has a constant voltage V=100 V applied
at r = 0. Obtain the current transient, assuming zero initial charge on the capacitor.

R -1 2 _ 1 5 -2 2 2 _ .
o =57 =250s 0y =77 = 2.0x107s B=,\o —w; =j370.8 rad/s

This is an oscillatory case (& < @), and the general current expression is

i=e (A cos370.87 + A, sin 370.87)

The initial conditions, obtained as in Problem 8.1, are

i(0H =0 % o+ = 1000A/s

and these determine the values: A, =0, A, =2.70 A. Then

= ¢ PY(2.70 5in 370.81) (A)
8.3. Rework Problem 8.2, if the capacitor has an initial charge Q) = 2500 uC.

Everything remains the same as in Problem 8.2 except the second initial condition, which is now

di Qo _ di| 100 —(2500/50)
O+LEO*+?_V or dtlo~ 0.1

=500 A/s
The initial values are half those in Problem 8.2, and so, by linearity,
i=e%(1.355in 370.81) (A)

8.4. A parallel RLC network, with R=50.0 €2, C=200 UF, and L =55.6 mH, has an initial charge O, =5.0 mC
on the capacitor. Obtain the expression for the voltage across the network.

1 -1 B B 4 2
(X—W—SOS 0)0———8.99XIOS

Since a)é >, the voltage function is oscillatory and so @, = ,/a)é — o =296 rad/s. The general voltage
expression is

v = e " (A, cos 2961 + A, sin 2961)
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with 0, =5.0x 107°C, V,=250 V.  Atr=0,0v=250V.  Then, A, =25.0.

‘fl—’t’ = ~50¢ " (A, cos 2961 + A, sin 2961) + 296¢ " (=A, sin 2967 + A, cos 2967)
Att=0, dv/dt = -VJ/RC=wA, - 0A,, from which A, = —4.22. Thus,

v =e"(25.0 cos 296¢ — 4.22 sin 296¢) (V)

8.5. In Fig. 8-19, the switch is closed at # = 0. Obtain the current i and capacitor voltage v, for £ > 0.

10 Q

50 V 2 uF

Fig. 819

As far as the natural response of the circuit is concerned, the two resistors are in parallel; hence,
T = ReqC = (5 Q)2 uF)=10 us

By continuity, vC(O+) = v(07) = 0. Furthermore, as t — oo, the capacitor becomes an open circuit, leaving
20 Q in series with the 50 V. That is,

i(e0) = % =2.5A Va(0) = (2.5 A)10Q) =25V
Knowing the end conditions on v, we can write
Ve = [0:(0) = V()™ + V(o) = 25(1— ¢ 1) (V)

wherein ¢ is measured in s.
The current in the capacitor is given by

io=C—C=5""(A)
and the current in the parallel 10-Q resistor is
. v -
oo = Toq = 2-50 -1 (A)
Hence, i=i.+igg =251+ (A)

The problem might also have been solved by assigning mesh currents and solving simultaneous differ-
ential equations.

8.6. For the time functions listed in the first column of Table 8-2, write the corresponding amplitude and
phase angle (cosine-based) and the complex frequency s.
See columns 2 and 3 of the table.
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Table 8-2
Time Function A [¢° s
i(r) = 86.6 (A) 86.6/0° A 0
i(1) = 15.0¢7197 (A) 15.0 J0° A -2 % 10° Np/s
v(1) = 25.0 cos (2501 — 45°) (V) 25.0 /=45° V +250 rad/s
v(r) = 0.50 sin (250¢ + 30°) (V) 0.50 /-60° V £,250 rad/s
i(r) = 5.0¢” " sin (501 + 90°) (A) 5.0 /0°A ~100£j50™
i(t) = 3 cos 50t + 4 sin 50¢ (A) 5/-53.13° A +j50 rad/s

8.7. For each amplitude and phase angle in the first column and complex frequency s in the second column
in Table 8-3, write the corresponding time function.
See column 3 of the table.

Table 8-3

A M S Time Function
10/0° +/1207 10 cos 1207t
2/45° —j1207 2 cos (120 7t + 45°)
5/-90° 2450 5¢7 cos (50 — 90°)
15/0° —5000 + j1000 15¢7% cos 10007
100/30° 0 86.6

8.8. An amplitude and phase angle of 10v/2 /45° V has an associated complex frequency s =—50 +j 100s~".
Find the voltage at r = 10 ms.

(f) = 10427 cos (1007 + 45°) (V)
Atr=10"%s, 100¢ = 1 rad = 57.3°, and so
v =1042¢7"° c0s102.3° = -1.83 V

8.9. A passive network contains resistors, a 70-mH inductor, and a 25-puF capacitor. Obtain the respective
s-domain impedances for a driving voltage (a) v =100 sin (300¢ +45°) (V), (b) v=100e""™ cos 300 (V).

(a) Resistance is independent of frequency. At s = ;300 rad/s, the impedance of the inductor is

sL = (j300)(70 x 107°) = j21

and that of the capacitor is

(b) Ats=-100+;300s",

sL = (=100 + j300)(70 x 107) = =7 + j21

1 1
sC . —6
(—100 + j300)(25 x107)

= —40 - j120
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8.10.

8.11.

8.12.
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For the circuit shown in Fig. 8-20, obtain v at # = 0.1 s for source current (a) i = 10 cos 2z (A),
(b) i =10e™" cos 21 (A).

_ 2(s+2) . s+3
2, =2+~ = W57

(@) Ats= j2radfs, Z, (j2) = 3.22 /7.13°Q. Then,
V=1Z_=(10/0°(3.22 /7.13°) =322 /7.13°V  or v =32.2cos (2 +7.13°) (V)
and v(0.1) = 32.2 cos (18.59°) = 30.5 V.

(b) Ats=-1+ 25" Z (-1+j2)=3.14 [11.31°Q. Then
V=1Z_ =31.4/1131°V  or  v=31.4¢"cos (2t +11.31° (V)
and v(0.1) = 31.4¢™"! cos 22.77° = 26.2 V.

20 20 2Q
ANV My —WW\
+ 20
1 4
:GD v § 20 g I H Z(s) TN
2s
Fig. 820 Fig. 8-21

Obtain the impedance Z, (s) for the circuit shown in Fig. 8-21 at (a) s =0, (b) s = j4 rad/s, (c) |s| = c.

4
2s + 1)(—) 5
Z (5)=2+ s :(2)5 +3s+4

4 2
As+1)+5 $°+5+2

(@) Z,,(0)=4Q, the impedance offered to a constant (dc) source in the steady state.

cAn2 .
U +30N+4 _ 5 3399052
GH +j4+2

This is the impedance offered to a source sin 47 or cos 4t.

bz (j4) =2

(¢) Z, () =2 Q. At very high frequencies the capacitance acts like a short circuit across the RL branch.

Express the impedance Z(s) of the parallel combination of L=4 H and C =1 F. At what frequencies s
is this impedance zero or infinite?

_ (@s)d/s) S

2= 25 = 4025

By inspection, Z(0) = 0 and Z(e) = 0, which agrees with our earlier understanding of parallel LC circuits
at frequencies of zero (dc) and infinity. For |Z(s)| = oo,

s?+025=0 or s = +j0.5 rad/s

A sinusoidal driving source, of frequency 0.5 rad/s, results in parallel resonance and an infinite
impedance.
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8.13. The circuit shown in Fig. 8-22 has a voltage source connected at terminals ab. The response to the
excitation is the input current. Obtain the appropriate network function H(s).

_ response _ I(s) _ 1
H(s) = Keitation ~ V(s) = Z(s)
2+ 1/s)(1 8s+3 . 1 3s+1
Z(s)=2+ (2 T l/sz-(l) = 371 from which H(s) = 765 = 8513
2Q 2% a
a e——\N\)\, N °
20 1)
+
g 10 V) 3 V/(s) T 21(s)
T T
be B o
Fig. 8-22 Fig. 8-23

8.14. Obtain H(s) for the network shown in Fig. 8-23, where the excitation is the driving current I(s) and the
response is the voltage at the input terminals.
Applying KCL at junction a,
S

15
3 V'(s) or V'(s) = ?I(s)

I(s) + 2I(s) =
At the input terminals, KVL gives
, 15
V(s) = 2sI(s) + V'(s) = (25 + ?)I(s)

2
Then Ve _2s +15
His) = I(s) — s
8.15. For the two-port network shown in Fig. 8-24 find the values of R\, R,, and C, given that the voltage
transfer function is

V,(s) 0.2
Vi(s) 7 +3s+2

H, (s) =

Fig. 8-24

The impedance looking into xx is

_ (SO)R +R) R +R,
T (1/sC)+ R + R, 1+ (R, +R,)Cs

’




200 CHAPTER 8 Higher-0rder Circuits and Complex Frequency

Then, by repeated voltage division,

V., (V.\Ve) ( R Z )\ _  RIR+R)C
Vo VNV ) R+RN\Z+s1) 1 I
‘ s*+

1 XX —_ s + —
(R, + R,)C C

Equating the coefficients in this expression to those in the given expression for H (s), we find:

1 3 1
C=5F R=3Q R=1s0

8.16. Construct the pole-zero plot for the transfer admittance function

L(s) s*+2s+17
Vis)  §* 43542

H(s) =

In factored form,

s+ 14 s+ 1 jd)
HES) = —G3 s +2)

Poles exist at —1 and —2; zeros at —1 £ j4. See Fig. §-25.

144 @___ | jo, rad/s

H(s) =
I,(8)/V(s)

e_______________
T

o, Np/s

|
\S)

|
—

—1 -4 @____

Fig. 8-25

8.17. Obtain the natural frequencies of the network shown in Fig. 8-26 by driving it with a conveniently
located current source.

2Q

4s

= ¢

Fig. 8-26
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The response to a current source connected at xx” is a voltage across these same terminals; hence the
network function H(s) = V(s)/I(s) = Z(s). Then,

L1111 (1 s> +2.5s+1.5
Zs) 172l 7 2+4s \2) s+05
s+0.5 s+0.5

Thus, = =
us 28 =07 5 s~ OGrne+19

The natural frequencies are the poles of the network function, s =—1.0 Np/s =2 and s = —1.5 Np/s.

8.18. Repeat Problem 8.17, now driving the network with a conveniently located voltage source.
The conductor at yy” in Fig. 8-26 can be opened and a voltage source inserted. Then, H(s) =
I(s)/V(s) = l/Z(s).
The impedance of the network at terminals yy” is

_ 12/s) 8 +2.55+1.5
Ze) =2+ a5+ s =5
1 1 s+2
Then, HS) =5 =7 | 7—
=7 (4)52+2.5s+1.5

The denominator is the same as that in Problem 8.17, with the same roots and corresponding natural
frequencies.

8.19. A 5000-rad/s sinusoidal source, V =100 /0° V in phasor form, is applied to the circuit of Fig. 8-27.

Obtain the magnitude-scaling factor K, and the element values which will limit the current to 89 mA

(maximum value).
At @ = 5000 rad/s,

. 1

. 1
JwL2+R+j(D_C

Z, = joL +

. (j0.500)(0.40 — j0.80) _ .
= j0.250 + 0.40 — 7030 =1.124 /69.15°Q

For |V| =100V, |I| = 100/1.124 = 89.0 A. Thus, to limit the current to 89 X 1073 A, the impedance must be

increased by the factor K, = 10°.
The scaled element values are as follows: R = 10° (0.4Q)=400Q, L, = 10° (50 uH) =50 mH, L, =

10° (100 puH) = 100 mH, and C = (250 uF)/10* = 0.250 pF.

Ly =50 uH R=04Q 2 kQ
2 kQ
L, =100 uH 1~ C=250 uF Vv, 0.5 mH v,
0.5 mH
Fig. 827 Fig. 8-28

8.20. Refer to Fig. 8-28. Obtain H(s) =V /V, for s = j4 X 10° radss. Scale the network with K, = 10~ and
compare H(s) for the two networks.
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At @ =4x10°rad/s, X, = (4 x 10°)(0.5 x 10~°) = 2000 Q. Then,

Z Yo ___J2000 1 .
H) = 5 = 3600 + j2000 ~ 77 142

After magnitude scaling, the inductive reactance is 107 (2000 Q) =2 Q and the resistance is 107 2kQ) =
2 Q. Thus,

]2

His) = 51 IL

The voltage transfer function remains unchanged by magnitude scaling. In general, any dimensionless
transfer function is unaffected by magnitude scaling; a transfer function having units € is multiplied by K ;
and a function having units S is multiplied by /K.

8.21. A three-element series circuit contains R = 5Q, L =4 H, and C = 3.91 mF. Obtain the series resonant
frequency, in rad/s, and then frequency-scale the circuit with K = 1000. Plot |Z(w)| for both circuits.
Before scaling,

- = 8 rad/s and Z(w,)) =R=5Q

W, = ——
o JLc
After scaling,
4H 3.91mF
R=5Q L=m24mH C=W=391HF

®, = 1000(8 rad/s) = 8000 rad/s Z(w,) =R=5Q

Thus, frequency scaling by a factor of 1000 results in the 5-Q impedance value being attained at 8000 rad/s
instead of 8 rad/s. Any other value of the impedance is likewise attained, after scaling, at a frequency 1000
times that at which it was attained before scaling. Consequently, the two graphs of |Z(w)| differ only in the
horizontal scale—see Fig. 8-29. (The same would be true of the two graphs of Gz(w).)

1Z|,
50 |-
40 -
30 -
20 -

10+

( | | | | |
) 05w, 0707w, @y 1414wy, 2y

4 5.656 8 11.312 16  rad/s
4000 5656 8000 11.312 16 000 rad/s
Fig. 8-29

SUPPLEMENTARY PROBLEMS

8.22. Inthe RLC circuit of Fig. 8-30, the capacitor is initially charged to V, =200 V. Find the current transient after the
switchisclosedat7=0.  Ans. —2¢ "™ sin 1000 (A)

8.23. A series RLC circuit, with R =200 €, L=0.1 H, and C = 100 UF, has a voltage source of 200 V applied at = 0.
Find the current transient, assuming zero initial charge on the capacitor.

Ans.  1.055(% — 9%y (A)
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8.24.

8.25.

8.26.

8.27.

8.28.

8.29.

8.30.

8.31.

8.32.

5Q

TN 200 Q | M\

i
i 50
0.1H
. AT~ 20 uF
0.1 H
Ve T S 50V

Fig. 8-30 Fig. 8-31

What value of capacitance, in place of the 100 UF in Problem 8.23, results in the critically damped case?
Ans. 10 uF

Find the natural resonant frequency, |f3], of a series RLC circuit with R =200 Q, L=0.1 H, C=5 puF.
Ans. 1000 rad/s

A voltage of 10 V is applied at =0 to a series RLC circuit with R=5 Q, L=0.1 H, C=500 uF. Find the transient
voltage across the resistance. Ans.  3.60e > sin 139¢ V)

In the two-mesh circuit shown in Fig. 8-31, the switch is closed at 7= 0. Find i, and i,, for 7> 0.

Ans. i\(t)=-0.051¢”" " +10.05¢"" (A), i, = =5.05¢"' " +5.00 + 0.05¢ 7" (A)

A voltage has the s-domain representation 100 /30° V. Express the time function for (a) s = —2Np/s,
(b)s=—1+j55". Ans. (a) 86.6¢ > (V); (b) 100e” cos (51 + 30°) (V)

Give the complex frequencies associated with the current i(f) = 5.0 + 10¢™ cos (50t +90°) (A).

Ans.  0,-3+j505"

A phasor current 25 /40° A has complex frequency s = -2 + ;3 s”'. What is the magnitude of i(7) at £ = 0.2s?
Ans. 451 A

Calculate the impedance Z(s) for the circuit shown in Fig. 8-32 at (a) s = 0, (b) s =1 rad/s, (¢) s = j2 rad/s,
(d) |s| = oe. Ans. (a) 1Q; (b) 1.58 [/18.43°Q; (¢) 1.84 [12.53°Q; (d) 2 Q

1Q
| AWy |
s2 S
s2
Vi(s) +> —~a
10 20 NG s
20
Fig. 8-32 Fig. 8-33

The voltage source in the s-domain circuit shown in Fig. 8-33 has the time-domain expression

v,(t) = 10e" cos 2 (V)

Obtain i (7). Ans.  7.07¢" cos (27 + 98.13°) (A)
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8.33. In the time domain, a series circuit of R, L, and C has an applied voltage v, and element voltages v, v,, and V.
Obtain the voltage transfer functions (a) V (s)/V(s), (b) V (s)/V ().

Rs/L 1/LC
Ans.  (a) TR T ; (D) R T
S + z S +T S + zS + E

8.34. Obtain the network function H(s) for the circuit shown in Fig. 8-34. The response is the voltage V (s).

(s+7— j2.65)(s + 7 + j2.65)

Ans. (s+2)s+4)

1Q
VW
6Q
1) D Ve =<3 1
S
Fig. 8-34

8.35. Construct the s-plane plot for the transfer function of Problem 8.34. Evaluate H(j3) from the plot.

Ans.  See Fig. 8-35.

(7.02)(9.0) /2.86 + 38.91° o
=3.50 /=-51.41° Q
(3.61)(5.0) /56.31° + 36.87°

Fig. 8-35

8.36. Obtain H(s) = V (s)/I(s) for the circuit shown in Fig. 8-36 and construct the pole-zero plot.

2
Ans. H(s) = S5 goe Fig 8.37.
s"+1
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jo,rad/s B

:

sl o, Np/s

I(s) -
Vi(s) 0.5s

AY
/1
wl-

Fig. 8-36 Fig. 8-37

8.37. Write the transfer function H(s) whose pole-zero plot is given in Fig. 8-38.

s® + 50s + 400

Ans.  H(s) = k———D T
s” + 40s + 2000

 j100 = TP
jo,rad/s
L 50
20 + 40 X----{
G o
L[ k=2
~ i ~ B ‘\ﬁl
© —®) 3
—40 i _10 o, Np/s » o, Np/s
I
1 B
i B
20— j40 X---—1 -
L 50
Fig. 8-38 Fig. 8-39

8.38. The pole-zero plot in Fig. 8-39 shows a pole at s = 0 and zeros at s = —50 £ j50. Use the geometrical method to
evaluate the transfer function at the test point j100.

Ans.  H(j100) = 223.6 /26.57°

8.39. A two-branch parallel circuit has a resistance of 20 € in one branch and the series combination of R = 10 € and
L =0.1 H in the other. First, apply an excitation, I(s), and obtain the natural frequency from the denominator
of the network function. Try different locations for applying the current source. Second, insert a voltage source,
V.(s), and obtain the natural frequency. Ans. —300 Np/s in all cases
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8.40.

8.41.

8.42.

8.43.

8.44.
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In the network shown in Fig. 8-40, the switch is closed at 1 =0. At t=0", i=0 and

di
€= 25 Als

Obtain the natural frequencies and the complete current, i =i, + i= -

Ans. —8.5Np/s, —23.5 Np/s; i = —2.25¢ " = 0.25¢ 2"+ 2.5 (A)
CZ
I
1
(1o -
.
— 1) 1 s +20
25V — Z(s) s*+32s+199.8 Y2

Fig. 8-40

A series RLC circuit contains R =1 Q, L=2 H, and C =0.25 F. Simultaneously apply magnitude and frequency
scaling, with K, =2000 and Kf: 10*. What are the scaled element values?

Ans. 2000 Q, 0.4 H, 12.5 uF

At a certain frequency @, a voltage V, =25 /0°V applied to a passive network results in a current
I, =3.85/=30° (A). The network elements are magnitude-scaled with K, = 10. Obtain the current which
results from a second voltage source, V, =10 /45°V, replacing the first, if the second source frequency is
0,=10"w.  Ans. 0.154 [15°A

In the circuit of Fig. 8-41 let R,C, = R,C, = 10%s. Find v, for t > 0 if: (@) v, = cos(10000)u(r),
(b) v, = sin(10000)u(?). Ans.  (a) v, =sin (10007); (b) v, =1 — cos(1000¢)

In the circuit of Fig. 8-42 assume R =2 k€, C = 10 nF, and R2 = R1 and U, = COs 1. Find v, for the following
frequencies: (a) @, =5 X 10* rad/s, (b) @, = 10° rads.

Ans.  (a) v, =2 sin @y (b) v, =0.555 cos (w1 — 146.3°)

Fig. 8-42
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8.45. Noninverting integrators. In the circuits of Fig. 8-43(a) and 8-43(b) find the relationship between v, and v,.

Ans. (a) v, = (RCI2)dv,/dr; (b) v, = 2RCdv,/d1

| R R | R R
A A Ay A
. ——e ) — e
R &

a
Q

5] vy
vy C— vy R

(a) (b)
Fig. 8-43

8.46. In the circuit of Fig. 8-44 find the relationship between v, and v,. Show that for R,C, = R,C, we obtain

8.47.

8.48.

v, = R)V,/(R, +R,).

dv,
Ans. RR,(C, +C) +(R + RV, = RR,C,— L 4Ry,

l

Q=

Fig. 8-44

In the circuit of Fig. 8-44 let R, = 9kQ = 9R,, C,=100 pF=9C,, and v, = 10* £ V. Find i at 1 ms after the switch
is closed. Ans. 1=1.0001 mA

Lead network. The circuit of Fig. 8-45(a) is called a lead network. (a) Find the differential equation relating
v, to v,. (b) Find the unit-step response of the network with R, =10 kQ, R, =1 kQ, and C =1 UF. (¢) Let v,
cos Wt be the input and v, = A cos (ot + 6) be the output of the network of par“[ (b). Find A and O for wat 1, 100
331.6, 1100, and 10°, all in rad/s. At what @ is the phase at a maximum?

v, R +R, d‘l)l 1 1 ~1100¢
Ans. (a) 7 ( RR C )U dt +WUI,(I))1)2 = ﬁ(1+ 10e Ju(t)
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© (0] 1 100 331.6 1100 10’
A 0.091 0.128 03015 0.71 1
0 0.5° 39.8°  56.4° 39.8°  0.5°

Phase is maximum at @ = 100 /11 = 331.6 rad/s.

8.49. Lag network. The circuit of Fig. 8-45(D) is called a lag network. (a) Find the differential equation relating v,
to v,. (b) Find the unit-step response of the network with R = 10 kQ, R, =1 kQ, and C =1 UF. (c) Let v, =
cos @t be the input and v, = A cos(wr — 6) be the output of the network of part (b). Find A and 6 for wat 1, 90.9,
301.5, 1000, and 10°, all in rad/s. At what @ is the phase at a minimum?

dv dv 10 _
Ans. (@) U, + (R + R) C—2 = v, + R,C—L.(b) v, = (1 _10, 90‘9“)u(r)

T
© 4 1 909 3015 1000 10°

A 1 071 03015 0128 0.091

) 05°  398° 564°  398° 05°

Fig. 8-45

Phase is minimum at @ = 1000/\/ﬁ = 301.5 rad/s.

8.50. In the circuit of Fig. 8-46 find the relationship between v, and v, for (a) k = 103, b) k= 10°. Tn each case find
its unit-step response; that is, v, for v, = u(?).

dv _ o
Ans. (@) —2+4x10%, = =4 %1070, v, = =10(1 = ™" Yu(r)

dv. _ o
(b) > +4x 10%, = -4 x 10°v,, v, = =101 — ¢ * """ Yu(r)

10 £Q2

CD v, 1 MQ v T=250F kv v,

Fig. 8-46



CHAPTER 9

Sinusoidal Steady-State
Circuit Analysis

9.1 Introduction

This chapter will concentrate on the steady-state response of circuits driven by sinusoidal sources. The
response will also be sinusoidal. For a linear circuit, the assumption of a sinusoidal source represents no
real restriction, since a source that can be described by a periodic function can be replaced by an equivalent
combination (Fourier series) of sinusoids. This matter will be treated in Chapter 17.

9.2 Element Responses
The voltage-current relationships for the single elements R, L, and C were examined in Chapter 2 and
summarized in Table 2-1. In this chapter, the functions of v and i will be sines or cosines with the argument
wt. o is the angular frequency and has the unit rad/s. Also, ® = 2xf, where f is the frequency with unit
cycle/s, or more commonly, hertz (Hz).
Consider an inductance L with i =1 cos (wf + 45°) A [see Fig. 9-1(a)]. The voltage is
di

v, = Lo = oLI[-sin (1 + 459)] = oLl cos (ot +135°) (V)

(a) (b)
Fig. 9-1

A comparison of v, and i shows that the current lags the voltage by 90° or 7/2 rad. The functions are
sketched in Fig. 9-1(b). Note that the current function i is to the right of v, and since the horizontal scale is
wt, events displaced to the right occur later in time. This illustrates that i lags v. The horizontal scale is in
radians, but note that it is also marked in degrees (—135°, 180°, etc.). This is a case of mixed units just as with
wt + 45°. It is not mathematically correct but is the accepted practice in circuit analysis. The vertical scale
indicates two different quantities, that is, v and i, so there should be two scales rather than one.

209
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While examining this sketch, it is a good time to point out that a sinusoid is completely defined when its

magnitude (V or /), frequency (@ or f), and phase (45° or 135°) are specified.

In Table 9-1 the responses of the three basic circuit elements are shown for applied current i = /cos wt
and voltage v =V coswt. If sketches are made of these responses, they will show that for a resistance R, v
and i are in phase. For an inductance L, i lags v by 90° or 7/2 rad. And for a capacitance C, i leads v by 90°

or /2 rad.

Table 9-1
i =1cos ot v =1V cos wt
|
+ \%
Ve R U, =Rlcoswr ip= | cos wt
il+
\%
v, 4L v, = LI cos(wt+90°) i = oL cos(wt — 90°)
il ;
ad Ve =0 cos(wt —90°) i = @CV cos(wt +90°)

EXAMPLE 9.1 The RL series circuit shown in Fig. 9-2 has a current i = [ sin @¢. Obtain the voltage v across the two

circuit elements and sketch v and i.

. di ,
ve = RIsinor v, =L =Ll sin (ot +90°)

UV =1V, + v, = RIsin ot + oLl sin (ot + 90°)

+ +
R UR
] + v
L uL

Fig. 9-2

Since the current is a sine function and
v =V sin (ot + 0) =V sin wt cos 0 + V cos wt sin@
we have from the above
U = RI sin ot + LI sin ot cos 90° + wLl cos ®t sin 90°
Equating coefficients of like terms in (1) and (2),

Vsin 0 = wLl and V cos@ = RI

Then v = IR* + (wL)* sin[wt + arctan(wL/R)]
2 2 _1 WL
and V =I{R +(wL) and 6 = tan N

M

(@)
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The functions i and v are sketched in Fig. 9-3. The phase angle 6, the angle by which i lags v, lies within the range 0°
< 6<90°, with the limiting values attained for oL < R and wL > R, respectively. If the circuit had an applied voltage
v = V sin wt, the resulting current would be

i=+sin(an—e)
JR*+ (0L

where, as before, 6= tan”" (wL/R).

Fig. 9-3

EXAMPLE 9.2 If the current driving a series RC circuit is given by i = I sin®@t, obtain the total voltage across the two
elements.

U, = RI sin ot Ve = (VC) sin (wt — 90°)

V=0, + U, =V sin (@0t - 0)

where V =IJR* + (/oC)* and 6 = tan"' (1/@CR)

The negative phase angle shifts v to the right of the current i. Consequently i leads V for a series RC circuit. The phase
angle is constrained to the range 0° < 6 < 90°. For (1/wC) <« R, the angle 6 = 0°, and for (1/@wC) > R, the angle
0=90°. See Fig. 9-4.

9.3 Phasors

A brief look at the voltage and current sinusoids in the preceding examples shows that the amplitudes and
phase differences are the two principal concerns. A directed line segment, or phasor, such as that shown
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|

i |

I

|

3n/2 I
27 >

wt

Fig. 9-5

rotating in a counterclockwise direction at a constant angular velocity @ (rad/s) in Fig. 9-5, has a projection
on the horizontal which is a cosine function. The length of the phasor or its magnitude is the amplitude or
maximum value of the cosine function. The angle between two positions of the phasor is the phase difference
between the corresponding points on the cosine function.

Throughout this book phasors will be defined from the cosine function. If a voltage or current is expressed
as a sine, it will be changed to a cosine by subtracting 90° from the phase.

Consider the examples shown in Table 9-2. Observe that the phasors, which are directed line segments and
vectorial in nature, are indicated by boldface capitals, for example, V, I. The phase angle of the cosine function
is the angle on the phasor. The phasor diagrams here and all that follow may be considered as a snapshot of the
counterclockwise-rotating directed line segment taken at = 0. The frequency f (Hz) and @ (rad/s) generally do
not appear but they should be kept in mind, since they are implicit in any sinusoidal steady-state problem.

Table 9-2
Function Phasor Representation
\4
v =150 cos (5007 + 45°) (V)
[45° V

i =3.05in (20007 + 30°) (mA)
= 3.0 cos (20007 — 60°) (mA)
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EXAMPLE 9.3 A series combination of R =10 and L =20 mH has a current i = 5.0 cos (5007 + 10°) (A). Obtain the
voltages v and V, the phasor current I and sketch the phasor diagram.
Using the methods of Example 9.1,

di o
;= LE =50.0cos(5007 +100°)

U = v, + 0, =70.7 cos (5007 + 55°) (V)

U, = 50.0cos(500z +10°) v

The corresponding phasors are
I=5.0/10°A and V =70.7 /55°V

The phase angle of 45° can be seen in the time-domain graphs of i and v shown in Fig. 9-6(a), and the phasor diagram
with I and V shown in Fig. 9-6(b).

~
| ;
' r /— 5% 1
| Il 1 1 1 1
J ~>’ e 100 o 180° 270° B0 wt 10°
s5°

(@) ®)

Fig. 9-6

Phasors can be treated as complex numbers. When the horizontal axis is identified as the real axis of a
complex plane, the phasors become complex numbers and the usual rules apply. In view of Euler’s identity,
there are three equivalent notations for a phasor.

polar form vV=V/0

rectangular form V =V(cos 0 + jsin 0)

. 6
exponential form vV = Ve’
The cosine expression may also be written as

v = Vcos (ot + 0) = Re[Ve! ] = Re [Ve/™']

The exponential form suggests how to treat the product and quotient of phasors. Since
0 0 ,
Ve WV, + Vv, O,

Y, [8)V; /6, =V, /6,+6,

and, since (Vleje' )/(Vzejgz) = (V1/V2)ej =6,

Y /6
Vv, 0 - WY /076
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The rectangular form is used in summing or subtracting phasors.

EXAMPLE 9.4 Given V, = 25.0 /143.13° and V, = 11.2 /26.57°, find the ratio V,/V, and the sum V, +V,,.

25.0 /143.13° o .
ViV, = Si 5 e 57e = 2.23 /116.56°= ~1.00 + j1.99

V, +V,=(=20.0 + j15.0)+ (10.0 + j5.0)= —-10.0 + j20.0 = 23.36/116.57°

9.4 Impedance and Admittance

A sinusoidal voltage or current applied to a passive RLC circuit produces a sinusoidal response. With time
functions, such as v(¢) and i(7), the circuit is said to be in the time domain, Fig. 9-7(a); and when the circuit
is analyzed using phasors, it is said to be in the frequency domain, Fig. 9-7(b). The voltage and current may
be written, respectively,

V(1) = Vcos(wr + 0) = Re[Ve'™] and V=V,
i(t) = I cos(wt + ¢) = Re[Ie’'] and I1=1,9
The ratio of phasor voltage V to phasor current I is defined as impedance Z, that is, Z = V/I. The reciprocal

of impedance is called admittance Y, so that Y = 1/Z (S), where 1 S =1 Q'=1 mho. Y and Z are complex
numbers.

i), 1

=

+
6/ (1) RLC @V Z

+4

L 1

(a) Time domain (b) Frequency domain

Fig. 9-7

When impedance is written in Cartesian form the real part is the resistance R and the imaginary part is
the reactance X. The sign on the imaginary part may be positive or negative: When positive, X is called the
inductive reactance, and when negative, X is called the capacitive reactance. When the admittance is written
in Cartesian form, the real part is conductance G and the imaginary part is susceptance B. A positive sign on

the susceptance indicates a conductance susceptance, and a negative sign indicates an inductive susceptance.
Thus,

Z=R+jX, and Z=R-jX.
Y=G-jB, and Y =G+/B.

The relationships between these terms follow from Z = 1/Y. Then,

G -B
=— and X=——
G*+ B G*+ B
R -X
= ——— and B=———
R*+ X* R*+ X?
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These expressions are not of much use in a problem where calculations can be carried out with the numerical
values as in the following example.

EXAMPLE 9.5 The phasor voltage across the terminals of a network such as that shown in Fig. 9-7(b) is 100.0 /45° V
and the resulting current is 5.0 /15° A. Find the equivalent impedance and admittance.

'V 100.0/45° °o_ .
Z=1 <o 150 =20.0/30°=17.32+10.0 Q

Y= % = % =0.05/-30 =(4.33-,2.50) x 1072s

Thus, R=17.32Q, X, =10.0Q, G=4.33x 108, and B, =2.50 x 10°S.

Combinations of Impedances
The relation V = IZ (in the frequency domain) is formally identical to Ohm’s law, v = iR, for a resistive
network (in the time domain). Therefore, impedances combine exactly like resistances:

impedances in series Zeq =72 +7Z,+---
i d i 1lel ! + +
impedances in paralle =45+
P P Zeq Z, "7,

In particular, for two parallel impedances, Zeq =Z,2/(Z,+Z,).

Impedance Diagram

In an impedance diagram, an impedance Z is represented by a point in the right half of the complex plane.
Figure 9-8 shows two impedances; Zl, in the first quadrant, exhibits inductive reactance, while Zz, in the
fourth quadrant, exhibits capacitive reactance. Their series equivalent, Zl + sz is obtained by vector addi-
tion, as shown. Note that the “vectors” are shown without arrowheads, in order to distinguish these complex
numbers from phasors.

Fig. 9-8
Combinations of Admittances
Replacing Z by 1/Y in the formulas above gives
. . 1L_ 1,1
admittances in series Y. "Y'y, e
q
admittances in parallel Y, =Y+ Y+

Thus, series circuits are easiest treated in terms of impedance; parallel circuits, in terms of admittance.
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Admittance Diagram

Figure 9-9, an admitiance diagram, is analogous to Fig. 9-8 for impedance. Shown are an admittance Y,
having capacitive susceptance and an admittance Y, having inductive susceptance, together with their vector
sum, Y T Yz, which is the admittance of a parallel combination of Y | and Yz-

jB. S

Fig. 99

9.5 Voltage and Current Division in the Frequency Domain
In view of the analogy between impedance in the frequency domain and resistance in the time domain,
Sections 3.6 and 3.7 imply the following results.

(1) Impedances in series divide the total voltage in the ratio of the impedances:

\ A/ voZy
= 7~ or =
Vs Zs " Zeq r
See Fig. 9-10.
+
—_— +
I Z, Vv, + .o
- I I, |
¥ I | 1 l
||V,
Vr - v [j ZorY, L Z,orY: ] Z,orY,
H .
+ -—
z.||v, I
Fig. 9-10
Fig. 9-11

(2) Impedances in parallel (admittances in series) divide the total current in the inverse ratio of the imped-
ances (direct ratio of the admittances):

Ir_Zs_Yr I_Zqu_YrI
A A
q

See Fig. 9-11.

9.6 The Mesh Current Method

Consider the frequency-domain network of Fig. 9-12. Applying Kirchhoff’s voltage law (KVL), as in
Section 4.3, or simply by inspection, we find the matrix equation
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2,7, 7, |1 \Z
2, 7,, 7, || |=|V,
Z, 1, Z; |1, \£

for the unknown mesh currents Il, Iz, Ig. Here, Z11 =7 4t ZB, the self-impedance of mesh 1, is the sum

of all impedances through which I, passes. Similarly, Z,,=2,+7Z.+7Z,and Z,; =7, +7Z, are the self-
impedances of meshes 2 and 3.

ZA Z(‘ ZE

V, Ct) ll ZB lz ZD l3 C

V,

()

Fig. 9-12

The 1,2-element of the Z-matrix is defined as:
Z,= 21— (impedance common to I, and I,)

where a summand takes the plus sign if the two currents pass through the impedance in the same direction,
and takes the minus sign in the opposite case. It follows that, invariably, Z , = Z,,. In Fig. 9-12, I, and I,
thread Z, in opposite directions, whence

Similarly,

Z,=17, = Zi(impendance common to I, and I;) =0

Z,,=12,, = Zi(impendance common to I, and I,) = -Z

23 D

The Z-matrix is symmetric.
In the V-column on the right-hand side of the equation, the entries Vk (k=1, 2, 3) are defined exactly as
in Section 4.3:

V.= Z +(driving voltage inmesh k)

where a summand takes the plus sign if the voltage drives in the direction of I, and takes the minus sign in
the opposite case. For the network of Fig. 9-12,

V, =+V, V,=0 V,=-V,

Instead of using the meshes, or “windows” of the (planar) network, it is sometimes expedient to choose

an appropriate set of loops, each containing one or more meshes in its interior. It is easy to see that two loop

currents might have the same direction in one impedance and opposite directions in another. Nevertheless,

the preceding rules for writing the Z-matrix and the V-column have been formulated in such a way as to

apply either to meshes or to loops. These rules are, of course, identical to those used in Section 4.3 to write
the R-matrix and V-column.
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EXAMPLE 9.6 Suppose that the phasor voltage across Z ,, with polarity as indicated in Fig. 9-13, is sought. Choosing
meshes as in Fig. 9-12 would entail solving for both I, and I, then obtaining the voltage as V, = (I, —I,)Z,. In Fig. 9-13
three loops (two of which are meshes) are chosen so as to make I, the only current in Z,,. Furthermore, the direction of I, is
chosen such that V, =1,Z ;. The matrix equation is set up:

Z,+7, -7, 0 I -V,
-7, Z,+7.+7Z, z, L|=1YV,
0 z, Z,+7Z, |1 v,
From which,
-V, -7, 0
Z,
V, =71, =A V, Z,+Z,+7Z. Z,
z
v, z, Z,+1Z,
where A_is the determinant of the Z-matrix.
ZA ZC ZE
E - ¢ ) S
'a R L
V. Cib I Vsl |Zs Zp I Ctb Vs
+
Fig. 9-13

Input and Transfer Impedances
The notions of input resistance (Section 4.6) and transfer resistance (Section 4.8) have their exact counter-
parts in the frequency domain. Thus, for the single-source network of Fig. 9-14, the input impedance is

— Vr Az
Zinput,r =1 = A

where | _is the cofactor of Z_ in A ; and the fransfer impedance between mesh (or loop) r and mesh (loop) s is

A% A
=_r _ "z
transfer,ss — [ T A
s rs
where A” is the cofactor of er in AZ.
M_
r I I
Passive
v, Cﬁ) Network.
(z]

Fig. 9-14
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As before, the superposition principle for an arbitrary n-mesh or n-loop network may be expressed as

— Vl Vk—l Vk Vk+1 Vn
L=z ——+ 47 Tz 17 LR/
transfer,1 k transfer,(k—1)k input,k transfer,(k+1)k transfer,nk

9.7 The Node Voltage Method

The procedure is exactly as in Section 4.4, with admittances replacing reciprocal resistances. A frequency-
domain network with n principal nodes, one of them designated as the reference node, requires n — 1 node
voltage equations. Thus, for n = 4, the matrix equation would be

Y, Y, Y5 ||V I,
Y, Yy Yu||Vh=|L
Y, Y, Y ||V, I

in which the unknowns, V,, V,, and V ,, are the voltages of principal nodes 1, 2, and 3 with respect to principal
node 4, the reference node.

Y, is the self-admittance of node 1, given by the sum of all admittances connected to node 1. Similarly,
Y,, and Y, are the self-admittances of nodes 2 and 3.

Y,,, the coupling admittance between nodes 1 and 2, is given by minus the sum of all admittances con-
necting nodes 1 and 2. It follows that Y, = Y,,. Similarly, for the other coupling admittances: Y, =Y;,,
Y,; =Y,,. The Y-matrix is therefore symmetric.

On the right-hand side of the equation, the I-column is formed just as in Section 4.4; i.e.,

I :Z(current driving into node k) k=1,2,3)

in which a current driving out of node k is counted as negative.

Input and Transfer Admittances
The matrix equation of the node voltage method,

[YI[V]=[]
is identical in form to the matrix equation of the mesh current method,
[Z][1] = [V]

Therefore, in theory at least, input and transfer admittances can be defined by analogy with input and transfer
impedances:

-
input,r A\Y
,

transfer,rs A

“
3

where now A _and A are the cofactors of Y and Y in Ay. In practice, these definitions are often of limited
use. However, they are valuable in providing an expression of the superposition principle (for voltages);

I I I I I

1 k-1 k k+1 n—1
=+ + + + +ot
Vk Ytransfer 1k Ytransfer (k—1)k Yin Y ans Y, ans -
A sfer, put,k transfer,(k+1)k transfer,(n—If)k
fork=1,2,...,n—1.In words, the voltage at any principal node (relative to the reference node) is obtained by

adding the voltages produced at that node by the various driving currents, these currents acting one at a time.
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9.8 Thévenin’s and Norton’s Theorems

These theorems are exactly as given in Section 4.9, with the open-circuit voltage V’, short-circuit current 1”,
and representative resistance R’ replaced by the open-circuit phasor voltage V’, short-circuit phasor current I’,
and representative impedance Z’, respectively. See Fig. 9-15.

a ¢ —0 a
7

Linear
Active v r ) z
Network

b _ -0 b

(a) Frequency-domain network (b) Thévenin equivalent (c) Norton equivalent
Fig. 9-15

9.9 Superposition of AC Sources

How do we apply superposition to circuits with more than one sinusoidal source? If all sources have the same
frequency, superposition is applied in the phasor domain. Otherwise, the circuit is solved for each source,
and time-domain responses are added.

EXAMPLE 9.7 A practical coil is connected in series between two voltage sources v, =5 cos®,f and v, = 10 cos(w, +
60°) such that the sources share the same reference node. See Fig. 9-54. The voltage difference across the terminals of
the coil is therefore v, — v,. The coil is modeled by a 5-mH inductor in series with a 10-€ resistor. Find the current i(#)
in the coil for (@) @, = @, =2000 rad/s and (b) o, = 2000 rad/s, ®, =2,.

(@) The impedance of the coil is R + jLo = 10 + j10 = 102 /45°Q. The phasor voltage between its terminals is
V=V, -V, =5-10/60° = —j5/3V. The current is

v NG —j8.66
I=— = ~ - =0.61/-135° A
Z 102 /45° 14.14 /45 o S AN

i =0.61cos (20007 —135°)

(b) Because the coil has different impedances at @, = 2000 and @, = 4000 rad/s, the current may be represented in
the time domain only. By applying superposition, we get i = i, — i,, where i, and i, are currents due to v, and
,, respectively.

V 5
— 1 _ — _AK© . — _ o
I Z ~T0+/10 0.35 /=45° A, i,(1) = 0.35 cos (20007 — 45°)
— V2 _ 10 6L00 _ o . _ o
L= Z, =10+,20 - 0.45 /-3.4° A, i,(1) = 0.45 cos (40007 — 3.4°)

i=i —i,=0.35cos (2000f — 45°) — 0.45 cos (40007 — 3.4°)

SOLVED PROBLEMS

9.1. A 10-mH inductor has current i = 5.0 cos 2000z (A). Obtain the voltage v, .
From Table 9-1, v, = @LI cos (wt + 90°) = 100 cos (20007 + 90°) (V). As a sine function,

v, =100 sin (20007 + 180°) = =100 sin 20007 (V)
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9.2.

9.3.

9.4.

9.5.

9.6.

A series circuit, with R = 10 Q and L = 20 mH, has current i = 2.0 sin 5007 (A). Obtain total voltage v
and the angle by which i lags 0.
By the methods of Example 9.1,

50020 x 107)
10 -

v = IR + (wL)* sin(ot + 6) = 28.3 sin (5001 + 45°) (V)

It is seen that i lags v by 45°.

0 = arctan 45°

Find the two elements in a series circuit, given that the current and total voltage are
i =10 cos (50007 — 23.13°) (A) V=50 cos (5000¢ + 30°) (V)

Since i lags v (by 53.13°), the elements are R and L. The ratio of Vi O 1 is 50/10. Hence,

% =JR* + (5000L)* and tan53.13° = 1.33 = 50(;0L

Solving, R=3.0 Q, L =0.8 mH.

A series circuit, with R = 2.0 Q and C = 200 pF, has a sinusoidal applied voltage with a frequency
of 99.47 MHz. If the maximum voltage across the capacitance is 24 V, what is the maximum voltage
across the series combination?

®=27f =6.25x 10° rad/s

From Table 9-1, 1, = oCV. . =3.0 A. Then, by the methods of Example 9.2,

> “max

Vo =1 R+ (1/0C) = \6) + (24) = 24.74 V

ma.

The current in a series circuit of R =5 Q and L = 30 mH lags the applied voltage by 80°. Determine
the source frequency and the impedance Z.
From the impedance diagram, Fig. 9-16,

5+ jX, =27 /80° X, =5tan80° = 28.4 Q
Then 28.4 = (30 x 10_3), whence @ =945.2 rad/s and f= 150.4 Hz.
Z=5+j284Q

JXL z

| 8Q
| -30° H R
| I
| |
| |

ol ep—————N,

50 R
Fig. 9-16 Fig. 9-17

At what frequency will the current lead the voltage by 30° in a series circuit with R =8 Q and C =30 puF?
From the impedance diagram, Fig. 9-17,

8~ jX. = Z [=30° ~X, =8 tan (-30°) = —4.62 Q



222 CHAPTER 9 Sinusoidal Steady-State Circuit Analysis

1

Then 22—
27 (30 X 10°°)

or  f=1149 Hz

9.7. A series RC circuit, with R = 10 Q, has an impedance with an angle of —45° at f] =500 Hz. Find the
frequency for which the magnitude of the impedance is (a) twice that at f}, (b) one-half that at f|.
From 10 - jX. = Z, [45°, X, =10Qand Z, = 14.14 Q.

(a) For twice the magnitude,

- jX . =28. or = . - = 26.
10 - jX,. = 28.28 /6° X, =1(28.28)° - (10)* = 26.45 Q

Then, since X . is inversely proportional to f,

0 f

_2645 Zm or f2:189 Hz

(b) A magnitude Z, = 7.07 Q is impossible; the smallest magnitude possible is Z=R =10 Q.
9.8. A two-element series circuit has voltage V = 240 /0°V and current I = 50 /—60° A. Determine the

current which results when the resistance is reduced to (a) 30 percent, (b) 60 percent, of its former
value.

V240 00° o .
Z= =55 cg =48 [60° =240+ j416Q

(a) 30% x 2.40 =0.72 Z,=0.72+ j4.16 = 4.22 [80.2° Q

240 /0° o
I = 722 /830 .2° =56.8 /=80.2° A

(b) 60% x 2.40 =1.44 Z,=1.44+ j4.16 =4.40 [/70.9° Q

240 /0°

I,= 2.2407709° 54.5 /=70.9° A

9.9. For the circuit shown in Fig. 9-18, obtain Zeq and compute I.
For series impedances,

€

Z, =10 /0°+4.47 63.4° =12.0 +j4.0 = 12.65 /18.43° Q
\4 100 /0°
Then, I= = ———t=__--791/-1843° A
Z. ~12.65/18.43

9.10. Evaluate the impedance Z, in the circuit of Fig. 9-19.

7= ¥ =20/60°=10.0 + j17.3 Q

K 100° Q
500 j80Q Z

4.47/63.4° O AN, MRS B
25/-15° A+ 50/45° V -

Fig. 9-18 Fig. 9-19
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Then, since impedances in series add,

50+8.0+Z =100+ /173 or  Z =50+ j93Q

9.11. Compute the equivalent impedance Zeq and admittance qu for the four-branch circuit shown in
Fig. 9-20.
Using admittances,

vy =L - _jo20s y. - L

=7 y= 15 = 0.0678
Y, = ek =0.05-0.087S  Y,=——=j0.108
275+ 866 0T «= =j1o — ™

Then, Y, =Y+ Y, +Y,+Y, =0.117- j0.187 = 0.221 /=58.0° S

d 7 - =4.53/58.0° Q
an eq—qu =4. .
1
— O ©, ©, ®
+
50 1"
b
v jsQ 5: 150 = -i10 Q
j8.66 Q
o—
Fig. 9-20

9.12. The total current I entering the circuit shown in Fig. 9-20 is 33.0 /—=13.0° A. Obtain the branch current
L, and the voltage V.

V= IZeq =(33.0 /=13.0° )(4.53 /58.0°) = 149.5 /45.0° V

I, =VY, = (1495 [45.0°)(% &") =9.97 /45.0° A

9.13. Find Z, in the three-branch network of Fig. 9-21, if I=31.5/24.0°A for an applied voltage
V =50.0/60.0° V.

o
t —
I 40 Q
S
j3.0Q
o

Fig. 9-21
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Y= % =0.630 /=36.0° =0.510—j0.370 S
Th 0.510 = j0.370 = Y 4+ = 4+ — 1
en, DT =ENTT0 T 40+ 3.0

whence, Y, = 0.354 [—45° S and Z,=2.0+,2.0Q.

9.14. The constants R and L of a coil can be obtained by connecting the coil in series with a known resistance
and measuring the coil voltage V, the resistor voltage V|, and the total voltage V,. (Fig. 9-22). The
frequency must also be known, but the phase angles of the voltages are not known. Given that f = 60 Hz,
V,=20V,V, =224V, and V,=36.0 V, find R and L.

I
\‘E"\\Q 'VQ |
- v - Y
+ V. - ’V/’/ |
+V - 1 |
|
AN, +—.M—IVW\_+_ J z
10 0 R jwL \ ~ S
_ 10 Q R
Fig. 922 Fig. 923

The measured voltages are effective values, but, as far as impedance calculations are concerned, it makes
no difference whether effective or peak values are used.
The (effective) current is = V,/10 =2.0 A. Then,

22'4=11.2Q zZ =¥=18.0Q

=70 eq ~ Q.

From the impedance diagram, Fig. 9-23,

(18.0)* = (10 + R)* + (wL)*
(11.2)* = R* + (wL)*

where @ = 2760 = 377 rad/s. Solving simultaneously,
R=4920Q L =267 mH

9.15. In the parallel circuit shown in Fig. 9-24, the effective values of the currents are [ = 18.0A,1 1= 15.0 A,
and /,,=30.0 A. Determine R and X;.
The problem can be solved in a manner similar to that used in Problem 9.14 but with the admittance
diagram.
The (effective) voltage is V =1,(4.0) = 60.0 V. Then,

1 1 1
_t _Ir — —
Y = V= 0.300S qu =7y 0.500 S Y, = 70° 0.250S
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o G
T’ l I, "ﬁ Y, =0250 S —
T 1
T
+1 2 I
< -

R Jx v :: 40Q N I
- cq §0 /\ﬁ BL

.S(*)S 2 |

Fig. 9-24 Fig. 9-25

From the admittance diagram, Fig. 9-25,

(0.500)* = (0.250 + G)* + B

(0.300)* = G’ + B;
which yield G=0.195 S, B, = 0.228 S. Then,

R:é:5.139 and JjX 2_;:j4.39§2

Le, X, =439 Q.

9.16. Obtain the phasor voltage V ,, in the two-branch parallel circuit of Fig. 9-26.
By current-division methods, I, = 4.64 /120.1° A and I,=17.4/30.1° A. Either path AXB or path AYB
may be considered. Choosing the former,

Vs = Vo + Vi = 1,20) = 1,(j6) = 92.8 /120.1° + 104.4 /=59.9° = 11.6 /=59.9° V

Y
® +
. 40 50
10 Q 21 2 Q
‘ : / vV oA B
o 1
18/45° A G 1 A B _ j8.66 Q
~ T
00 j6 Q -
° X
Fig. 9-26 Fig. 9-27

9.17. In the parallel circuit shown in Fig. 9-27, V, , = 48.3 /30° V. Find the applied voltage V.

By voltage division in the two branches:

4 866
Va=3=2 V=135V V=353 366 7
B (1 866 Yo 1
and so Vap = Vax = Vix ‘(1 T 5+j8.66)v = 0268+ 1 ¥

or V =(-0.268 + j1)V,, = (1.035 /105°)(48.3 /30°) = 50.0 /135° V
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10 Q

10

AAA
A A A4

+ V, -

Fig. 9-28

9.18. Obtain the voltage V_in the network of Fig. 9-28 using the mesh current method.
One choice of mesh currents is shown on the circuit diagram, with I passing through the 10-€2 resistor

in a direction such that V_=1,(10) (V). The matrix equation can be written by inspection:

7+ 3 j5 5 I, 10 /0°
js 12+3 -2-j2|L|=|5 30°
5 -@-j2  17-j2 |1, 0

Solving by determinants,

7+j3  j5 10 /0°

5 12+j3 5.30°
5 242 0 | 667.96/-169.09° .
L= 5 ST = is3a 5 a5 0gr = 0435 (2194.15° A
5 12+3 242

5 242 17-j2

and V_=1,(10) = 4.35 /-194.15° V.

9.19. In the network of Fig. 9-29, determine the voltage V which results in a zero current through the 2 + ;3 Q

impedance.
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Choosing mesh currents as shown on the circuit diagram,

L J5+is 3000 0
L=x |5 0 6[=0
0 vV 10

Expanding the numerator determinant by cofactors of the second column,

5+j5 0

-j5 6
0 -j5 6

_(30 &0) 10

-v

‘= 0 whence V=354/45.0°V

9.20. Solve Problem 9.19 by the node voltage method.
The network is redrawn in Fig. 9-30 with one end of the 2 + j3 impedance as the reference node. By the
rule of Section 9.7 the matrix equation is

| —

1 1 11 \ 30 /0°
tET I 3 _(§+j_5) ! 5
-30 /0°

(L, 1)y 1 111 A
5775 5T AT 6| Vs 54

For node voltage V, to be zero, it is necessary that the numerator determinant in the solution for V,

vanish.
305& —-0.200 + j0.200
N, = =0 from which V=354/45°V
1 _ o
305& —% 0.617 — j0.200

ref. ref.

Fig. 9-30 Fig. 9-31

9.21. Use the node voltage method to obtain the current I in the network of Fig. 9-31.
There are three principal nodes in the network. The reference and node / are selected so that the node /
voltage is the voltage across the j2-€ reactance.

11 1 1 \% 50 /0°
stpts % : z

1 111 | so /90°
T ItTptao|v, 5

From which,
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‘ 10 -0.250
B Jj25 0.750+ j0.500 _13.52/56.31° o
Vi= 0.450 - j0.500 -0.250 ©0.546 /-15.94° 2476 [12.25°V
-0.250  0.750 + j0.500
2476 /72.25° o
and I= 3 790° =12.38 /-17.75° A

9.22. Find the input impedance at terminals ab for the network of Fig. 9-32.

. 1,
a sq 20 s s
[4 Y .
V1 2
20
v L $30 1 $50 Vo
<
1 T o
— -
b ref.
Fig. 9-32

With mesh current I, selected as shown on the diagram,

s-2 -3 0
3 8+j5 -5
A 0 -5 7-j2 31551619
S8y - ~ 6.98 /-8.67°
Lt =3, §+/5 - ‘ 152 pases - 008 RO Q
S5 7-)2

9.23. For the network in Fig. 9-32, obtain the current in the inductor, Ix, by first obtaining the transfer
impedance. Let V =10 /30° V.

A, 315.5/16.19°
— 7z _ _ o
Zyonstor1s = A3 5 - 14.45 /32.14° Q
_‘ 0 7-j,2
Then 1 =1,= v 10 /30°

= _=0.692 /=2.14° A
Zyonsior2 | 14.45 /3214 [=2.14°

9.24. For the network in Fig. 9-32, find the value of the source voltage V which results in V, = 5.0 /0° V.

The transfer impedance can be used to compute the current in the 2 — j2 Q impedance, from which V|
is readily obtained.

A 315.5/16.19° .
eransfer,13 = A_1Z3 = 15—&0 =21.0 /1619 Q
Vo=L2-j2)= (2 - j2) = V(0.135 /=61.19° )

transfer,13
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Thus, if V, = 5.0 /0° V,

_ 5.0 J0° B .
V= e meriee = 370 [6L19°V
Alternate Method
The node voltage method may be used. V is the node voltage V, for the selection of nodes indicated in

Fig. 9-32.
LU S S
5-/273775 5-2
1
_j_5 0
Vo=Vy =1 T I =V(0.134 /=61.15°)
5-2° 37755 75
1 R U
5 S5 242

For V0 =50 ﬂ’ V,V =37.3/61.15°V, which agrees with the previous answer to within roundoff errors.

9.25. For the network shown in Fig. 9-33, obtain the input admittance and use it to compute node

voltage V,.
1 1 1 1
IR 2
1 1+ 1 + 1
A 2 27374550
- Y _ _ _ o
Yioput = & = TE— 1 =0.311/-49.97° S
2Y37 4" S50
I 5.0 /0°

V. = 1 — -
' Y 0.311/=49.97

=16.1/49.97° V

2Q

500 A 0 -j10 Q

ref.
Fig. 9-33

9.26. For the network of Problem 9.25, compute the transfer admittance era“sfer 0 and use it to obtain node
voltage V.

A 0.194 /—55.49° .
eransfer,12 = A_:; = W = 0.388 /—5549 S

I o
V,= v—1—=12.9/55.49°V

transfer,12
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9.27. Replace the active network in Fig. 9-34(a) at terminals ab with a Thévenin equivalent.

SBHID 5504 /6250

L=pP+35:34j4°

The open-circuit voltage V” at terminals ab is the voltage across the 3 + j4 Q impedance:

— (18(2%‘ )(3 + j4) = 5.59 /26.56° V

50 js Q
AN~ \a ey a -} -0 a
z
* 30 lsc\ \
\
10/0° V I | v
j4 Q /
- b , —0 b
(a) (b)
Fig. 9-34

9.28. For the network of Problem 9.27, obtain a Norton equivalent circuit (Fig. 9-35).
At terminals ab, I__ is the Norton current I’. By current division,

10 /0° 4
o100 (gij.g):o.sso /—41.63° A

5, PGB+
3+ )9
21 Q :E 50 Q
-0 a 1
20/0° V <+> @ b Qe
- + + ¢
120 b Y
JONNE
j24 Q j60 Q
= - _
-0 b X
Fig. 9-35 Fig. 9-36

The shunt impedance Z’ is as found in Problem 9.27, Z' = 2.50 + j6.25 Q.

9.29. Obtain the Thévenin equivalent for the bridge circuit of Fig. 9-36. Make V’ the voltage of a with

respect to b.
By voltage division in either branch,

12424 30 + j60
Vo= 33522200 Vi =g53j60 20 L0
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B B onf 12+ j24 30+ j60Y ot s
Hence, V,=V,-V,=Q20 &)(33 T 24 0% j60) =0.326/1694°V =V

Viewed from ab with the voltage source shorted out, the circuit is two parallel combinations in series, and so

g~ 2102+ j24) 50030 + j60)
T 7331 24 80 — +,60)

=47.35/26.81° Q

9.30. Replace the network of Fig. 9-37 at terminals ab with a Norton equivalent and with a Thévenin
equivalent.

10/0° jaQ

10 Q I—jl()ﬂ 30
a
\% |
?b

Fig. 9-37
By current division,
ol 10 /0° 3+j4) _ .
I .=T-= j10) B+ 4 (3_j6)—0.439(105.26 A
10+ =%

and by voltage division in the open circuit,

_ ’r _ 3 + .]4 [ o
V,=V = 13+j4(10&)—3.68 36.03°V
, l’ _ 3.68/36.03° a o
Then 7 = T = 0.439 /10526° 8.37 /=69.23° Q
See Fig. 9-38.
+ O a -0 a
8.37/-69.23° QO
3.68/36.03° V Cf> 0.439/105.26° A 8.37/-69.23° QO
-0 b O b
(a) Thévenin (b) Norton

Fig. 9-38
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SUPPLEMENTARY PROBLEMS

9.31. Two circuit elements in a series connection have current and total voltage
i =13.42sin (5007 — 53.4°) (A) v = 150 sin (5007 + 10°) (V)

Identify the two elements. Ans. R=5Q,L=20mH

9.32. Two circuit elements in a series connection have current and total voltage
i =4.0cos (20007 + 13.2°) (A) v = 200 sin (20007 + 50.0 °) (V)

Identify the two elements. Ans. R=30Q,C=12.5uF

9.33. A series RC circuit, with R=27.5 Q and C = 66.7 UF, has sinusoidal voltages and current, with angular frequency
1500 rad/s. Find the phase angle by which the current leads the voltage. Ans. 20°

9.34. A series RLC circuit, with R = 15 Q, L = 80 mH, and C = 30 UF, has a sinusoidal current at angular frequency
500 rad/s. Determine the phase angle and whether the current leads or lags the total voltage.

Ans. 60.6°, leads

9.35. A capacitance C = 35 UF is in parallel with a certain element. Identify the element, given that the voltage across
and total current through the combination are

v = 150 sin 30007 (V) ir = 16.55in (3000¢ + 72.4°) (A)

Ans. R=30.1Q

9.36. A two-element series circuit, with R =20 Q and L = 20 mH, has an impedance 40.0 /6 Q7 Determine the angle
6 and the frequency. Ans. 60°, 276 Hz

9.37. Determine the impedance of the series RL circuit, with R =25 Q and L = 10 mH, at (a) 100 Hz, (b) 500 Hz,
(¢) 1000 Hz.

Ans. (a)25.8 /14.1° Q; (b) 40.1/51.5° Q; (¢) 67.6 /68.3° Q
9.38. Determine the circuit constants of a two-element series circuit if the applied voltage

v = 150sin (50007 + 45°) (V)

results in a current i = 3.0 sin (50007 — 15°) (A). Ans. 25 Q, 8.66 mH

9.39. A series circuit of R=10 Q and C =40 uF has an applied voltage v =500 cos (25007 — 20°) (V). Find the resulting
current i. Ans. ZSﬁcos (2500t + 25°)(A)

9.40. Three impedances are in series: Z, = 3.0 /45° Q, Z, = 1042 /45° Q, Z,=5.0/=90° Q. Find the applied
voltage V, if the voltage across Z is 27.0 /=10° V.

Ans. 126.5/-24.6° V

9.41. For the three-element series circuit in Fig. 9-39, (a) find the current I; (b) find the voltage across each impedance
and construct the voltage phasor diagram which shows that V, + V, + V, =100 /0° V.

Ans. (a)6.28 /=9.17° A; (b) see Fig. 9-40.

1

E
o
<

"
100/0° v(ﬁ) a60° Q || v,
"

10/=20° Q| | v,

Fig. 9-39



CHAPTER 9 Sinusoidal Steady-State Circuit Analysis 233

9.42. Find Z in the parallel circuit of Fig. 9-41,if V = 50.0 /30.0° V and I = 27.9 /57.8° A.

Ans. 5.0 /=30° Q

Fig. 9-41

9.43. Obtain the conductance and susceptance corresponding to a voltage V = 85.0 /205° V and a resulting current
I1=412/-141.0° A.
Ans. 0.4718,0.117 S (capacitive)

9.44. A practical coil contains resistance as well as inductance and can be represented by either a series or parallel
circuit, as suggested in Fig. 9-42. Obtain Rp and Lp in terms of R_and L.

(oL)’ 2
R, P @tL

Ans. R =R +
p s

»
A A A e

R, i JjoL,

(a) (b)
Fig. 9-42

9.45. In the network shown in Fig. 9-43, the 60-Hz current magnitudes are known to be IT =299A,1 1= 22.3 A, and
I, =8.0 A. Obtain the circuit constants R and L. Ans. 5.8 Q,38.5mH

r
50 Q 150
>
3: 150 100/0° V A B
50 Q X
Fig. 9-43 Fig. 9-44

9.46. Obtain the magnitude of the voltage V, , in the two-branch parallel network of Fig. 9-44, if X, is (a) 5 L,
(b) 15 Q, (c) 0 Q. Ans. 50V, whatever X,
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9.47. In the network shown in Fig. 9-45, V,, =36.1/3. 18° V. Find the source voltage V.

Ans. 75[=90° V

10 Q
100 40
+
v C_ A B
50 30
Fig. 9-45 Fig. 9-46

9.48. For the network of Fig. 9-46 assign two different sets of mesh currents and show that for each,
A, =559 /-26.57° Q2. For each choice, calculate the phasor voltage V. Obtain the phasor voltage across the
3 + j4 Q impedance and compare with V.

Ans. V=V =2236/-10.30° V

3+j4

9.49. For the network of Fig. 9-47, use the mesh current method to find the current in the 2 + j3 € impedance due to
each of the sources V, and V,,.

Ans. 2.41/6.45° A 1.36/141.45° A

50 20 j3Q 40
b
vi=3000 v (* 3 ;5@ i:sn LI Ct>v2=zoLo:v
Fig. 9-47

9.50. In the network shown in Fig. 9-48, the two equal capacitances C and the shunting resistance R are adjusted until
the detector current I, is zero. Assuming a source angular frequency @, determine the values of R and L .

Ans. R, =1/(&’CR), L =1/(2aC)

“
[V |
AN\ ZAN 11
C C b
z,
R. & L, [j Zp
A\

Fig. 9-48
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9.51. For the network of Fig. 9-49, obtain the current ratio I, /L. Ans. 3.3 /-90°

2.0 ARL
Y\ %
>
v, ij I 3s @
L
Fig. 9-49
9.52. For the network of Fig. 9-49, obtain Zinplml and Ztmnsfﬂ’m. Show that Ztransfer,3l =7, nsfer, 13-

Ans. 1.31/21.8°Q,4.31/-68.2° Q

9.53. In the network of Fig. 9-50, obtain the voltage ratio V /V, by application of the node voltage method.

A
Ans. A—” =1.61/-29.8°

12

9.54. For the network of Fig. 9-50, obtain the driving-point impedance Zinput,l’ Ans. 5.59/17.35°Q
5Q 1 4 Q 2 5Q 2Q
""V $ "A"' Q a

< o 3
gwq S8114L V<i> s en

AA

Fig. 9-51
Fig. 9-50

9.55. Obtain the Thévenin and Norton equivalent circuits at terminals ab for the network of Fig. 9-51. Choose the
polarity such that V' =V .

Ans. V' =20.0/0°V,I'’=5.56/-23.06° A, Z =3.60/23.06° Q

9.56. Obtain the Thévenin and Norton equivalent circuits at terminals ab for the network of Fig. 9-52.

Ans. V' =115/-95.8° V,I'"=139/-80.6° A, Z' =826/-152° Q

1045° V
5Q
N @-——W—Qa
30 20/0° V

Fig. 9-52
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9.57.

9.58.

9.59.

9.60.

9.61.
9.62.

9.63.

9.64.
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Obtain the Thévenin and Norton equivalent circuits at terminals ab for the network of Fig. 9-53.

Ans. V' =11.18/93.43°V, I’ = 2.24 /56.56° A, Z’ = 5.0 /36.87° Q

10 Q
5Q 5Q
530° A
isQ jsQ
O b
Fig. 9-53
In the circuit of Fig. 9-54, v, =10 V and v, = 5 sin 2000¢. Find i.
Ans. i=1-0.35sin (20007 — 45°)
A 6H 4 OS5F ey
0Q i SmH ——
Q[ — :
AN i,
; - “(©) O
“ <— /)" T 4H T
Fig. 9-54 Fig. 9-55

In the circuit of Fig. 9-55, v, = 6 cos wt and v, = cos (@7 + 60°). Find v, if w=2 rad/sec. Hint: Apply KCL at
node A in the phasor domain. Ans. v, =-1.11sin2¢

In the circuit of Problem 9.59 find phasor currents I, and I, drawn from the two sources. Hint: Apply phasor KVL
to the loops on the left and right sides of the circuit.

Ans. 1, =508 /=100.4° , I, = 556/64° , both in mA

Find v, in the circuit of Problem 9.59 if @ = 0.5 rad/s. Ans. v,=0

In the circuit of Fig. 9-55, v, =V, cos (0.5¢+ 6,) and v, =V, cos (0.5 + 6,). Find the current through the 4 H inductor.
Ans. 1= (V,/4)sin (0.5¢+ 6,) — (V/3) sin (0.5t + 6))

In the circuit of Fig. 9-55, v, =V, cos (t+ 6,) and v, =V, cos (t + 6,). Find v,.

Ans. v, =oo,unless V, =V, =0, in which case v, =0

In the circuit of Fig. 9-55, v, =V, cos (2¢) and v, =V, cos (0.251). Find v,.

Ans. v, =-0.816V, cos (2r) — 0.6V, cos (0.257)
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AC Power

10.1 Power in the Time Domain
The instantaneous power entering a two-terminal circuit N (Fig. 10-1) is defined by

p(t) = v(0)i(1) (1

where v(?) and i(¢) are the terminal voltage and current, respectively. If p is positive, energy is delivered to
the circuit. If p is negative, energy is returned from the circuit to the source.

Fig. 10-1

In this chapter, we consider periodic currents and voltages, with emphasis on the sinusoidal steady state
in linear RLC circuits. Since the storage capacity of an inductor or a capacitor is finite, these passive ele-
ments cannot continue receiving energy without returning it. Therefore, in the steady state and during each
cycle, all of the energy received by an inductor or capacitor is returned. The energy received by a resistor is,
however, dissipated in the form of thermal, mechanical, chemical, and/or electromagnetic energies. The net
energy flow to a passive circuit during one cycle is, therefore, positive or zero.

EXAMPLE 10.1 Figure 10-2(a) shows the graph of a current in a 1 kQ resistor. Find and plot the instantaneous

power p(1).
From v = Ri, we have p(f) = vi = Ri° = 1000 x 107°= 107> W = 1 mW. See Fig. 10-2(b).

EXAMPLE 10.2 The current in Example 10.1 passes through a 0.5-LLF capacitor. Find the power p(f) entering the capacitor
and the energy w(?) stored in it. Assume v(0) = 0. Plot p(#) and w(?).

Figure 10-2(a) indicates that the current in the capacitor is a periodic function with a period 7= 2 ms. During
one period the current is given by

. ) ImA (0<t<1ms)
" |-1mA (1<t<2ms)

237



238 CHAPTER 10 AC Power

i, mA
+1
1, ms
0 1 2 3 4 5
-1 -
(a)
p, mW
1
t
0
(b)
Fig. 10-2

The voltage across the capacitor is also a periodic function with the same period 7 [Fig. 10-3(a)]. During one
period the voltage is

(' [ 20000(V) (0<t<lms)
v = ?j idi = {4— 2000¢(V) (1< 1< 2ms)

Finally, the power entering the capacitor and the energy stored in it (both also periodic with period T') are

. [2000(mW)  (O<f<lms) .
pn) = vi = {2000: —4mW) (<t<2ms) Fig 10301
2
w(t) = %CU2 - {tz oo L OsrsImY e 10300))
2 +4x10°-4x107°(J) (1<1<2ms)

Alternatively, w(f) may be obtained by integrating p(f). The power entering the capacitor during one period is equally
positive and negative [see Fig. 10-3(b)]. The energy stored in the capacitor is always positive as shown in Fig. 10-3(c).
The maximum stored energy is W_ = 10°7=1 wlatr=1,3,5, ... ms.

max

10.2 Power in Sinusoidal Steady State

A sinusoidal voltage v = V cos ¢, applied across an impedance Z =|Z| /8, establishes a current
i=1, cos (0t — 6). The power delivered to the impedance at time 7 is

p(t) =vi =V I coswtcos(wr—0) = %lem[cose + cos 2wt — 0)]
= Vil [c0sO + cos Qar — 6)] (2)

=Vl s €080+ V . [ . cosCwr — 0)
where V., =V N2, Iy=1, IN2 = V_+/|Z|]. The instantaneous power in (2) consists of a sinusoidal com-

ponent V. I cos (2wt — 6) plus a constant value V . I . cos® which becomes the average power Pavg.
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v,V
2 3
1 b
1 1 1 £ ms
1 2 3 4 5
(@)
p, mW
2t
t, ms
1 2 3 4 5
2 b /
(b)
w, uJ
1t
1 1 L 1 1 £ ms
1 2 3 4 5
©
Fig. 10-3

This is illustrated in Fig. 10-4. During a portion of one cycle, the instantaneous power is positive which
indicates that the power flows into the load. During the rest of the cycle, the instantaneous power may be
negative, which indicates that the power flows out of the load. The net flow of power during one cycle is,
however, nonnegative and is called the average power.

EXAMPLE 10.3 A voltage v = 140 cos w1 is connected across an impedance Z = 5/—60° . Find p(?).
The voltage v results in a current i = 28 cos (wt + 60°). Then,

p(t) = vi = 140(28) coswtcos(wt + 60°) = 980 + 1960 cos 2wt + 60°)

The instantaneous power has a constant component of 980 W and a sinusoidal component with twice the frequency
of the source. The plot of p vs. ¢ is similar to that in Fig. 10-4 with 8 = —7x/3.

10.3 Average or Real Power
The net or average power P, ve = {p(?)) entering a load during one period is called the real power. Since the
average of cos (2wt — 6) over one period is zero, from (2) we get

Pavg = Veffleff cos6 (3)
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0 | I wt
}4—‘ |
0 |
|
|
I
|
|
|
|
|
|
|
|
.
|
|
|
ot
Fig. 104
If Z=R+ jX =|Z| /0, then cos@ = R/|Z| and P, may be expressed by
R
Pavg = Veffleffm (4)
2
\%4
or Fae = R 5)
2
or Pavg = Rleff (6)

The average power is nonnegative. It depends on V, 1, and the phase angle between them. When V. and
I i, are given, P is maximum for 6 = 0. This occurs when the load is purely resistive. For a purely reactive
load, |6] = 90° and Pa =0. Theratioof P. toV i L is called the power factor pf. From (3), the ratio is
Vg avg eff "e
equal to cos 6 and so

pf = ¢ 0<pf<l 7
Veffleff ( )

The subscript avg in the designation for average power, Pavg, is often omitted and so in the remainder of
this chapter P will denote average power.

EXAMPLE 10.4 Find P delivered from a sinusoidal voltage source with V.= 110 V to an impedance of Z=10 + 8.
Find the power factor.

Z=10+ ;8 =12.81/38.7°

I =Veff= 110
- Z 12.81/38.7°

P =Vl cost = 110(8.59¢0s38.7°) = 737.43 W

=8.59/-38.7° A

pf = c0s38.7°=0.78
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Alternative Solution
We have |Z|* = 100 + 64 = 164. Then,

P=V2 R/IZI = 110°(10)/164 = 737.8 W

The alternative solution gives a more accurate answer.

10.4 Reactive Power

If a passive network contains inductors, capacitors, or both, a portion of the energy entering it during one cycle
is stored and then returned to the source. During the period of energy return, the power is negative. The power
involved in this exchange is called reactive or quadrature power. Although the net effect of reactive power is
zero, it degrades the operation of power systems. Reactive power, indicated by Q, is defined as

Q =Vl g sin6 ®)

If Z=R+ jX =|Z| /6, then sin 6= X/|Z| and Q may be expressed by

X
Q= Veffleffm ©)
V2
or =t = x 10
0 2 (10)
2
or 0 =Xl (11)

The unit of reactive power is the volt-amperes reactive (var).

The reactive power Q depends on V, I, and the phase angle between them. It is the product of the voltage
and that component of the current which is 90° out of phase with the voltage. Q is zero for 6 = 0°. This
occurs for a purely resistive load, when V and I are in phase. When the load is purely reactive, |6| = 90°
and Q attains its maximum magnitude for given values of V and I. Note that while P is always nonnega-
tive, Q can assume positive values (for an inductive load where the current lags the voltage) or negative
values (for a capacitive load where the current leads the voltage). It is also customary to specify Q by it
magnitude and load type. For example, 100-kvar inductive means Q = 100 kvar and 100-kvar capacitive
indicates Q =—100 kvar.

EXAMPLE 10.5 The voltage and current across a load are given by V ;=110 Vand I ; = 20 /=50° A, respectively.
Find P and Q.

P =110(20c0s50°) = 1414 W Q0 =110(205in50°) = 1685 var

10.5 Summary of AC Powerin R, L, and C

AC power in resistors, inductors, and capacitors, is summarized in Table 10-1. We use the notation V . and
I, to include the phase angles. The last column of Table 10-1 is § = VI, where S is the apparent power.
S is discussed in Section 10.7 in more detail.

EXAMPLE 10.6 Find the power delivered from a sinusoidal source to a resistor R. Let the effective values of the
voltage and current be V and I, respectively.

Pr(t) = Vi = (Vﬁ)cosa)t(lﬁ)cosa)t =2 VIcos’ wt = VI(1 + cos2wt)

2
= RI*(1 + cos2wt) = %(1 + cos 2mt)

2

Thus, P, = VT = RI’ and Q = 0.



242 CHAPTER 10 AC Power

Table 10-1

v = (VA[2)cos ot V.= v/0°

i=UV2)cosr -0 1, =1/-0

P =VIcosO, Q = Visinf and S = VI (apparent power)

V4 i | p() P 0 S
V2 Ve v? v? v?
—/0 z A A
R R R cosat R R (1 + cos2wt) R 0 R
2 |4 o v? v? V2
: _9Q° —/ =90 i - -
L JjLo Io cos(wt —90°) Lo To sin 2wt 0 To Io
c —J vi2Cwcos(wr +90°)  vCw/90° ~V2Cwsin 201 0 Vco  VCo
Cwo

The instantaneous power entering a resistor varies sinusoidally between zero and 2RI, with twice the frequency
of the excitation, and with an average value of P = RI% U(?) and p (1) are plotted in Fig. 10-5(a).

EXAMPLE 10.7 Find the ac power entering an inductor L.

p () =0i, = (V«/E)cos(ot(l«/f)cos(wt —90°) = 2VIcoswtsinwt = VIsin2wt = LI’ sin 2wt

2

= ——sin 2,
st wt

v? 5
Thus, P=0andQ =Vl =7 = Lol’.

The instantaneous power entering an inductor varies sinusoidally between Q and —Q, with twice the frequency
of the source, and an average value of zero. See Fig. 10-5().

EXAMPLE 10.8 Find the ac power delivered in a capacitor C.

pe(t) = Vip. = (VN2)coswt(IN2) cos(wt + 90°) = =2 VI coswtsinwt = —VIsin2wt = ~CoV’ sin 201

2

= ———sin2wt
Co

I’ )
Thus, P—OandQ——VI——m——Ca)V .

Like an inductor, the instantaneous power entering a capacitor varies sinusoidally between —Q and Q, with twice
the frequency of the source, and an average value of zero. See Fig. 10-5(c).

10.6 Exchange of Energy between an Inductor and a Capacitor

If an inductor and a capacitor are fed in parallel by the same ac voltage source or in series by the same
current source, the power entering the capacitor is 180° out of phase with the power entering the inductor.
This is explicitly reflected in the opposite signs of reactive power Q for the inductor and the capacitor. In such
cases, the inductor and the capacitor will exchange some energy with each other, bypassing the ac source.
This reduces the reactive power delivered by the source to the LC combination and consequently improves
the power factor. See Sections 10.8 and 10.9.
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EXAMPLE 10.9 Find the total instantaneous power p(?), the average power P, and the reactive power Q delivered
from v = (V\/E)cos ot to a parallel RLC combination.
The total instantaneous power is

pr() =Vi=0(,+i, +i)=pg+p, +Pc

(1)

Vv/2

wt
2m _3m - _m 0 z ™ 3w 2m

PR(®)

w?

pL(®

VI

w?

b
3
|
0
E]
2
(=]
[SIE]
3
]

2w

-Vi{

®)
Fig. 10-5
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pcl)
VI }
2 _?Zw - -1 0 7 ™ ‘7" 2 of
~VIF
(©
pr=VI[cos 6 + cos 2wt - 0)]
— | § f—
L. VI(1 + cos 0)
ot
\/ \/VIH +cos0) L — _v
| |
| " |
()
Fig. 10-5 (cont.)
Substituting the values of p, p,, and p. found in Examples 10.6, 10.7, and 10.8, respectively, we get
t—V—21+ 200 + V[ = — Co |sin2
pT()—R( cos2mt) o o |sin2wt
The average power is
2
P. =P, =V’R
The reactive power is
0, =0, +0, =V m—Ca) (12)

For (1/Lw) — Cw = (, the total reactive power is zero. Figure 10-5(d) shows p..(?) for a load with a leading power factor.

10.7 Complex Power, Apparent Power, and Power Triangle
The two components P and Q of power play different roles and may not be added together. However, they
may conveniently be brought together in the form of a vector quantity called complex power S and defined

by S = P + jQ. The magnitude |S| = \/P> + Q° = VI, is called the apparent power S and is expressed
in units of volt-amperes (VA). The three scalar quantities S, P, and Q may be represented geometrically as
the hypotenuse, horizontal, and vertical legs, respectively, of a right triangle (called the power triangle) as
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shown in Fig. 10-6(a). The power triangle is simply the triangle of the impedance Z scaled by the factor
I’ ; as shown in Fig. 10-6(b). Power triangles for an inductive load and a capacitive load are shown in

Figs. 10-6(c) and (d), respectively.

s lz|r
o
0
P RI?
(a) )
S
(0]
(inductive)
6
P
(o)
P
6
Q
) (capacitive)
(d)
Fig. 10-6

X1?

It can be easily proved that S = V I, where V. 18 the complex amplitude of effective voltage and szf

eff " eff?

is the complex conjugate of the amplitude of effective current. An equivalent formula is S = IiffZ.

In summary,

Complex Power: S = VeffI:ff =P+ jO= IeszZ
Real Power: P =Re[S]= VI, cosb
Reactive Power: Q =1Im[S]=V_.[I , sin6

Apparent Power: S =V ol

(13)
(14)
15)
(16)

EXAMPLE 10.10 (a) A sinusoidal voltage with V.= 10 V is connected across Z, = 1 + as shown in Fig. 10-7(a). Find
i, L p py(0), Py, Q,, power factor pf|, and S,. (b) Repeat part (@) replacing the load Z, in (a) by Z, =1 —j, as shown in

Fig. 10-7(b). (c) Repeat part (a) after connecting in parallel Z, in (@), and Z, in (b), as shown in Fig. 10-7(c).

Let v = 10+/2 cos @r.
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(a) See Fig. 10-7(a).
z, =2/45°
i = 10cos(wt — 45°)
Lo = Sﬁﬂ
p,(1) = (100+/2) cos ot cos (ot — 45°)
=50 + (504/2) cos ot — 45°) W

CHAPTER 10

(b) See Fig. 10-7(b)
z, =2/-45°
i, =10 cos(wt + 45°)
Iz,erf = Sﬁﬂ
p,(t) = (100§/2) cos wt cos (wt + 45°)

=50 + (50v/2)cos Qmr + 45°)W

B =Vl cos45° =50 W Py =Vl cosd5° =50 W
O, = VeI, 4 8in45° =50 var 0, = -V, sin45°= =50 var

S, =B +j0, =50+ 50
S, =|S,|= 5072 = 70.7 VA
pf, = 0.707 lagging

(c¢) See Fig. 10-7(c).

S, =P, +j0, =50 j50
S, =S,| =502 = 70.7 VA
pf, = 0.707 leading

a+Had=J

Z=27\1Z,= g = 1

S A+ p+d-p

i =102 coswr

I =10

p(1) = 200cos” wt = 100 + 100 cos 20t W

P=V,I =100 W
0=0
S=P=100
S =|S|= 100 VA
pf=1
th
1
Ver=10V s, 0,
’ a
Py
(a)
12
P,
l l
Ver =10V p
2 0,

—J

!

(b)

Fig. 10-7

AC Power
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(L2 Vi
1 1
i. P, P,
10V >
, . S=P=P +P,
T =] J
o
(©)
u(t)
10v2 \ /\
\yﬂ"“ 0 “
i)
/\ /]‘m
A A (l)t

pi(®)

N

p(®)

(d)
Fig. 10-7 (cont.)

w?

w?

w?

w?
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The results of part (c¢) may also be derived from the observation that for the Z ||Z, combination, i =i, + i, and
consequently,

p(0) = p, (1) + py(1)
=[50 + (50+/2) cos (2wt — 45°)] + [50 + (50+/2) cos (2ot + 45°)]
=100+ 100cos2wt W
P=P+P,=50+50=100 W
0=0+0,=50-50=0
§=100<S,+5,

The power triangles are shown in Figs. 10-7(a), (b), and (c). Figure 10-7(d) shows the plots of v, i, and p for the
three loads.

EXAMPLE 10.11 A certain passive network has equivalent impedance Z = 3 + j4 Q and an applied voltage

U =42.5c0s(1000z + 30°) (V)

Give complete power information.

45—5 [30°V

_ Ve _ (42.512)[30° _
- Z 5/53.13°

=180.6/53.13°=108.4 + j144.5

\/—{ 23.13° A

S = Veff eff

Hence, P = 108.4 W, Q = 144.5 var (inductive), S = 180.6 VA, and pf = cos 53.13° = 0.6 lagging.

10.8 Parallel-Connected Networks

The complex power S is also useful in analyzing practical networks, for example, the collection of house-
holds drawing on the same power lines. Referring to Fig. 10-8,

* * *
S =V, ferff eff(ll,eff + IZ,eff Tt In,eff)

=5, +S,+---+8§,

R n
t— T

v P, P, P, [] P,
oA Q (o} (o} Q.

Fig. 10-8
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from which
P.=P+P+--+P

n

0r=0+0+ - +0,

2 2
STZ\/PT +0r

¢ P
Plp = <—
TS,

These results (which also hold for series-connected networks) imply that the power triangle for the net-
work may be obtained by joining the power triangles for the branches vertex to vertex. In the example shown
in Fig. 10-9, n =3, with branches 1 and 3 assumed inductive and branch 2 capacitive. In such diagrams, some
of the triangles may degenerate into straight-line segments if the corresponding R or X is zero.

If the power data for the individual branches are not important, the network may be replaced by its equiva-

lent admittance, and this is then used directly to compute S,.

St

) 2% S;

Q: o Or

S
Q P,

S

Py

Pr

Fig. 10-9

EXAMPLE 10.12 Three loads are connected in parallel to a 6-kV,, ac line, as shown in Fig. 10-8. Given

P, =10kW, pf, =1 P, =20kW, pf, = 0.5 lagging; P, =15kW, pf; = 0.6 lagging

Find P, Q. S;, pr, and the current I .
We first find the reactive power for each load:

pf, = cos6, =1 tan6, = 0 Q, = P tan6, =0 kvar
pf, = cosf, = 0.5 tan6, = 1.73 0, = P,tan6, = 34.6 kvar

pf, = cosO, = 0.6 tan@, = 1.33 Q, = P, tan@, = 20 kvar
3 3 3 3= 13 3

Then P, Oy, S;, pf;, and I, are
P.=P+P+P=10+20+15=45kW

0, =0, +0Q, + 0, =0+34.6+20 = 54.6 kvar

S, = PP + 0 = /45> +54.6> = 70.75 kVA
pf; = P./S; = 0.64 = cos6, 6 = 50.5° lagging
I =8IV =(70.75kVA)/(6kV) =118 A

I, =11.8/-50.5° A

The current can also be found from I =1, + I, + I,. However, this approach is more time-consuming.
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10.9 Power Factor Improvement

Electrical service to industrial customers is three-phase, as opposed to the single-phase power supplied to
residential and small commercial customers. While metering and billing practices vary among the utilities, the
large consumers will always find it advantageous to reduce the quadrature component of their power triangle;
this is called “improving the power factor.” Industrial systems generally have an overall inductive component
because of the large number of motors. Each individual load tends to be either pure resistance, with unity
power factor, or resistance and inductive reactance, with a lagging power factor. All of the loads are parallel-
connected, and the equivalent impedance results in a lagging current and a corresponding inductive quadrature
power Q. To improve the power factor, capacitors, in three-phase banks, are connected to the system either
on the primary or secondary side of the main transformer, such that the combination of the plant load and the
capacitor banks presents a load to the serving utility which has a power factor as close to unity as possible.

EXAMPLE 10.13 How much capacitive Q must be provided by the capacitor bank in Fig. 10-10 in order to improve
the power factor to 0.95 lagging?

+ @ i L
L h
1
2200° vV * ]3.5@ Q
1 L
T
- @ l
Fig. 10-10

Before addition of the capacitor bank, pf = cos 25°C = 0.906 lagging, and

1= 20 _ 56/ 050 A
3.5/25°

# 240 ,.,)( 68.6 o o .
S = Veferff = (f&)(fz +25° = 8232 !25 ) = 7461+ ]3479
After the improvement, the triangle has the same P, but its angle is cos ' 0.95 = 18.19°. Then (see Fig. 10-11),

3479 - Q. . .
46l - tan 18.19 or 0. =1027 var (capacitive)

The new value of apparent power is S” = 7854 VA, as compared to the original S = 8232 VA. The decrease, 378 VA,
amounts to 4.6 percent.

S =8232 VA Q
Q = 3479 var
s (inductive)
2 Q-0
18.19°
P =7461 W
Fig. 10-11

The transformers, the distribution systems, and the utility company alternators are all rated in kVA or
MVA. Consequently, an improvement in the power factor, with its corresponding reduction in kVA, releases
some of this generation and transmission capability so that it can be used to serve other customers. This is the
reason behind the rate structures which, in one way or another, make it more costly for an industrial customer
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to operate with a lower power factor. An economic study comparing the cost of the capacitor bank to the
savings realized is frequently made. The results of such a study will usually show whether the improvement
should be made and also what final power factor would be attained.

EXAMPLE 10.14 A load with P = 1000 kW and pf = 0.5 lagging is fed by a 5-kV source. A capacitor is added in
parallel such that the power factor is improved to 0.8. Find the reduction in current drawn from the generator.
Before the improvement:

P =1000 kW,cos60 =0.5, S = P/cos@ = 2000 kVA, I =400 A
After the improvement:
P =1000 kW,cos0 = 0.8, S = P/cos® = 1250 kVA, I =250 A
Hence, for the same amount of real power, the current is reduced by (400 — 250)/400 = 0.375 or 37.5 percent.
EXAMPLE 10.15 A fourth load Q, is added in parallel to the three parallel loads of Example 10.12 such that the
total power factor becomes 0.8 lagging while the total power remains the same. Find Q, and the resulting S. Discuss
the effect on the current.
In Example 10.12 we found the total real and reactive powers tobe P=P, + P, +P,=45kWand 0=0,+ 0, +

Q3 = 54.6 kvar, respectively. For compensation, we now add load Q, (with P = 0) such that the new power factor
is pf = cos 6= 0.8 lagging or 6 =36.87°.

Then, tan36.87° = (Q + Q,)/P = (54.6 + 0,)/45 = 0.75 and Q, = —20.85 kvar.

The results are summarized in Table 10-2. Addition of the compensating load Q, reduces the reactive power from
54.6 kvar to 33.75 kvar and improves the power factor. This reduces the apparent power S from 70.75 kVA to 56.25 kVA.
The current is proportionally reduced.

Table 10-2

Load P, kW pf 0, kvar S, kVA
#1 10 1 0 10

#2 20 0.5 lagging 34.6 40

#3 15 0.6 lagging 20 25
#(1+2+3) 45 0.64 lagging 54.6 70.75
#4 0 0 leading -20.85 20.85
Total 45 0.8 lagging 33.75 56.25

10.10 Maximum Power Transfer

The average power delivered to a load Z, from a sinusoidal signal generator with open circuit voltage V, and
internal impedance Z =R+jXis max1mum when Z is equal to the complex conjugate of Z so that
Z,=R-jX The max1mum average power delivered to Z isP = V /AR.

EXAMPLE 10.16 A generator, with V =100 V(rms) and Z =1+, feeds a load Z, =2 (Fig. 10-12). (a) Find the average
power P, (absorbed by Z,), the power Pg (dissipated in Z ) and P (the power prov1ded by the generator). (b) Compute
the Value of a second load Z,, such that, when placed in parallel Wlth Z,, the equivalent impedance is Z = Z, ||Z, = Z

Fig. 10-12
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(¢) Connect in parallel Z, found in (b) with Z, and then find the powers P, P,

tively), Pg (power dissipated in Zg), and P, (power provided by the generator).

@ |Z,+Z |=2+1+ j|= J10. Thus 1= V/(Z,+Z,)=100/2+1+ j) and |I|= 1010 A. The required
powers are

P, (absorbed by Z, Z, and Z,, respec-

P, = Re[Z,]1x |I* = 2(10J/10)* = 2000 W

P,=Re[Z ] x I = 110410)* = 1000 W

P, = Py, + P, = 2000 + 1000 = 3000 W
(b) Let Z, =a+ jb. To find a and b, we set Z,||Z, = Z = 1— j. Then,

77, _ 2(a + jb) — -
Z,+7Z, 2+a+jb J

from whicha — b —2=0and a + b + 2 = 0. Solving these simultaneous equations, we get a = 0 and b = —-2;
substituting into the equation above, Z, = —j2.

(©) Z=ZZ,=1-jand Z+Z =1~j+1+j=2 Then,I=V/Z+Z)=100/(1—j+1+j)=1002=50 A, and so
P, =Re[Z]x I’ =1x50* =2500 W P, =Re[Z,]x I’ = 1x50° = 2500 W

To find Py and Py, we first find V, across Z: V, =1Z = 50(1 - j). Then 1, =V,/Z =500~ j)/2 =

(252)/=45° , and
P, = Re[Z,]1x|I,,[’= 225J2)* =2500 W P,, =0W P, =P +P, =5000 W

Alternatively, we can state that

P

,=0 and P, =P, =2500 W

10.11 Superposition of Average Powers

Consider a network containing two ac sources with two different frequencies @, and @,. If a common period
T may be found for the sources (i.e., W, =mo, @, =no, where @ = 27/T and m # n), then superposition of
individual powers applies (i.e., P= P, + P,), where P  and P, are average powers due to application of each
source. The preceding result may be generalized to the case of any n number of sinusoidal sources operating
simultaneously on a network. If the n sinusoids form harmonics of a fundamental frequency, then superposi-
tion of powers applies.

n

-3,

k=1

EXAMPLE 10.17 A practical coil is placed between two voltage sources v, =5 cos @, t and v, = 10 cos (@, = 60°)
which share the same common reference terminal (see Fig. 9-54). The coil is modeled by a 5-mH inductor in series with
a 10-Q resistor. Find the average power in the coil for (a) @, = 2@, = 4000, (b) ®, = @, = 2000, and (c) ®, = 2000 and
®, = 10002, all in rad/s.

Let v, by itself produce i,. Likewise, let v, produce i,. Then i =i, — i,. The instantaneous power p and the
average power P are

p=Ri® = R(i, —i,)* = Ri. + Ri; — 2Riji,
.2 .2 .. P
P ={p)=R{; )+ R{,) — 2Riji,) = P, + P, — 2R{ii,)

where (p) indicates the average of p. Note that in addition to P, and P,, we need to take into account a third term
(i,i,) which, depending on @, and @,, may or may not be zero.
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(a) By applying superposition in the phasor domain we find the current in the coil (see Example 9.7).

\% 5
= —l = — = —_ ©° [ = — °
L =7 = 1o 770 = 0-35/=457 A, i = 0.35¢05(20001 - 45°)
RI; 10x0.35
— 1 _ —
P= k=== 0.625 W

V,  10/60° o n o
L=~ 15120 " 0.45/-3.4° A, i, = 0.45c0s(4000f — 3.4°)

R 10 x 0.45
-2 _ -
P, = 5= > =1W

i =i —i, =0.35¢c0s(20007 — 45°) — 0.45c0s(4000z — 3.4°)

In this case (ii,) = 0 because (cos(2000¢ — 45°) cos (4000t — 3.4°)) = 0. Therefore, superposition of power
applies and P =P, + P,=0.625 + 1 =1.625 W.

(b) The current in the coil is i = 0.61 cos (2000¢ — 135°) (see Example 9.7). The average power dissipated in the
coil is P = RI/2 =5 x (0.61)" = 1.875 W. Note that P > P, + P,.

(¢) By applying superposition in the time domain we find
i, = 0.35¢c0s(20007 — 45°), P, = 0.625 W
i = 0.41cos(1000~/21 — 35.3°), P, =0.833 W

i=i —iy, P=(Ri’2) = P + P, - 1.44 (cos (2000 — 45°) cos (100021 — 35.3°))

The term {c0s(2000¢ — 45°)cos (1000+/2¢ — 35.3°)) is not determined because a common period cannot be
found. The average power depends on the duration of averaging.

SOLVED PROBLEMS

10.1. The current plotted in Fig. 10-2(a) enters a 0.5-UF capacitor in series with a 1-kQ resistor. Find and
plot (a) v across the series RC combination and (b) the instantaneous power p entering the
RC combination. (¢) Compare the results with Examples 10.1 and 10.2.

(a) Referring to Fig. 10-2(a), in one cycle of the current the voltages are

o = 1V (0 <t<Ims)
R7 -1V (1<t<2ms)

o oL ’,dt_ 20007 (V) (0 < < 1ms)
c=C 0’ 14 -2000r (V) (1<t<2ms)
~ _ [14+20007 (V) (0 << lms) _
V=0, + 0, = {3 ~ 2000t (V) (<1< 2ms) [SeeFig. 10-13(a)]

(b) During one cycle,
pp = Ri* = 1mW

. [2000¢ (mW) (0 <t < lms)
Pc =Vt =120001 — 4 (mW) (1< 1< 2ms)

1+ 2000t (mW) (0 <t <1ms)

p=Vi=pytpe= {2000; ~3(mW) (<i1<2ms) Seekie 10-130)]
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(c) The average power entering the circuit during one cycle is equal to the average power absorbed by the
resistor. It is the same result obtained in Example 10.1. The power exchanged between the source and the
circuit during one cycle also agrees with the result obtained in Example 10.2.

N N

N

“1F

(a)

p, mW

2 L

(b

&1
W

Fig. 10-13

10.2. A 1-V ac voltage source feeds (a) a 1-Q resistor, (b) aload Z =1+, and (c) aload Z = 1 —j. Find

P in each of the three cases.
(@ P=VR=11=1W

(b) and (¢)|Z|=[1% j|=~2.1=VI|Z|=1N2.P=RI* =0.5W

10.3. Obtain the complete power information for a passive circuit with an applied voltage v =

150 cos (@t + 10°) V and a resulting current { = 5.0 cos (@t — 50°) A.
Using the complex power,

o (150, Y(5.0 s o :
S=V,I, = (f(m )(ﬁgso ): 375/60° = 187.5 + j342.8

Thus, P =187.5 W, Q = 324.8 var (inductive), S = 375 VA, and pf = cos 60° = 0.50 lagging.

10.4. A two-element series circuit has average power 940 W and power factor 0.707 leading. Determine

the circuit elements if the applied voltage is v =99.0 cos (60007 + 30°) V.

The effective applied voltage is 99.0/4/2 =70.0 V. Substituting in P =V .1

erel o €06,

940 = (70.0) ;,(0.707)  or [, =19.0 A
Then, (19.0)* R = 940, from which R = 2.60 Q. For a leading pf, 6 = cos™' 0.707 = —45°, and so
Z=R- X,

where Xc = Rtan45° = 2.60 Q

Finally, from 2.60 = 1/wC, C = 64.1 puF.
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10.5. Find the two elements of a series circuit having current i = 4.24 cos (5000t + 45°) A, power 180 W,

and power factor 0.80 lagging.
The effective value of the currentis I = 4.24/J2 = 3.0 A. Then,

180 = (3.0)°R or R=120.0Q

The impedance angle is 8 = cos ' 0.80 = +36.87°, wherefore the second element must be an inductor.
From the power triangle,

2
Q _ IeffXL _ o —
F—W—tan36.87 or XL =15.0Q

Finally, from 15.0 = 5000L, L = 3.0 mH.

10.6. Obtain the power information for each element in Fig. 10-14 and construct the power triangle.

Fig. 10-14

The effective current is 14.14/y/2 =10 A.

P=(107%3=300W O,

o = (10)%6 = 600 var (inductive) 0 o= (10)*2 = 200 var (capacitive)

S = {(300)> + (600 — 200)* = 500 VA pf = P/S = 0.6 lagging

The power triangle is shown in Fig. 10-15.
600 var (inductive) l 200 var (capacitive)
Kl

‘5//"? Q =400 var (inductive)

P=300 W
Fig. 10-15

10.7. A series circuit of R =10 Q and X . =5 Q has an effective applied voltage of 120 V. Determine the
complete power information.

Z=710"+5 =1118 Q Ieff:%:10.73A

Then,

P=1R=1152W,0 = I’,X. = 576 var (capacitive), § = \(1152)" + (576)° = 1288 VA, and
pf = 1152/1288 = 0.894 leading.
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10.8. Impedances Z, = 5.83/=59.0° Qand Z, = 8.94/63.43° Q are in series and carry an effective current
of 5.0 A. Determine the complete power information.

Z,=7Z,+Z,=7.0+j3.0Q
Hence, P, = (5.00°(7.0) =175 W o, = (5.0°(3.0) = 75 var(inductive)
S, =757 + (757 =190.4VA  pf = % = 0.919 lagging
10.9. Obtain the total power information for the parallel circuit shown in Fig. 10-16.
50 ”‘3 EO

—

1=424/0° A

A AA
\AA S

40

Fig. 10-16

By current division,

I,=17.88/18.43° A I, =26.05/-12.53° A

2 2
Then, P, (%) o)+ (%) (4)=2156 W

2
O, = (%) (3) = 480 var (capacitive)
S, = J2156)* + (480)° = 2209 VA
2156 _
pf = 3309 = 0.976 leading
Alternate Method
_45-j3 _ .
W= "9-73 - 2.40 — j0.53 Q

Then, P = (42.4/\/5)2(2.40) =2157Wand Q = (42.4/\/5)2(0.53) = 476var (capacitive).
10.10. Find the power factor for the circuit shown in Fig. 10-17.

3Q j4 Q
@.w\,_fw'h-.

— N
—
1
O

Fig. 10-17
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With no voltage or current specified, P, Q, and S cannot be calculated. However, the power factor is the
cosine of the angle of the equivalent impedance.

_B+Hd0) _ o
Z., =35 55 =368/36.03° Q

pf = c0s36.03° = 0.809 lagging

10.11. If the total power in the circuit of Fig. 10-17 is 1100 W, what are the powers in the two resistors?
By current division,

L Z, 10

Lew 2 32142

P 7.3
and so P39 = ;Lf() =0
10Q I2,eff(10)

=2

Solving simultaneously with P, + P, = 1100 W gives P,, = 600 W and P, , = 500 W.

10.12. Obtain the power factor of a two-branch parallel circuit where the first branch has Z =2 + j4 Q and
the second Z, = 6 + jO Q. To what value must the 6-Q resistor be changed to result in the overall

power factor 0.90 lagging?

Since the angle of the equivalent admittance is the negative of the angle of the equivalent impedance,
its cosine also gives the power factor.

! — + % =0.334 /-36.84° S

Yoo =252
pf = cos(-36.84°) = 0.80 lagging

The pf is lagging because the impedance angle is positive.
Now, for a change in power factor to 0.90, the admittance angle must become cos ' 0.90 = —25.84°.

Then,

Y/ _ 1 l_ L+l l
=2+4 R0t R) 3

which requires 11/5 T = tan 25.84° or R = 3.20 Q.
R

10.13. A voltage, 28.28 /60° V, is applied to a two-branch parallel circuit in which Z, = 4 /30° and
Z, =5 /60° Q. Obtain the power triangles for the branches and combine them into the total power

triangle.

\%

V o o
L=7-=T07[30°A  1,=7-=566/0°A

7.07

28. NG [=30° ) =100 /30° = 86.6 + j50.0

g

(4
( 60°)(5—\/6§6L) =80.0 /60° = 40.0 + j69.3

126.6 + j119.3 =174.0 /43.3° VA

||
+
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The power triangles and their summation are shown in Fig. 10-18.

Av
o Q;=69.3 var
Ry & (inductive)
N v
& AN
7
E)
d > P,=400W
S
S v
) = 50.0 var
o (inductive)
P, =866 W
Fig. 10-18

10.14. Determine the total power information for three parallel-connected loads: load #1, 250 VA, pf =0.50
lagging; load #2, 180 W, pf = 0.80 leading; load #3, 300 VA, 100 var (inductive).
Calculate the average power P and the reactive power Q for each load.
Load #1 Given s =250 VA, cos 0= 0.50 lagging. Then,

P =250(0.50) = 125 W 0 = 4/(250)* - (125)* = 216.5 var (inductive)

Load #2 Given P =180 W, cos 8 = 0.80 leading. Then, 6 = cos ' 0.80 = —36.87° and
Q =180 tan(—36.87°) = 135 var (capacitive)

Load #3 Given S =300 VA, Q = 100 var (inductive). Then,

P = (300)* — (100)* = 282.8 W
Combining componentwise:

P.=125+180 + 282.8 = 587.8 W
0, =216.5-135+100 = 181.5 var (inductive)

S,=587.8+181.5=615.2/17.16°
Therefore, S, =615.2 VA and pf = cos 17.16° = 0.955 lagging.

10.15. Obtain the complete power triangle and the total current for the parallel circuit shown in Fig. 10-19,

if for branch 2, §, = 1490 VA.

@ @

Fig. 10-19
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2

From §, = IZ,eHZZ,
14
Lo = 75 20 — = 222A°
3" +6
and, by current division,
I 3+j6 ) 3?46, 45 )
_1 = = e— = — =
L, =2+ /3 whence [l,eff Y 12‘eff 3 (222) =768 A

Then,

S, = I} Z, = T68(2 + j3) = 1536 + j2304

S, =13 4 Z, = 2223 + j6) = 666 + j1332

S, =S, +S,=2202+ 3636

That is, P,.= 2202 W, Q.= 3636 var (inductive),

S, = J(2202) + (3636)° = 4251 VA and pf = % =0.518 lagging

Since the phase angle of the voltage is unknown, only the magnitude of I, can be given. By current

division,
L= gi—j:SIT or 22,ef[ = % %,eff = %Ii,e[f
and so
I} g = %(222) =1811A°  or [, =426A

10.16. Obtain the complete power triangle for the circuit shown in Fig. 10-20, if the total reactive power is
2500 var (inductive). Find the branch powers P, and P,.

@ @

40 12Q
j4 Q j6 Q
Fig. 10-20

The equivalent admittance allows the calculation of the total power triangle.
Y, =Y, +Y,=02488 [=39.57° S
Then, P, =2500c0t39.57° = 3025 W

S, =3025+ j2500 = 3924 /39.57° VA
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and pf = P,/§, =0.771 lagging.
The current ratio is 1,/I, = Y,/Y, = 0.177/0.0745.

|-

I;(4)
=—1—=18 and P +P, =3025W
2 1,(12)

o

from which P, = 1975 W and P, = 1050 W.
A load of 300 kW, with an initial power factor 0.65 lagging, has its power factor improved to 0.90
lagging by parallel capacitors. How many kvar must these capacitors furnish and what is the resulting

percent reduction in apparent power?
The angles corresponding to the power factors are first obtained:

10.17.

cos ' 0.65 = 49.46° cos ' 0.90 = 25.84°

Then (see Fig. 10-21),
0 =300tan49.46° = 350.7 kvar (inductive)
Q-0 =300tan25.84° = 145.3 kvar (inductive)

whence Q= 205.4 kvar (capacitive). Since

300 =461.5kVA S'=ﬂ=333.3 kVA

5=065

Fig. 10-21

the reduction is

461.5-333.3

2615 (100%) = 27.8%

10.18. Find the capacitance C necessary to improve the power factor to 0.95 lagging in the circuit shown in
Fig. 10-22, if the effective voltage of 120 V has a frequency of 60 Hz.

Vs =120V —jXc 20/30° Q

Fig. 10-22
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Use of the admittance provides a good approach.

Y, = JjoC+ ! =0.0433 - j(0.0250 — wC) (S)

20 /30°

The admittance diagram, Fig. 10-23, illustrates the next step.

6 =cos '0.95=18.19°
0.0250 — @C = (0.0433)(tan18.19°)

wC =0.0108
C = 28.6 uF
0.0433
G
0.0250 - wC

Fig. 10-23

10.19. A circuit with impedance Z = 10.0 /60° Q has its power factor improved by a parallel capacitive
reactance of 20 €. What is the resulting reduction in the current?
Since I = VY, the current reduction can be obtained from the ratio of the admittances before and after
the addition of the capacitors.

Y, o = 0.100/=60° S and Y, =0.050 /90°+0.100 /=60° =0.062 /~36.20° S
I

after

1

=]

.062
= 0100 = 0.620

before

The current reduction is 38 percent.

10.20. A transformer rated at a maximum of 25 kVA supplies a 12-kW load at power factor 0.60 lagging.
What percent of the transformer rating does this load represent? How many kW in additional load
may be added at unity power factor before the transformer exceeds its rated kVA?

For the 12-kW load, S = 12/060 = 20 kVA. The transformer is at (20/25) (100%) = 80% of full rating.
The additional load at unity power factor does not change the reactive power,

0 = (20)* = (12)* = 16 kvar (inductive)

Then, at full capacity,

6’ = sin"'(16/25) = 39.79°
P’ = 25c0s 39.79° = 19.2 kW
P, =192-12.0=7.2kW
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See Fig. 10-24. Note that the full-rated kVA is shown by an arc of radius 25.

New load

at unity pf
\ b 25 kVA arc

P=12kW
l-——P'=19.2 kW

Fig. 10-24

10.21. Referring to Problem 10.20, if the additional load has a power factor 0.866 leading, how many kVA
may be added without exceeding the transformer rating?
The original load is S = 12 + j16 kVA and the added load is

S, =S5, /=30° =5,(0.866) - jS,(0.500)(kVA)
The total is S, = (12 + 0.866S,) +j(16 — 0.500S,) (KVA). Then,
2 2 2 2
2 = (12 +0.8665,)> + (16 — 0.5008,)” = (25)

which gives §, = 12.8 kVA.

10.22. An induction motor with a shaft power output of 1.56 kW has an efficiency of 85 percent. At this
load, the power factor is 0.80 lagging. Give the complete input power information.

@—085 P——1'5—1765kW
P~ or in= 085
Then, from the power triangle,
S, = % =2.206kVAandQ, = \/(2.206)2 - (1.765)2 =1.324 kvar (inductive).

The equivalent circuit of an induction motor contains a variable resistance which is a function of the shaft
load. The power factor is, therefore, variable, ranging from values near 0.30 at starting to 0.85 at full load.

SUPPLEMENTARY PROBLEMS

10.23. Given a circuit with an applied voltage v = 14.14 cos @t (V) and a resulting current i = 17.1 cos (@?— 14.05°) (mA),
determine the complete power triangle. Ans.  P=117mW, Q =29.3 mvar (inductive), pf = 0.970 lagging

10.24. Given a circuit with an applied voltage v = 340 sin (wf — 60°) (V) and a resulting current i =13.3 sin (wf — 48.7°) (A),
determine the complete power triangle. Ans. P =2217 W, Q =443 var (capacitive), pf = 0.981 leading

10.25. A two-element series circuit with R=15.0 Q and X, = 15.0 Q, has an effective voltage 31.6 V across the resistance.
Find the complex power and the power factor. Ans. 200 +j600 VA, 0.316 lagging

10.26. A circuit with impedance Z = 8.0 — j6.0 Q has an applied phasor voltage 70.7 /—90.0° V. Obtain the complete
power triangle. Ans. P =200W, Q=150 var (capacitive), pf = 0.80 leading
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10.27. Determine the impedance of the circuit which has a complex power S = 5031 /—26.57° VA given an applied
phasor voltage 212.1 /0° V. Ans. 4.0-j20Q

10.28. Determine the impedance corresponding to apparent power 3500 VA, power factor 0.76 lagging, and effective
current 18.0 A. Ans.  10.8 /40.54° Q

10.29. A two-branch parallel circuit, with Z, =10/0°Q and Z,=8.0/-30.0° Q, has a total current
i=7.07 cos (wt —90°) (A). Obtain the complete power triangle.

Ans. P=110W, Q =32.9 var (capacitive), pf = 0.958 leading

10.30. A two-branch parallel circuit has branch impedances Z, =2.0 — j5.0 Q and Z, = 1.0 +j1.0 €. Obtain the complete
power triangle for the circuit if the 2.0-C2 resistor consumes 20 W.

Ans. P=165W, Q=95 var (inductive), pf = 0.867 lagging

10.31. A two-branch parallel circuit, with impedances Z, = 4.0/-30° Q and Z, = 5.0/60° Q, has an applied
effective voltage of 20 V. Obtain the power triangles for the branches and combine them to obtain the total power
triangle. Ans.  S;=128.1 VA, pf =0.989 lagging

10.32. Obtain the complex power for the complete circuit of Fig. 10-25 if branch 1 takes 8.0 kvar.
Ans. S =8+j12kVA, pf =0.555 lagging

10.33. In the circuit of Fig. 10-26, find Z if S, = 3373 Va, pf =0.938 leading, and the 3-Q resistor has an average power
of 666 W. Ans. 2-j2Q

® ®

j5Q z

Fig. 10-25 Fig. 10-26

10.34. The parallel circuit in Fig. 10-27 has a total average power of 1500 W. Obtain the total power-triangle
information. Ans. S =1500+ ;2471 VA, pf =0.519 lagging

20 30 80
15Q
j3Q j6 Q T -j2Q
Fig. 10-27 Fig. 10-28

10.35. Determine the average power in the 15-Q and 8-Q resistances in Fig. 10-28 if the total average power in the
circuit is 2000 W. Ans. 723 W, 1277 W

10.36. A three-branch parallel circuit, with Z, = 25/15°Q, Z,, = 15/60° Q, and Z, = 15 /90° Q, has an applied voltage
V =339.4/-30° V. Obtain the total apparent power and the overall power factor.

Ans. 4291 VA, 0.966 lagging
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Obtain the complete power triangle for the following parallel-connected loads: load #1, 5 kW, pf = 0.80 lagging;
load #2, 4 kVA, 2 kvar (capacitive); load #3, 6 kVA, pf = 0.90 lagging.

Ans.  14.535 kVA, pf = 0.954 lagging

Obtain the complete power triangle for the following parallel-connected loads: load #1, 200 VA, pf = 0.70
lagging; load #2, 350 VA, pf = 0.50 lagging; load #3, 275 VA, pf = 1.00.

Ans. S =590+ j444 VA, pf = 0.799 lagging

A 4500-VA load at power factor 0.75 lagging is supplied by a 60-Hz source with effective voltage 240 V.
Determine the parallel capacitance in microfarads necessary to improve the power factor to (a) 0.90 lagging,
(b) 0.90 leading. Ans. (a) 61.8 uF; (b) 212 uF

In Problem 10.39, what percent reduction in the line current and total voltamperes is achieved in part (a)? What
further reduction is achieved in part (b)? Ans. 16.1 percent, none

The addition of a 20-kvar capacitor bank improves the power factor of a certain load to 0.90 lagging. Determine
the complex power before the addition of the capacitors, if the final apparent power is 185 kVA.

Ans. S =166.5+;100.6 kVA

A 25-kVA load with power factor 0.80 lagging has a group of resistive heating units added at unity power factor.
How many kW do these units take, if the new overall power factor is 0.85 lagging? Ans. 42kW

A 500-kVA transformer is at full load and a 0.60 lagging power factor. A capacitor bank is added, improving the
power factor to 0.90 lagging. After improvement, what percent of rated kVA is the transformer carrying?

Ans.  66.7 percent

A 100-k VA transformer is at 80 percent of rated load at a power factor 0.85 lagging. How many kVA in additional
load at 0.60 lagging power factor will bring the transformer to the full rated load? Ans. 21.2kVA

A 250-kVA transformer is at full load with power factor 0.80 lagging. () How many kvar of capacitors must be
added to improve this power factor to 0.90 lagging? (b) After improvement of the power factor, a new load is to be
added at 0.50 lagging power factor. How many kVA of this new load will bring the transformer back to the rated
kVA and what is the final power factor? Ans. (a) 53.1 kvar (capacitive); (b) 33.35 kVA, 0.867 lagging

A 65-kVA load with a lagging power factor is combined with a 25-kVA synchronous motor load which operates
at pf = 0.60 leading. Find the power factor of the 65-kVA load, if the overall power factor is 0.85 lagging.

Ans.  0.585 lagging

An induction motor load of 2000 kVA has power factor 0.80 lagging. Synchronous motors totaling 500 kVA are
added and operated at a leading power factor. If the overall power factor is then 0.90 lagging, what is the power
factor of the synchronous motors? Ans.  0.92 leading

Find the maximum energy (E) stored in the inductor of Example 10.17(a) and show that it is greater than the sum
of the maximum stored energies (£, and £,) when each source is applied alone.

Ans. E=1.6mJ, E, =306 W, E, = 506 WJ

The terminal voltage and current of a two-terminal circuit are Vms =120 V and I_r s = 30/=60° A atf=60 Hz,
respectively. Compute the complex power. Find the impedance of the circuit and its equivalent circuit made of two
series elements in series. Ans. S =1800+ j3117.7 VA, Z=2+j3464=R+jLw,R=2Q,L=92mH

In the circuit of Fig. 10-29 the voltage source has effective value 10 V at @ = 1 rad/s and the current source is
zero. (a) Find the average and reactive powers delivered by the voltage source. (b) Find the effective value of the
current in the resistor and the average power absorbed by it and the reactive powers in L and C. Show the balance
sheet for the average and reactive powers between the source and R, L, and C.

Ans. (a) P =80 W, Q =-60 var, (b) I, = 542 A, P, =80 W, 0= —160 var, Q, = 100 var, P, = P and
0,+0.=0

In the circuit of Fig. 10-29,v, = 104/2 cost and i, =10 J2 cos 2t. (a) Find the average power delivered by each
source. (b) Find the current in the resistor and the average power absorbed by it.

Ans. (a) P,=P,=80W, (b) i, = 2410 cos(t — 26.5%) + 210 cos (2t — 63.4°), P, = 160 W
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10.52.

10.53.

) it 02 a(Du

Fig. 10-29

A single-phase ac source having effective value 6 kV delivers 100 kW at a power factor 0.8 lagging to two parallel
loads. The individual power factors of the loads are pf; = 0.7 lagging and pf, = 0.1 leading. (a) Find powers P,
and P, delivered to each load. (b) Find the impedance of each load and their combination.

Ans. (@) P,=97.54kW,P,=246kW, () Z, = 0.244 [ —84.26° Q,Z, = 0.043/45.57 Q,Z = 0.048 /36.87 Q

A practical voltage source is modeled by an ideal voltage source Vg with an open-circuited effective value of
320 V in series with an output impedance Zg =50 + j100 €. The source feeds a load Z, = 200 + j100 €.
See Fig. 10-30. (@) Find the average power and reactive power delivered by V . (b) Find the average power and
reactive power absorbed by the load. (c) A reactive element jX is added in parallel to Z,. Find X such that power
delivered to Z, is maximized.

Ans. (a) Pg =250 W and Qg =200 var, (b) P, =200 Wand Q, = 100var, (¢c) X = —-100 Q

Fig. 10-30



Polyphase Circuits

11.1 Introduction

The instantaneous power delivered from a sinusoidal source to an impedance is

p(t) = v(1)i(t) = Vplp cos6 + Vplp cos(Qwt — 0) (1)

where Vp and /, are the rms values of v and /, respectively, and 01is the angle between them. The power oscil-
lates between V,, 1,(1 + cos6) and Vplp(—l + cos6). In power systems, especially at higher levels, it is desirable
to have a steady flow of power from source to load. For this reason, polyphase systems are used. Another
advantage is having more than one voltage value on the lines. In polyphase systems, Vp and Ip indicate volt-
age and current, respectively, in a phase which may be different from voltages and currents in other phases.
This chapter deals mainly with three-phase circuits which are the industry standard. However, examples of
two-phase circuits will also be presented.

11.2 Two-Phase Systems

A balanced two-phase generator has two voltage sources producing the same amplitude and frequency but
90° or 180° out of phase. There are advantages in such a system since it gives the user the option of two
voltages and two magnetic fields. Power flow may be constant or pulsating.

EXAMPLE 11.1 An ac generator contains two voltage sources with voltages of the same amplitude and frequency,
but 90° out of phase. The references of the sources are connected together to form the generator’s reference terminal 7.
The system feeds two identical loads [Fig. 11-1(a)]. Find the currents, the voltages, and the instantaneous and average
powers delivered.

Terminal voltages and currents at the generator’s terminal are

v,(1) = V 2 cosor 0, (1) = V2 cos (@t = 90°)
(2
i, =12cos(@t =)  i,(t)=1,2cos(wr —90° - 6)
In the phasor domain, let Z =|Z|/6 and 1, = Vp/|Z|. Then,
Van = Vpﬁ Von = Vp [=90° Vg = Vay = Vi = \/EV[)E
(3)

L,=1,/-0° 1,=1/-90°-8 Iy =1, +1,=12/-45°-9

The voltage and current phasors are shown in Fig. 11-1(b).
Instantaneous powers p ,(¢) and p () delivered by the two sources are

p, () =v, i ()= Vplpcose + Vplp cos(Rwt — 6)

P, () = v, (i, () = VpIpcos@ - Vplp cosRwt — 0)

266
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A
. »
VA
/]
Iy N
b T B
(@)
> VA
0
I,
0
IB Y
Vg
Iy
(b)
Fig. 11-1

The total instantaneous power p..(7) delivered by the generator is

pr() =p,()+ p,(1) = Vplp cosf + Vp[p cosQwt — 6) + Vplp cosf — VpIp coswt — 0) =2 Vplp cosf

Thus, pr(0) = Pavg =2 Vpl,, cos6 “4)

In the system of Fig. 11-1(a), two voltage values v, and \/5 V, are available to the load and the power flow is constant.
In addition, the 90°-phase shift between the two voltages may be used to produce a special rotating magnetic field needed
in some applications.

11.3 Three-Phase Systems
Three-phase generators contain three sinusoidal voltage sources with voltages of the same frequency but a
120°-phase shift with respect to one another. This is realized by positioning three coils at 120° electrical
angle separations on the same rotor. Normally, the amplitudes of the three phases are also equal. The genera-
tor is then balanced. In Fig. 11-2, three coils are equally distributed about the circumference of the rotor; that
is, the coils are displaced from one another by 120 mechanical degrees.

Coil ends and slip rings are not shown; however, it is evident that counterclockwise rotation results in
the coil sides A, B, and C passing under the pole pieces in the order ... A-B-C-A-B-C... Voltage polarities
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Fig. 11-2

reverse for each change of pole. Assuming that the pole shape and corresponding magnetic flux density are
such that the induced voltages are sinusoidal, the result for the three coils is as shown in Fig. 11-3. Voltage B
is 120 electrical degrees later than A, and C is 240° later. This is referred to as the ABC sequence. Changing
the direction of rotation would result in ... A-C-B-A-C-B..., which is called the CBA sequence.

Fig. 11-3

The voltages of a balanced ABC sequence in the time and phasor domains are given in (5) and (6), respec-
tively. The phasor diagram for the voltage is shown in Fig. 11-4.

v, (1) = (vpﬁ)coswz v, (1) = (vpﬁ)cos(wt -120° v, (1) = (vpﬁ)cos(wt —240° (5

— — o — o
V,=V,[0 V, =V/[-120 V,, =V, /=240 ©)
Voo = Vcn Van

TS Va
30°
Vab = Van - Vbn
30° P
7
Ve
30° s
Vbn \Y

\ an
\

\

\

\
th = Vbn - Vcn

Fig. 11-4
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11.4 Wye and Delta Systems

The ends of the coils can be connected in wye (also designated Y; see Section 11.8) fashion, with ends A", B’,
and C’ joined at a common point designated the neutral, N; the ends A, B, and C are brought out to become
the lines A, B, and C of the three-phase system. If the neutral point is carried along with the lines, it is a three-
phase, four-wire system. In Fig. 11-5, the lines are designated by lowercase a, b, and ¢ at the supply, which
could either be a transformer bank or a three-phase alternator, and by uppercase A, B, and C at the load. If
line impedances must be considered, then the current direction through, for example, line aA would be I ,,
and the phasor line voltage drop V.

= s
z
N
Load
B
1
I SR
z
C
B
z
Fig. 11-5

The generator coil ends can be connected as shown in Fig. 11-6, making a delta-connected (or A-connected)
three-phase system with lines a, b, and c¢. A delta-connected set of coils has no neutral point to produce a
four-wire system, except through the use of A-Y transformers.

Fig. 11-6

11.5 Phasor Voltages

The selection of a phase angle for one voltage in a three-phase system fixes the angles of all other voltages.
This is tantamount to fixing the # = 0 point on the horizontal axis of Fig. 11-3, which can be done quite
arbitrarily. In this chapter, an angle of zero will always be associated with the phasor voltage of line B with
respect to line C: V.=V, /0°.

It is shown in Problem 11.4 that the line-to-line voltage V, is J3 times the line-to-neutral voltage. All
ABC-sequence voltages are shown in Fig. 11-7(a) and CBA voltages in Fig. 11-7(b). These phasor volt-
ages, in keeping with the previous chapters, reflect maximum values. In the three-phase, four-wire, 480-volt
system, widely used for industrial loads, and the 208-volt system, common in commercial buildings, effective
values are specified. In this chapter, a line-to-line voltage in the former system would be V,.=678.8/0°V,
making V. . = 678. 8/\/2 = 480 V. People who regularly work in this field use effectlve Valued phasors,
and would write V.= 480 /0° V.
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A C > B
Vag = V. /120° Vap = V1 [240°
Vpe = Vi [0° Vge = VL [0°
Vea = Vi [240° N Vea = V [120°

N Van = (VL/V3)90° Van = (VL/V3)[=9°
Ven = (VL/V3)[=30° Ven = (VL/V3)[30°
Ven = (VL/V3)/=150° Ven = (VL /V3)150°

C B A
(a) Sequence ABC (b) Sequence CBA

Fig. 11-7

11.6 Balanced Delta-Connected Load

Three identical impedances connected as shown in Fig. 11-8 make up a balanced A-connected load. The
currents in the impedances are referred to either as phase currents or load currents, and the three will
be equal in magnitude and mutually displaced in phase by 120°. The line currents will also be equal in
magnitude and displaced from one another by 120°; by convention, they are given a direction from the
source to the load.

| Ica
—
A
A
Q
. VAB lAB SM Q)
B
— 5145°
B
A
vC.4 V¢
Y
C
— I

Fig. 11-8

EXAMPLE 11.2 A three-phase, three-wire, ABC system, with an effective line voltage of 120 V, has three impedances
of 5.0 /45° Q in a A-connection. Determine the line currents and draw the voltage-current phasor diagram.
The maximum line voltage is 12042 =169.7 V. Referring to Fig. 11-7(a), the voltages are

V,,=169.7/120°V  V,.=169.7/0°V  V,, =169.7 [240° V

Double subscripts give the phase-current directions; for example, I, , passes through the impedance from line A to line B.
All current directions are shown in Fig. 11-8. Then the phase currents are

\ 169.7/120°
[,,=—438=—5====339/75°A
AB 7 5 !450 L

\Y 169.7/0°
I, =—8C= """ _-339/-45° A
e Z 5/45° (45"
\Y

169.7/240°
I, =—=—""6=—=-339/195°A
CA 7 5 f45° L
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By Kirchhoff’s Current Law (KCL), line current I, is given by

I,=1,,+1,.=33.9/75°~33.9/195° = 58.7/45° A

Similarly, I, =58.7 /=75° A and I.=58.7 /165° A.

The line-to-line voltages and all currents are shown on the phasor diagram of Fig. 11-9. Note particularly the balanced
currents. After one phase current has been computed, all other currents may be obtained through the symmetry of the
phasor diagram. Note also that 33.9 x J3 = 58.7; that is, I, = \/§1Ph for a balanced delta load.

Fig. 11-9

11.7 Balanced Four-Wire, Wye-Connected Load

Three identical impedances connected as shown in Fig. 11-10 make up a balanced Y-connected load. The
currents in the impedances are also the line currents, so the directions are chosen from the source to the load,
as before.

EXAMPLE 11.3 A three-phase, four-wire, CBA system, with an effective line voltage of 120 V, has three imped-

ances of 20 /=30° Q in a Y-connection (Fig. 11-10). Determine the line currents and draw the voltage-current phasor
diagram.

A
Van
N
In Van Q
B
Ven
C

Fig. 11-10

The maximum line voltage is 169.7 V, and the line-to-neutral magnitude, 169.7/3/3 = 98.0 V. From Fig. 11-7(b),
V,.y=98.0 [=90° V Vpy =98.0 [30°V Vey = 98.0 [150° V

Then I, = Van _ 2801 [=90°
A 4 20 {_300

and, similarly, I, =4.90 /60° A, 1. =4.90/180° A,

=490 /-60° A
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The voltage-current phasor diagram is shown in Fig. 11-11. Note that with one line current calculated, the other two
can be obtained through the symmetry of the phasor diagram. All three line currents return through the neutral. Therefore,
the neutral current is the negative sum of the line currents:

lN=—(lA+lg+lc)=O

Ip
Van

Van

Fig. 11-11

Since the neutral current of a balanced, Y-connected, three-phase load is always zero, the neutral
conductor may, for computation purposes, be removed, with no change in the results. In actual power
circuits, it must not be physically removed, since it carries the (small) unbalance of the currents,
carries short-circuit or fault currents for operation of protective devices, and prevents overvoltages
on the phases of the load. Since the computation in Example 11.3 proceeded without difficulty, the
neutral will be included when calculating line currents in balanced loads, even when the system is
actually three-wire.

11.8 Equivalent Y- and A-Connections

Figure 11-12 shows three impedances connected in a A (delta) configuration, and three impedances con-
nected in a Y (wye) configuration. Let the terminals of the two connections be identified in pairs as indicated
by the labels e, B, y. Then Z, is the impedance “adjoining” terminal ¢ in the Y-connection, and Z . is the
impedance “opposite” terminal ¢ in the A-connection, and so on. Looking into any two terminals, the two
connections will be equivalent if corresponding input, output, and transfer impedances are equal. The criteria
for equivalence are as follows:

a\ Zs /7 a Y

g SN g
Z, Z,
Za Zc
Z
B B
(a) A-connection (b) Y-connection

Fig. 11-12
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Y-to-A Transformation A-to-Y Transformation
7 - 272,+27Z,+7,2, 7 — 7,2,

A Z, V' Z +Zp+ 7,
7 _ 7,7,+7,7,+7,7, 7 - Z,Z.

B Z, 2 Zy+Zp+Z,
7 - 272,+27Z,+7,Z, 7 2,7

c A 30 Z +Zy+Z,

It should be noted that if the three impedances of one connection are equal, so are those of the equivalent
connection, with Z A/ZY =3.

11.9 Single-Line Equivalent Circuit for Balanced Three-Phase Loads

Figure 11-13(a) shows a balanced Y-connected load. In many cases (for instance, in power calculations) only
the common magnitude, /,, of the three line currents is needed. This may be obtained from the single-line
equivalent, Fig. 11-13(b), which represents one phase of the original system, with the line-to-neutral voltage
arbitrarily given a zero phase angle. This makes I, =1, /=6, where 6 is the impedance angle. If the actual
line currents I, I,, and I . are desired, their phase angles may be found by adding —6 to the phase angles of
A VB’é’ and V, as given in Fig. 11-7. Observe that the angle on I, gives the power factor for each phase,
pf = cosé.

The method may be applied to a balanced A-connected load if the load is replaced by its Y-equivalent,
where Z, = 1Z, (Section 11.8).

A
Vax Lz -
N Z Vinl0° z
) %\7
C
(a) (b)

Fig. 11-13

EXAMPLE 11.4 Rework Example 11.3 by the single-line equivalent method.
Referring to Fig. 11-14 (in which the symbol Y indicates the type of connection of the original load),

V o
1= Y 980[0° g, [30° A

L= Z 20/-30°
From Fig. 11-7(b), the phase angles of V,,,, V.., and VC}V are —90°, 30°, and 150°, respectively. Hence,

I,=4.90/-60° A I, =4.90/60° A I.=490/180° A

Vin = L ; 20/=30° Q

98.0/0° V

Fig. 11-14
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11.10 Unbalanced Delta-Connected Load

The solution of the unbalanced delta-connected load consists in computing the phase currents and then
applying KCL to obtain the line currents. The currents will be unequal and will not have the symmetry of
the balanced case.

EXAMPLE 11.5 A three-phase, 339.4-V, ABC system [Fig. 11-15(a)] has a A-connected load, with
ZAleoﬂ’Q ZBC=10{30°Q ZCA=15[—30° Q

Obtain the phase and line currents and draw the phasor diagram.

N 339.4 /120°
I :—AB :—23394£1200A
AB ZAB 10@

Similarly, I,. =33.94/-30° Aand I, = 22.63 /270° A. Then,
I,=1,,+1,.=33.94/120°~-22.63 /270° = 54.72 [108.1° A
Also, I, = 65.56/-45° Aand I, =29.93/-169.1° A.

The voltage-current phasor diagram is shown in Fig. 11-15(b), with magnitudes and angles drawn to scale.

. ™A
veo | Tva, 10/0° Q@ 15/-30° Q
L~ B o Ica
Vace
I-—"C
(a) ()

Fig. 11-15

11.11 Unbalanced Wye-Connected Load

Four-Wire

The neutral conductor carries the unbalanced current of a wye-connected load and maintains the line-to-
neutral voltage magnitude across each phase of the load. The line currents are unequal and the currents on
the phasor diagram have no symmetry.

EXAMPLE 11.6 A three-phase, four-wire, 150-V, CBA system has a Y-connected load, with
Z,=6/0°Q Z,=6/30°Q Z.=5[45°Q
Obtain all line currents and draw the phasor diagram. See Figure 11-16(a).
[ - \ T _ 86.6 /—90°

=14.43 /-90° A

oz, 6/0°

V o
IBzﬂzwzlmgﬂA

Zy 6 /30°

\Y 86.6 /150°
.= = ———==17.32/105°A
¢ Z 5/45°

I, =-(14.43/-90° +14.43/0°+17.32/105°) =10.21 /-167.0° A

Figure 11-16(b) gives the phasor diagram.
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vAN

| Van

Q

Ven

Ia

Van

Three-Wire

(a) ()

Fig. 11-16

Without the neutral conductor, the Y-connected impedances will have voltages which vary considerably from
the line-to-neutral magnitude.

EXAMPLE 11.7 Figure 11-17(a) shows the same system as in Example 11.6 except that the neutral wire is no longer
present. Obtain the line currents and find the displacement neutral voltage, V .

A
L
Vas
Ip

_—

B
A

Vse

C

[0}
E—_
60" 0 60° O , 5@ Q
N |
6/30° Q sus 0
A C
Ic VAB e Vsc
—_—

B (ref.)
(a) (b)
Fig. 11-17

The circuit is redrawn in Fig. 11-17(b) so as to suggest a single node-voltage equation with V ,; as the unknown.

\Y

OB_V

V VotV
AB OB OB BC
Z, 'z, "7 Z

A

v Lo, 11 )_150/240° 150 /0°
%1 6/0°  6/30° 5/45° 6 /0° 5/45°

from which, V,, =66.76 /=152.85° V. Then,

FromV,,+V,,=V

Similarly, V.=V .

Vv
— OB _ o
IB__Z_;_”'13£_2'85 A

op Vou = 100.7 /81.08° V, and

V o
I,= —ZL;* =16.78 /[-98.92° A

~V,;=95.58 /=18.58° V, and

I,=19.12/116.4° A
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Point O is displaced from the neutral N by a phasor voltage V ,,, given by

Von = Vou + YV, =100.7 /81.08° + % [-90° =20.24 /39.53° V
The phasor diagram, Fig. 11-18, shows the shift of point O from the centroid of the equilateral triangle.
See Problem 11-13 for an alternate method.

A

Fig. 11-18

11.12 Three-Phase Power

The powers delivered by the three phases of a balanced generator to three identical impedances with phase
angle 0 are

p, (1) = Vplp cosB + Vplp cos(wt — 0)
p,(t) = Vp[p cosO + Vp[p cos (2wt — 240° — 6)
p.(1) = Vplp cosO + Vplp cos (2wt — 480° — 6)
() = p, @)+ p,(0) + p.(1)
=3 Vplp cosO + Vp[p[cos(2a)t —0) + cosQat — 240° — 0) + cos(2wt — 480° — 9)]
But cos (2wt — 6) + cos 2wt —240° — 0) + cos (2wt — 480° — 6) = 0 for all 7. Therefore,
pp(0) = 3Vp1p cosf@ =P

The total instantaneous power is the same as the total average power. It may be written in terms of line
voltage VL and line current / I Thus,

In the delta system, VL = Vp and [ L= \/§Ip. Therefore, P = NG VLI 1, €Os 0.

In the wye system, VL = \/5 Vp and IL = Ip. Therefore, P = \/§VL1L cosO.

The expression J3 V, 1, cos6 gives the power in a three-phase balanced system, regardless of the connection
configuration. The power factor of the three-phase system is cos 6. The line voltage V, in industrial systems
is always known. If the load is balanced, the total power can then be computed from the line current and
power factor.
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In summary, power, reactive power, apparent power, and power factor in a three-phase system are

. P
P=\3V I, cos6  Q=3V,Ising S=3VI  pf=¢

Of course, all voltage and currents are effective values.

11.13 Power Measurement and the Two-Wattmeter Method

An ac wattmeter has a potential coil and a current coil and responds to the product of the effective voltage,
the effective current, and the cosine of the phase angle between them. Thus, in Fig. 11-19, the wattmeter will
indicate the average power supplied to the passive network,

P =Vl g cos8 = Re (VoL gp)

(see Section 10.7).

| ]

—_—

® &
+

-
' w
Passive
Ver Network
Fig. 11-19

Two wattmeters connected in any two lines of a three-phase, three-wire system will correctly indicate
the total three-phase power by the sum of the two meter readings. A meter will attempt to go downscale if
the phase angle between the voltage and current exceeds 90°. In this case, the current-coil connections can
be reversed and the upscale meter reading treated as negative in the sum. In Fig. 11-20 the meters are inserted
in lines A and C, with the potential-coil reference connections in line B. Their readings will be

W,y =Re(V, gl yerr) = ReE(Vp el aperr) T REVp el ac er)

W, =Re(V, Lyper)

cperrlcerr) = Re(Vep epplop o) TRECY,

CB eff

+ Lyesr A
A * o
Wa
) IABeiV '\ICAeff
+
VaBett
B < {1 C
Vepert : g Lpcest
° o
We Yeetr
c e o
+

Fig. 11-20
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in which the KCL expressions I, =1, ,+ I, .and I.=1_, + I, have been used to replace line currents by
phase currents. The first term in W is recognlzed as e the average power in phase AB of the delta load;
likewise, the second term in W is P 5 Adding the two equations and recombining the middle terms then
yields

)",

W +W _P +Re[( A off — f]+PCB=PAB+PAC+PCB

CB eff 7" AC ef

since, by KVL, VAB - VCB = VAC.
The same reasoning establishes the analogous result for a Y-connected load.

Balanced Loads

When three equal impedances Z/8 are connected in a delta configuration, the phase currents make 30°
angles with their resultant line currents. Figure 11-21 corresponds to Fig. 11-20 under the assumption of
ABC sequencing. It is seen that V,, , leads I, by 6 + 30°, while V ., leads I . by 6 —30°. Consequently, the
two wattmeters will read

w

W=V I, ..cos(6+30° w

AB effl A eff c =V I, ¢ cos(6—30°)

CB eff” Ceff

or, since in general we do not know the relative order in the voltage sequence of the two lines chosen for the
wattmeters,

W, =V, il ;o €O8(0 + 30°)

w,=YV,

Leirl L efr €08(6 — 30°)

These expressions also hold for a balanced Y-connection.

Fig. 11-21

Elimination of V

1 el ofr DEtWeeN the two readings leads to

tan6 = J—(W W)

W, + W,

Thus, from the two wattmeter readings, the magnitude of the impedance angle 0 can be inferred. The sign
of tan O suggested by the preceding formula is meaningless, since the arbitrary subscripts 1 and 2 might just
as well be interchanged. However, in the practical case, the balanced load is usually known to be inductive
(6>0).
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SOLVED PROBLEMS

11.1. The two-phase balanced ac generator of Fig. 11-22 feeds two identical loads. The two voltage
sources are 180° out of phase. Find () the line currents, voltages, and their phase angles, and () the
instantaneous and average powers delivered by the generator.

I I ! I
! [ I ' !
! p a A 4 1 I
I + I l I
I I I I
! Va ’\D | ! ZH |
I - | | |
| | | |
; L. — |
: I I : I
_ | I
I I ! I
ERTCR o
| | | |
+

I I ! I
! L5 5| |

I ——— L
I 7 |
| | B | |
e I o I

Generator Load
Fig. 11-22

LetZ=|Z|[8and ], =V /|Z|.

(a) The voltages and currents in the phasor domain are
Van :VpLO VBN:Vpﬂ:_Vp@ VAB:VAN_VBNZZV;;@
Now, from I[7 and Z given above, we have
IAzlp[—e IB:IP{—ISO"— =—Ip{—9 I,=1,+1,=0
(b) The instantaneous powers delivered are
p, ) =0, (1)i ()= Vplp cosO + Vplp cosQwt — 0)
p,(1) = v, (i, () = Vp[p cosf + Vplp cos 2wt — 0)
The total instantaneous power p. (1) is
pr() = p, () + p,(1) = 2Vplp cosf + 2Vp1p cosQwt — 6)

The average power is P,dvg = 2VPIF cos 6.

11.2. Solve Problem 11.1 given Vp =110 Vrms and Z =4 +j3 Q.
(a) In phasor form, Z =4 +j3 =5 /36.9° Q. Then,

VAN=110@V Vpy =110 /=180° V

Vs =Voy = Vyy =110 /0110 /=180° =220 /0 V
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and  I,=V,/Z=22/-369°A  1,=V,/Z=22/-2169° =-22/-36.9° A

(b) p,(t) =110(22)[c0s36.9° + cos 2wt — 36.9°)] = 1936 + 2420 cos 2wt - 36.9°) (W)
P, (1) = 110(22)[c0836.9° + cos (2wt — 36.9° = 360°)] = 1936 + 2420 cos (2wt — 36.9°) (W)
p(t) = p, () + p,(1) = 3872 + 4840 cos (2wt — 36.9°) (W)

P, =3872W
11.3. Repeat Problem 11.2 but this time with the two voltage sources of Problem 11.1 90° out of phase.
(a) Again, Z =5/36.9°. Then,

V,y=110/0V V. =110/-90° V
V=V = Vay =110/0-110/-90° =110(J2 /=45 =155.6 [=45° V

and  1,=V, /Z=22/-36.9° A 1,= V. /Z =22/-126.9° A

I, =1, +1,=22/-36.90° + 22/-126.9° =22(2/=81.9°)=31.1/-81.9° A

(b) p,(1) = 110(22)[c0$36.9° + cos(2wr — 36.9°)] = 1936 + 2420 cos(20t — 36.9°) (W)
p, (1) = 110(22)[c0s36.9° + cos(20t — 36.9° — 180°)] = 1936 — 2420 cos(2wr — 36.9°) (W)
pt) = P, + P, = 2(1936) = 3872 W

P =3872W

avg

11.4. Show that the line-to-line voltage V, in a three-phase system is J3 times the line-to-neutral
voltage V.
See the voltage phasor diagram (for the ABC sequence), Fig. 11-23.

A

|
I 300

|
“_Vph cos 30°
fe————V, = V3V,

Fig. 11-23

B

11.5. A three-phase, ABC system, with an effective voltage 70.7 V, has a balanced A-connected load with
impedances 20/45° Q. Obtain the line currents and draw the voltage-current phasor diagram.
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The circuit is shown in Fig. 11-24. The phasor voltages have magnitudes V_ = ﬁVeff =100 V.
Phase angles are obtained from Fig. 11-7(a). Then,

vV o
1 — AB _ IOOM =50

75° A
AB-Z 20/45° [15°

Similarly, IBC =5.0 /=45° A and ICA =5.0 /195° A. The line currents are

1,=1,+1, =5/75°-5/195° =8.65/45° A

14 Ica +
- \
| OV Q
V, \%
ca AB 20145 Q
Is
B J SN
I —_— 2045 O
Vv, ’
Ic y fe Isc
—_ C

Fig. 11-24

Similarly, I, =8.65 /=75° A, I.=8.65 /165° A.
The voltage-current phasor diagram is shown in Fig. 11-25.

Fig. 11-25

11.6. A three-phase, three-wire CBA system, with an effective line voltage 106.1 V, has a balanced

Y-connected load with impedances 5 /=30° Q (Fig. 11-26). Obtain the currents and draw the voltage-
current phasor diagram.

With balanced Y-loads the neutral conductor carries no current. Even though this system is three-wire,
the neutral may be added to simplify computation of the line currents. The magnitude of the line voltage
sV, = \/5(106.1) =150 V. Then the line-to-neutral magnitude is V,, = 150/+/3 = 86.6 V.

OV, 86.6/-90°
IA - 7 - o
5/=30

=17.32 /-60° A
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A
Van
N o e o c— com— c—— ——— a— —
VN Is )
y
B
Ven
'
C

Fig. 11-26

Similarly, I, = 17.32/60° A, I.= 17.32 /180° A. See the phasor diagram, Fig. 11-27, in which the
balanced set of line currents leads the set of line-to-neutral voltages by 30°, the negative of the angle of
the impedances.

Ven

Van

Fig. 11-27

11.7. A three-phase, three-wire CBA system, with an effective line voltage 106.1 V, has a balanced
A-connected load with impedances Z = 15 /30° €. Obtain the line and phase currents by the single-
line equivalent method.

Referring to Fig. 11-28, V,, = (141.442)/4/3 =115.5 V, and so

115.5 /0°
=——"L— -231/-30° A
Lasr3) [30°

L a
ﬁ
115.5/0° Vv H] l;& @
N= =
Fig. 11-28

The line currents lag the ABC-sequence, line-to-neutral voltages by 30°:

I,=23.1/60°A I, =23.1/-60° A I, =23.1/180° A
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The phase currents, of magnitude /,, =1, A3 =13.3 A, lag the corresponding line-to-line voltages by 30°:

I1,,=13.3/90°A I, =13.3/-30° A I, =13.3/210°A
A sketch of the phasor diagram will make all of the foregoing angles evident.

11.8. A three-phase, three-wire system, with an effective line voltage 176.8 V, supplies two balanced loads,
one in delta configuration with Z A= 15 /.0° Q and the other in wye form with ZY =10 /30° Q.
Obtain the total power.

First convert the A-load to Y, and then use the single-line equivalent circuit, Fig. 11-29, to obtain the
line current.

~
<

—

I

144.3/0° V 5/0° Q L] 1030° Q

ik

N= =

Fig. 11-29

- 144.3/0°  144.3/0° 0 oo o
5/0° 10 /30°

Then P =13V, 1, cos6 = \/3(176.8)(29.7)c059.9° = 8959 W

11.9. Obtain the readings when the two-wattmeter method is applied to the circuit of Problem 11.8.
The angle on I, —9.9°, is the negative of the angle on the equivalent impedance of the parallel combina-
tion of 5 /0° Q and 10 /30° Q. Therefore, 8 = 9.9° in the formulas of Section 11.13.

W, =V, o, 05(6 +30°) = (176.8)(29.7)c0539.9° = 4028 W
W, =V, ol o €086 — 30°) = (176.8)(29.7)cos(~20.1°) = 4931 W

As a check, W, + W, = 8959 W, which is in agreement with Problem 11.8.

11.10. A three-phase supply, with an effective line voltage 240 V, has an unbalanced A-connected load
shown in Fig. 11-30. Obtain the line currents and the total power.

Ica
A
\
Q
Vca Vas
B
A
L Vae
C

Fig. 11-30
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The power calculations can be performed without knowledge of the sequence of the system. The effec-
tive values of the phase currents are

240 240 240
ABeff:f:9'6A IBCeff:F=16A ICAeff:WZIZA

Hence, the complex powers in the three phases are

S s = (9.6)°(25/90°) = 2304/90° = 0 + j2304
S, = (16)°(15/30°) = 3840/30° = 3325 + j1920
S, = (12)°(20/0°) = 2880/0° = 2880 + ;O
and the total complex power is their sum,
S, = 6205 + j4224

That is, P, = 6205 W and Q, = 4224 var (inductive).
To obtain the currents, a sequence must be assumed; let it be ABC. Then, using Fig. 11-7(a),

[ J3OANN e
25/90°

339.4/0°
I, == -226/-30° A
= 15/30°

339.4/240°
=227 e 17.0/240° A
cA 20/0° [240°

The line currents are obtained by applying KCL at the junctions.
I,=1,+1,.=13.6/30°-17.0/240° =29.6/46.7° A

I,=1,. +1,, =22.6/-30° —13.6/30° = 19.7/-66.7° A

I.=1,, +1., =17.0/240° - 22.6/-30° =28.3/-173.1° A

11.11. Obtain the readings of wattmeters placed in lines A and B of the circuit of Problem 11.10. (Line Cis
the potential reference for both meters.)

. [ o[ 29.6 .
WA = Re (VAC effIA eff) = Re (240@)(Tf —46.7 ):|

=Re (5023/13.3°) = 4888 W

W, = Re (Ve oLy o) = Re —(240 @)(% M)]
= Re (3343/66.7°) = 1322 W
Note that W, + W, = 6210 W, which is very close to P, as found in Problem 11.10.
11.12. A three-phase, four-wire, ABC system, with line voltage VBC =294.2 /0°V, has a Y-connected load

of ZA =10/0° Q, ZB =15/30° Q, and Zc =10/=30° Q (Fig. 11-31). Obtain the line and neutral
currents.
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A
A
Vo,
N
l Van
B
Ven
\/
C
Fig. 11-31
169.9 /90°
=—————==16.99/90° A
4 10/0°

169.9/-30°
= b—— - 11.33/=60° A
B 15/30°

169.9/-150°
=== _16.99/-120° A
¢ 10/=30°

I, =-(, +I,+1,) =8.04/69.5° A
11.13. The Y-connected load impedances Z, = 10/0° Q, Z, = 15/30° Q, and Z. = 10/=30° Q, in Fig.

11-32, are supplied by a three-phase, three-wire, ABC system in which V, =208 /0° V. Obtain the
voltages across the impedances and the displacement neutral voltage V .

A
4
I
208/120° V [] 10/0° Q
1530° Q
H—
A
I
208/0° V [] 10/=30° Q
C
Fig. 11-32

The method of Example 11.7 could be applied here and one node-voltage equation solved. However,
the mesh currents I, and I, suggested in Fig. 11-32 provide another approach.

10/0°+15/30° -15/30° [Il]_ 208 /120°
-15/30° 15/30°+10/=30° | I, 208/0°
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Therefore, I = 14.16 /86.09° A and I,=10.21 /52.41° A. The line currents are then
I,=1=14.16/86.09° A I,=1,-1,=8.01/=48.93° A I.=-1,=10.21/=-127.59° A

Now the phasor voltages at the load may be computed.
V,,=1,Z, =141.6/86.09° V
Vpo = 1,2, =120.2/-18.93° V
Veo =12, =102.1/-157.59° V
Von = Vou + Vuy =141.6/-93.91° +120.1 /90° = 23.3/-114.53° V

The phasor diagram is given in Fig. 11-33.

Fig. 11-33

11.14. Obtain the total average power for the unbalanced, Y-connected load in Problem 11.13, and compare
with the readings of wattmeters in lines B and C.
The phase powers are

2
Py =1, R, :(T)(IO)—IOOZSW
2 —_— (e}
Pp=1p B=( \/—)15c0s30)—417ow
2
2
Po=1. (R = (T) (10 cos30°) =451.4 W

and so the total average power is 1870.9 W.
From the results of Problem 11.13, the wattmeter readings are:

W, =Re(Vy, iIp) = R [(2\/0_8/ 60° )(8\/91 /48.93° H =817.1W

208 .)(10.21
We = Re (Ve iloey) = Re[( 7 /2400 )( [127.59° H =1052.8 W

The total power read by the two wattmeters is 1869.9 W.
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11.15. A three-phase, three-wire, balanced, A-connected load yields wattmeter readings of 1154 W and
557 W. Obtain the load impedance, if the line voltage is 141.4 V.

W, =W, 577
= —2 l = —_— = = ©
ttan6 = \/3(W2 n Wl) \/3(1731) 0.577 6 =130.0

and, using P, = 3 Vi eitl ogr €080,

Vet _ \/37 Vet _ 3VL2eff cos@ _ 3(100)° c0s30.0°

Lppege I} e Py 1154 + 577

Q=15.0Q

Z,=

Thus, Z,=15.0 / £30.0° Q.

11.16. A balanced A-connected load, with Z A= 30/30° €, is connected to a three-phase, three-wire, 250-V
system by conductors having impedances Z_ = 0.4 + j0.3 Q. Obtain the line-to-line voltage at the
load.

The single-line equivalent circuit is shown in Fig. 11-34. By voltage division, the voltage across the
substitute Y-load is

10/30° 250
vV, = = /0°|=137.4/-0.33° V
AN (0.4+j0.3+10@’]( J3 L)

whence V, = (137.4)(/3) = 238.0 V.

a 04+j03 Q A a
250 L l
D v 1030° Q
3
= N = N
Fig. 11-34

Considering the magnitudes only, the line voltage at the load, 238.0 V, represents a drop of 12.0 V. The
wire size and total length control the resistance in z, while the enclosing conduit material (e.g., steel,
aluminum, or fiber), as well as the length, affects the inductive reactance.

SUPPLEMENTARY PROBLEMS

In the following, the voltage-current phasor diagram will not be included in the answer, even though the problem may
ask specifically for one. As a general rule, a phasor diagram should be constructed for every polyphase problem.

11.17. Three impedances of 10.0/53.13° Q are connected in delta to a three-phase, CBA system with an affective line
voltage 240 V. Obtain the line currents.

Ans. 1,=58.8/-143.13° A, 1,=58.8/-23.13° A, 1.=58.8/96.87° A

11.18. Three impedances of 4.20 /=35° € are connected in delta to a three-phase, ABC system having V,.=495.0/0° V.
Obtain the line currents.

Ans. 1, =20.41/125° A, 1,=20.41/5°A,1.=2041/-115° A
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A three-phase, three-wire system, with an effective line voltage 100 V, has currents
I,=1541/-160° A I,=1541/-40° A 1.=15.41/80°A
What is the sequence of the system and what are the impedances, if the connection is delta?
Ans. CBA, 15.9/70° Q
A balanced Y-connected load, with impedances 6.0 /45° €, is connected to a three-phase, four-wire CBA system
having effective line voltage 208 V. Obtain the four line currents.
Ans. 1,=2831/=135° A, 1,=2831/=15°A,1.=2831/105° A, 1,=0
A balanced Y-connected load, with impedances 65.0/=20° €, is connected to a three-phase, three-wire, CBA
system, where V, , = 678.8 /=120° V. Obtain the three line currents.
Ans. 1,=6.03/-70° A, 1,=6.03/50° A, 1.=6.03/170° A
A balanced A-connected load, with Z, = 9.0/ —30°, and a balanced Y-connected load, with Z,=5.0/ 45° Q,

are supplied by the same three-phase, ABC system, with effective line voltage 480 V. Obtain the line currents,
using the single-line equivalent method.

Ans. 1,=1689/93.36° A, 1, =168.9/-26.64° A, 1.=168.9/-146.64° A

A balanced A-connected load having impedances 27.0 /=25° Q, and a balanced Y-connected load having
impedances 10.0 /=30° Q are supplied by the same three-phase, ABC system, with V., =169.8 /=150° V.
Obtain the line currents.

Ans. 1, =35.8/117.36° A, 1,=35.8/-2.64° A, I1.=35.8/=122.64° A

A balanced A-connected load, with impedances 10.0/=36.9° Q, and a balanced Y-connected load are supplied
by the same three-phase, ABC system having V., = 141.4/240° V. If I, = 40.44/13.41° A, what are the
impedances of the Y-connected load? Ans. 5.0/=53.3°

A three-phase, ABC system, with effective line voltage 500 V, has a A-connected load for which
Z,,=10.0/30°Q ZBC=25.O&Q Z.,=20.0/=30°Q

Obtain the line currents.

Ans. 1,=106.1/90.0° A, 1,=76.15/-68.20° A, I1.=45.28 /=128.65° A

A three-phase, ABC system, with VBC =294.2/0°V, has the A-connected load

7,,=50/0°Q 7,.=40/30°Q Z.,=60/=15°
Obtain the line currents.

Ans. 1,=99.7/99.7° A, 1,=127.9/-433 A, 1.=77.1/=172.1° A
A three-phase, four-wire, CBA system, with effective line voltage 100 V, has Y-connected impedances
Z,=3.0/0°Q Z,=3.61/56.31°Q 7,.=224/-26.57°Q

Obtain the currents I, I, IC, and I,

Ans. 27.2/-90° A, 22.6/-26.3° A, 36.4/176.6° A, 38.6/65.3° A

A three-phase, four-wire, ABC system, with VBC =294.2/0° V, has Y-connected impedances
7,=12.0/45°Q 7,=10.0/30°Q 7.=80/0°Q
Obtain the currents I, I, I, and L.

Ans. 14.16/45° A, 16.99/-60° A, 21.24 /-150° A, 15.32/90.4° A
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11.30.
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11.32.

11.33.

11.34.

11.35.

11.36.

11.37.

11.38.

11.39.

11.40.

11.41

A Y-connected load, with Z A= 10/0° Q, Z,=10 /60°, and Z.= 10/=60° Q, is connected to a three-phase,
three-wire, ABC system having effective line voltage 141.4 V. Find the load voltages V,,, V,,, V., and the
displacement neutral voltage V. Construct a phasor diagram similar to Fig. 11-18.

Ans.  173.2/90°V, 100/0°V, 100/180° V, 57.73 /=90° V

BO?

A Y-connected load, with Z, = 10/-60° Q, Z,, = 10/0° Q, and ZC =10/60° Q, is connected to a three-
phase, three-wire, CBA system having effective line voltage 147.1 V. Obtain the line currents I, I,, and I

Ans.  20.8/=60° A, 0, 20.8 /120° A

A three-phase, three-wire, ABC system with a balanced load has effective line voltage 200 V and (maximum)
line current I, = 13.61/60° A. Obtain the total power. Ans. 2887 W

Two balanced A-connected loads, with impedances 20/—60° Q and 18 /45°, respectively, are connected to a
three-phase system for which a line voltage is V. =212.1/0° V. Obtain the phase power of each load. After
using the single-line equivalent method to obtain the total line current, compute the total power, and compare
with the sum of the phase powers.

Ans. 562.3 W, 883.6 W, 4337.5 W =3(562.3 W) + 3(883.6 W)
In Problem 11.5, a balanced A-connected load with Z = 20/45° Q resulted in line currents 8.65 A for line

voltages 100 V, both maximum values. Find the readings of two wattmeters used to measure the total average
power. Ans. 111.9W, 417.7W

Obtain the readings of two wattmeters in a three-phase, three-wire system having effective line voltage 240 V
and balanced, A-connected load impedances 20/80° €2. Ans. —1706 W, 3206 W

A three-phase, three-wire, ABC system, with line voltage VBC =311.1/0°V, has line currents
IA=61.5{116.6°A IB=61.2[—48.O° A I.=16.1 [218° A

Find the readings of wattmeters in lines (a) A and B, (b) B and C, and (c) A and C.
Ans.  (a) 5266 W, 6370 W; (b) 9312 W, 2322 W; (¢) 9549 W, 1973 W

A three-phase, three-wire, ABC system has an effective line voltage 440 V. The line currents are

I,=27.9/90°A I, =81.0/-9.9° A I.=81.0/189.9°A

Obtain the readings of wattmeters in lines (a) A and B, (b) B and C.
Ans.  (a) 7.52 kW, 24.8 kW; (b) 16.16 kW, 16.16 kW

Two wattmeters in a three-phase, three-wire system with effective line voltage 120 V read 1500 W and 500 W.
What is the impedance of the balanced A-connected load? Ans. 16.3/4+40.9° Q

A three-phase, three-wire, ABC system has effective line voltage 173.2 V. Wattmeters in lines A and B read
—301 W and 1327 W, respectively. Find the impedance of the balanced Y-connected load. (Since the sequence
is specified, the sign of the impedance angle can be determined.)

Ans.  10/=70° Q

A three-phase, three-wire system, with a line voltage V,.=339.4/0° V, has a balanced Y-connected load of Z,, =
15/60° Q. The lines between the system and the load have impedances 2.24 /26.57° Q. Find the line-voltage
magnitude at the load. Ans. 301.1V

Repeat Problem 11.39 with the load impedance Z, = 15/=60° Q. By drawing the voltage phasor diagrams
for the two cases, illustrate the effect of the load impedance angle on the voltage drop for a given line
impedance. Ans. 3329V

A three-phase generator with an effective line voltage of 6000 V supplies the following four balanced loads in
parallel: 16 kW at pf = 0.8 lagging, 24 kW at pf = 0.6 lagging, 4 kW at pf = 1, and 1 kW at pf = 0.1 leading.
(a) Find the total average power (P) supplied by the generator, reactive power (Q), apparent power (S), power
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factor, and effective value of line current. (b) Find the amount of reactive load Q, to be added in parallel to
produce an overall power factor of 0.9 lagging. Then find apparent power and effective value of line current.

Ans.  (a) P=45kW, Q0 =21.81 kVAR, § = 52.9 kVA, pf = 0.85 lagging, /, = 5.09 A, (b) Q. =—-6 kVAR,
§=50kVA,I, =481 A

A balanced A-connected load with impedances Z, = 6 + j9 Q is connected to a three-phase generator with an
effective line voltage of 400 V. The lines between the load and the generator have resistances of 1 Q each. Find
the effective line current, power delivered by the generator, and power absorbed by the load.

Ans. I, =54.43 A, P, = 26666 W, P,= 177717 W
In Problem 11.42, find the effective line voltage at the load. Ans. 'V, =340V

A three-phase generator feeds two balanced loads (9 kW at pf =0.8 and 12 kW at pf = 0.6, both lagging) through
three cables (0.1 Q each). The generator is regulated such that the effective line voltage at the load is 220 V. Find
the effective line voltage at the generator. Ans. 230V

A balanced A-connected load has impedances 45 + j60 Q. Find the average power delivered to it at an effective
line voltage of: (a) 400 V, (b) 390 V. Ans. (a)3.84 kW, (b) 3.65 kW

Obtain the change in average power delivered to a three-phase balanced load if the line voltage is multiplied by
a factor «. Ans. Power is multiplied by the factor o

A three-phase, three-wire source supplies a balanced load rated for 15 kW with pf = 0.8 at an effective line
voltage of 220 V. Find the power absorbed by the load if the three wires connecting the source to the load
have resistances of 0.05 Q each and the effective line voltage at the source is 220 V. Use both a simplified
approximation and also an exact method.

Ans.  14.67 kW (by an approximate method), 14.54 kW (by an exact method)

In Problem 11.47 determine the effective value of the line voltage such that the load operates at its rated
values. Ans.  222.46 V (by an approximate method), 221.98 V (by an exact method)

What happens to the quantity of power supplied by a three-phase, three-wire system to a balanced load if one
phase is disconnected? Ans. Power is halved.

A three-phase, three-wire generator with effective line voltage 6000 V is connected to a balanced load by three
lines with resistances of 1 Q each, delivering a total of 200 kW. Find the efficiency (the ratio of power absorbed
by the load to power delivered by the system) if the power factor of the generator is (a) 0.6, (b) 0.9

Ans.  (a) 98.5 percent (b) 99.3 percent.

A 60-Hz three-phase, three-wire system with terminals labeled 1, 2, 3 has an effective line voltage of 220 V. To
determine if the system is ABC or CBA, the circuit of Fig. 11-35 is tested. Find the effective voltage between
node 4 and line 2 if the system is (@) ABC, (b) CBA.

Ans.  (a)80.5V; (b)300.5V

Line 1 l
% 1000
Three-phase | Line 2 2 4
system b
——265nF
Line 3 2

Fig. 11-35



Frequency Response, Filters,
and Resonance

12.1 Frequency Response

The response of linear circuits to a sinusoidal input is also a sinusoid, with the same frequency but possibly a
different amplitude and phase angle. This response is a function of the frequency. We have already seen that
a sinusoid can be represented by a phasor which shows its magnitude and phase. The frequency response is
defined as the ratio of the output phasor to the input phasor. It is a real function of j® and is given by

H(jw) = Re[H] + jIm[H] = [H| ¢’ (1a)

where Re [H] and Im [H] are the real and imaginary parts of H(jw) and [H| and 6 are its magnitude and phase
angle. Re [H], Im [H], |H|, and 0 are, in general, functions of @. They are related by

H| = [H(jo)|" = Re’[H] + Im” [H] (1b)
. ~1 Im[H
9=M=tan‘£—hﬂ (1¢)

The frequency response, therefore, depends on the choice of input and output variables. For example, if
a current source is connected across the network of Fig. 12-1(a), the terminal current is the input and the
terminal voltage may be taken as the output. In this case, the input impedance Z = V /I, constitutes the fre-
quency response. Conversely, if a voltage source is applied to the input and the terminal current is measured,
the input admittance Y =I,/V, = 1/Z represents the frequency response.

For the two-port network of Fig. 12-1(b), the following frequency responses are defined:

Input impedance Z, (jo) =V /1,

Input admittance Y, (jo) =1/Z, (jo)=1/V,
Voltage transfer ratio H, (jw) = V,/V,
Current transfer ratio H(jo) =1/1,

Transfer impedances V,/1, and V /1,

l| ll l’
—_— —_— -
¥ ¥ ¥
v, ONE-PORT v, TWO-PORT \& z
(a) (b)
Fig. 12-1
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EXAMPLE 12.1 Find the frequency response V,/V, for the two-port circuit shown in Fig. 12-2.
Let Y. be the admittance of the parallel RC combination. Then, Y, = 10°° Jo+ 1/1250. V/V, is obtained by
dividing V| between Z, . and the 5-k€Q resistor.

v z I 1
H(jo) = <2 = R = = 2
U0 = ¥ = Z,+5000 ~ T+5000Y, ~ 51+ 10 ja) (20)
H| = ! 6 =—tan"' (10" w) (2b)

5V1+107°w”

Alternative solution: First we find the Thévenin equivalent of the resistive part of the circuit, V., = V,/5 and R}, =1 k€2,
and then divide Vi, between R, and the 1-UF capacitor to obtain (2a).

5k

v, 1 uF T 125090V,
_ -

@ g

Fig. 12-2

12.2 High-Pass and Low-Pass Networks
A resistive voltage divider under a no-load condition is shown in Fig. 12-3, with the standard two-port volt-
ages and currents. The voltage transfer function and input impedance are

— 2 —
H _(0) = R+E, H _(0)=R +R,
ll lz =0
PR, Rl B
+ A A A4 +
vl Rz V«
Fig. 12-3

The < in the subscripts indicates no-load conditions. Both H,  and H__ are real constants, independent of
frequency, since no reactive elements are present. If the network contains either an inductance or a capaci-
tance, then H _ and H__ will be complex and will vary with frequency. If [H,_| decreases as frequency
increases, the performance is called high-frequency roll-off and the circuit is a low-pass network. On the con-
trary, a high-pass network will have low-frequency roll-off, with [H, _| decreasing as the frequency decreases.
Four two-element circuits are shown in Fig. 12-4. Two high-pass and two low-pass.

R, & L R,

JI( —t Y WVAA-

=
%
0

(a) High-Pass (b) Low-Pass
Fig. 12-4
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The RL high-pass circuit shown in Fig. 12-5 is open-circuited or under a no-load condition. The input
impedance frequency response is determined by plotting the magnitude and phase angle of

H_(0) =R + joL, =H| /Oy

or, normalizing and setting @ = R,/L,.

H, (o) . 5 _1
—r = 1+ j(o/w,) = NIES (/o)) {tan (/o)
1
ll lz = 0
1 ¢
+ v +
vI L: V‘v
Fig. 12-5

Five values of @ provide sufficient data to plot [H |/R, and 6y, as shown in Fig. 12-6. The magnitude

approaches infinity with increasing frequency, and so, at very high frequencies, the network current I, will
be zero.

In a similar manner, the frequency response of the output-to-input voltage ratio can be obtained. Voltage
division under a no-load condition gives

JoL, 1
R + joL, 1- j(o /o)

H (o) =

1

so that H |= — and 6, = tan_l(a)x/a))
Y 1+ (oox/co)2 1

R
o /R | 6 R .
0 1 0° 2+
0.50, | 0.5J5 26.6° =
w, V2 45° 1
20, 5 63.4° B . | .
00 00 90 0.5w, W, 2w, )
On
W — —— — —
90°
45° —
1 1 Il
0.5w, Wy 2w, w

Fig. 12-6
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The magnitude and angle are plotted in Fig. 12-7. This transfer function approaches unity at high frequency,
where the output voltage is the same as the input. Hence, the description “low-frequency roll-off” and the
name “high-pass.”

[H.| O
i — e e
|
‘ o0°
05 -
| | a5° |
| | | I |
| | | l l l
0.5, w; 2w, w 0.5w, w, 2w, w
Fig. 12-7

A transfer impedance of the RL high-pass circuit under a no-load condition is

HO) o

vV,
Hw((U) =5 = _]CDLZ or R ]w—
X

L

1

The angle is constant at 90°; the graph of magnitude versus @1is a straight line, similar to a reactance plot of
oL versus o. See Fig. 12-8.

[HI/R, ”~

|
|

Wy w

Fig. 12-8

Interchanging the positions of R and L results in a low-pass network with high-frequency roll-off
(Fig. 12-9). For the open-circuit condition,

1
2 — i
R, + joL, 1+ j(w/o,)

H, (@)=

Fig. 12-9

with 0. = RZ/LI; that is,
1

J1+ (@)

-1
H,|= and 6y = tan (-0/w,)
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The magnitude and angle plots are shown in Fig. 12-10. The voltage transfer function H, _ approaches zero
at high frequencies and unity at @ = 0. Hence the name “low-pass.”

[H.| Ou
1.0 0.5w, Wy 2w, w
T I I
| |
05 - I | _450 _____ i
I I |
| i | P _
0.5w, , 2w, 2]
Fig. 12-10

The other network functions of this low-pass network are obtained in the Solved Problems section.

EXAMPLE 12.2 Obtain the voltage transfer function H, _ for the open circuit shown in Fig. 12-11. At what frequency,
in hertz, does [H, | = 142 if (a) C,=10nF, (b) C,=1nF?

__l_'_.. R =5kQ L=0
+ +
\{ G Vv
Fig. 12-11
l/jwC, 1 _ 1 2x10"
()= g X WjaC) = T+ joloy "1 =g = ¢, Ty
1
(a) H,|= -
I+ (/o)
and so |H | = 1/3/2 when
-4
co:w};zLoffleo4 rad/s
10 x 10
or when f = (2x10%)/27 = 3.18 kHz.
10
(b) f=-(3.18) = 31.8 kHz

Comparing (a) with (b), it is seen that the greater the value of C,, the lower the frequency at which |H | drops
to 0.707 of its peak value, which is 1; in other words, the more is the graph of |Hv|, shown in Fig. 12-10, shifted
to the left. Consequently, any stray shunting capacitance, in parallel with C,, serves to reduce the response of
the circuit.
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12.3 Half-Power Frequencies
The frequency @, calculated in Example 12.2 is the frequency at which

[H,|= 0.707H,|

max

and is called the half-power frequency. In this case, the name is justified by Problem 12.5, which shows that
the power input into the circuit of Fig. 12-11 will be at half-maximum when

L
JjoC,

R,

that is, when w = o,
Quite generally, any nonconstant network function H(w) will attain its greatest absolute value at some
unique frequency @, We shall call a frequency at which

[H(®)| = 0.707H(w,)|

a half-power frequency (or half-power point), whether or not this frequency actually corresponds to
50 percent power. In most cases, 0 < @, < e, so that there are two half-power frequencies, one above and one
below the peak frequency. These are called the upper and lower half-power frequencies (points), and their
separation, the bandwidth, serves as a measure of the sharpness of the peak.

12.4 Generalized Two-Port, Two-Element Networks
The basic RL or RC network of the type examined in Section 12.2 can be generalized with Z, and Z,, as
shown in Fig. 12-12; the load impedance Z, is connected at the output port.

By voltage division,

7/ v, 7’
Ve=zwzYh o0 WeEyTzoaw
where Z' = Z,Z, /(Z, + Z,) is the equivalent impedance of Z, and Z, in parallel. The other transfer func-
tions are calculated similarly and are displayed in Table 12-1.

_l_l_’ ZI 4—‘2_
e 2 g
+ +
V| ZZ VZ L ZL
Fig. 12-12
Table 12-1
Network V, \Y I V. H I
Function Ho-{ @ H-3 H-¢ HHEL-$O@ =3
Z
Output Condition
Short-circuit, |
Z,=0 Z, 0 -1 0 _Z_l
Open-circuit, 7Z
ZL = oo Zl + Z2 m 0 Z2 0
]ioad’ Z,+7 z 2, v/ -
L 1 7, +7 7,+7, Z,(Z,+171)
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12.5 The Frequency Response and Network Functions

The frequency response of a network may be found by substituting j for s in its network function. This
useful method is illustrated in the following example.

EXAMPLE 12.3 Find (a) the network function H(s) = V,/V, in the circuit shown in Fig. 12-13, (b) H(jw) for
LC = 2/a)§ and L/C = R2, and (c) the magnitude and phase angle of H(j®) in (b) for @, =1 rad/s.

(a) Assume V, is known. Use generalized impedances Ls and 1/Cs and solve for V.
From I, = V,/R,

R+ Ls
V, = R+, = ——V, 3)
Cs(R + Ls) V, Cs(R+Ls),, _1+Cs(R+Ls)
I=CsV, ==V, and L=l +l. =2+ =2V, = eV,
R

Then, V=V, + R =SBy i csr+ Loy,

\A 1
and H(s) = <= = > (4a)

Vi 2+ (L/R+CR)s+ LCs

Il
+ R

Fig. 12-13

(b) From LC = 2/’ and L/C = R* we get L = 2R/ and C = V2/Rw, . Substituting L and C into (4a) gives
0 0 ()

1 1 1 1
H(s) = » Hiio) = L
© 2{1 +2(s/wy,) + (s/coo)zJ or (o) 2(1 + 2o, - (o, ] (4b)
|H|2 = % ;4 and 0 =—tan”" %
1+ (w/w,) w, -

Note that H(jw) is independent of R. The network passes the low-frequency sinusoids and rejects, or attenuates,
the high-frequency sinusoids. It is a low-pass filter with a half-power frequency of @= @, The magnitude of the
frequency response is [H(jw,)| = [H(0)|/+/2 = +/2/4 and its phase angle is [H(joy) = —m/2.

(c) For w,= 1,

1 1 1 1
HS) = — or Hjw) = ———— 4
®) 2(1+\/§s+sz) (o) 2[l+j\/§a)—co2] (4c)
11 4 2o
Hf = - and 6 = —tan
] 41+ 0 [l—a)zJ

The RC network of Fig. 12-4(b) was defined as a first-order low-pass filter with half-power frequency at @, = 1/R,C,.
The circuit of Fig. 12-13 is called a second-order Butterworth filter. It has a sharper cutoff.

12.6 Frequency Response from Pole-Zero Location

The frequency response of a network is the value of the network function H(s) at s = j@. This observation
can be used to evaluate H(jw) graphically. The graphical method can produce a quick sketch of H(j®) and
bring to our attention its behavior near a pole or a zero without the need for a complete solution.
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EXAMPLE 12.4 Find the poles and zeros of H(s) = 10s/(s2 + 2s + 26). Place them in the s-domain and use the pole-
zero plot to sketch H(jw).

H(s) has a zero at z; = 0. Its poles p, and p, are found from s> +2s+26 =0 so that p,=-1+/5andp,=-1-,5. The
pole-zero plot is shown in Fig. 12-14(a). The network function can then be written as

H(s) = (10)——— -1
- (s—-p)s-p,)

For each value of s, the term (s — z,) is a vector originating from the zero z, and ending at point s in the s-domain. Simi-
larly, s — p, and s — p, are vectors drawn from poles p, and p,, respectively, to the point s. Therefore, for any value of s,
the network function may be expressed in terms of three vectors A, B, and C as follows:

H(s) = (10)% where A = (s —z)), B=(s—p,), and C = (s — p,).

The magnitude and phase angle of H(s) at any point on the s-plane may be found from:

A
[H(s)| = (Mﬁ 50)
[H(s) = [A - [B - [C (5b)

By placing s on the jw axis [Fig. 12-14(a)], varying @ from O to e, and measuring the magnitudes and phase angles of
vectors A, B, and C, we can use (5a) and (5b) to find the magnitude and phase angle plots. Figure 12-14(b) shows the
magnitude plot.

s - plane

@ (b)
Fig. 1214

12.7 Ideal and Practical Filters

In general, networks are frequency selective. Filters are a class of networks designed to possess specific
frequency selectivity characteristics. They pass certain frequencies unaffected (the pass-band) and stop
others (the stop-band). Ideally, in the pass-band, H(jw) = 1 and in the stop-band H(j®) = 0. We, therefore,
recognize the following classes of filters: low-pass [Fig. 12-15(a)], high-pass [Fig. 12-15(b)], bandpass
[Fig. 12-15(c)], and bandstop [Fig. 12-15(d)]. Ideal filters are not physically realizable, but we can design
and build practical filters as close to the ideal one as desired. The closer to the ideal characteristic, the more
complex the circuit of a practical filter will be.
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\
\

N

N

%

(@) ) ®) i
0. 00 1.
© @)
Fig. 12-15

The RC or RL circuits of Section 12.2 are first-order filters. They are far from being ideal filters. As illus-
trated in the following example, the frequency response can approach that of the ideal filters if we increase
the order of the filter.

EXAMPLE 12.5 Three network functions H,, H,, and H, are given:

L W H=5—— (@ H=o—g

@ H,= —
b os+l 2 +/2s+1 PP sl v 2s+ 1

Find the magnitude of their frequency responses. Show that all three functions are lowpass with half power frequency
atw =1.
The magnitude-squared of the frequency response is

[H(jw)l” = H(s)H(-s)|

o= o
(a) H, (jo)’ = a +]w)1(1 ~ ) 1+1w2
®) I, ol = (1-w+ jﬁw)l(l — o - ) 1+lw4
© O3] 2521+ 341 (s Jlr Do +1s +1)

H, o) = —— ; - —

1+0°) (-0 +jo)l-0"-jo) 1+0°

For all three functions, at @ = 0,1, and e, we have |H|2 =1, 1/2, and O, respectively. Therefore, the three network
functions are lowpass with the same half power frequency of @, = 1. They are called first-, second- and third- order
normalized Butterworth filters, respectively. For @ >> 1, their magmtudes become [H | = I/a, [H,| = 1/ o, and [H,| = V',
The higher the order of the filter, the sharper the cutoff region in the frequency response.

12.8 Passive and Active Filters

Filters which contain only resistors, inductors, and capacitors are called passive. Those containing additional
dependent sources are called active. Passive filters do not require external energy sources and they can last
longer. Active filters are generally made of RC circuits and amplifiers. The circuit in Fig. 12-16(a) shows
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a second-order low-pass passive filter. The circuit in Fig. 12-16(b) shows an active filter with a frequency
response V,/V | equivalent to that of the circuit in Fig. 12-16(a).

2F
1¢
LAY

Va A\
T vV, o—/AV— B +
+
R=1Q L=1/V2H vaira A vina —o V,
Vv, v, ~

C=V2F
T 1F:|:

(a) (b)
Fig. 12-16

EXAMPLE 12.6 Find the network function V,/V in the circuits shown in (@) Fig. 12-16(a) and (b) Fig. 12-16(b).
(@) InFig. 12-16(a), we find V, from V| by voltage division.

1 v, v, 1 v,

V, =~ = =55
2 CsR+Ls+1/Cs  [cs® + RCs+1  LC §* + (R/L)s + (1/LC)

Substituting for R =1, L = 1/4/2,and C = /2, and dividing by V|, we get

Vv, 1

A _sz+\/§s+l

(b) In Fig. 12-16(D), we apply KCL at nodes A and B with V,=V,,.
Node A: (V, = VN2 +(V, = V)2 +(V, = V,)2s = 0 (6a)
Node B: V,s+(V,-V,\/2=0 (6b)
By eliminating V, in (6a) and (6b), the network function H(s) = V,/V is obtained. Thus,

V. 1

—2:—
A sz+\/§s+1

Note that the circuits of Figs. 12-16(a) and (b) have identical network functions. They are second-order Butterworth
low-pass filters with half-power frequencies at @ = 1 rad/s.

12.9 Bandpass Filters and Resonance
The following network function is called a bandpass function.

ks
7
s“+as+b

H(s) = where a > 0,5 > 0,and k > 0. 7

The name is especially appropriate when the poles are complex, close to the jo axis, and away from the
origin in the s-domain. The frequency response of the bandpass function is

kjw 2 K w? K’
H

H(jo) = = b-0)) + a0 = (8)

b-a + ajo a*+ (b - coz)z/a)2

The maximum of |H| occurs when b — @” = 0 or ® = /b, which is called the center Jfrequency @, At the

center frequency, we have [H| = |H(®,)| = k/a. The half-power frequencies are at @, and @,, where

1
H(w)f = [H(@,)]'= 5 [H,)] (9a)
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By applying (8) to (9a), @, and @), are found to be the roots of the following equation:

()
|
S}

Solving, 0)

= \Jal4+b —al2

From (9¢) and (9d) we have

The bandwidth B is defined by

B=w,-0 =a

The quality factor Q is defined by

0=0)/B=+bla

301

(9D)

9¢)

(9d)

(10a)

(10b)

(10¢)

The quality factor measures the sharpness of the frequency response around the center frequency. This behavior
is also called resonance (see Sections 12.11 through 12.15). When the quality factor is high, ®, and @, may

be approximated by @, — /2 and @, + /2, respectively.

EXAMPLE 12.7 Consider the network function H(s) = 10s/ (s2 +300s + 106). Find the center frequency, the lower and

upper half-power frequencies, the bandwidth, and the quality factor.
Since coé =10°, the center frequency is @, = 1000 rad/s.
The lower and upper half-power frequencies are, respectively,

®, =~Na’l4+b —al2 =3007/4 +10° —300/2 = 861.2 rad/s

o, =Na' /4 +b +al2 =~300%4 +10° +300/2 = 1161.2 rad/s

The bandwidth is 8 = @, — @, = 1161.2 - 861.2 = 300 rad/s.
The quality factor is Q = 1000/300 = 3.3.

EXAMPLE 12.8 Repeat Example 12.7 for H(s) = 10s/(s> + 30s + 10°).
Again, from a)é = 106, @, = 1000 rad/s. Then,

®, = \30°/4 +10° - 30/2 = 985.1 rad/s

®, =N30°/4 +10° +30/2 =1015.1 rad/s

B =a=30rad/s and 0 =100/30=33.3

Note that @, and @), can also be approximated with good accuracy by

o, = ®, — $/2 =1000 - 30/2 = 985 rad/s and o, = w, + /2 =1000 + 30/2 = 1015 rad/s
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12.10 Natural Frequency and Damping Ratio

The denominator of the bandpass function given in (7) may be written as

2 2 2
s"+as+b=s"+2lms + o,

where @, = Jb is called the natural frequency and & = al(24/b) is called the damping ratio. For & > 1,
the circuit has two distinct poles on the negative real axis and is called overdamped. For & = 1, the circuit
has a real pole of order two at —ay and is critically damped. For & < 1, the circuit has a pair of conjugate

poles at —=E@, + jw 1 - & and ~Ew, — jo,\1- & . The poles are positioned on a semicircle in the left
half plane with radius @, The placement angle of the poles is ¢ = sin71§ (see Fig. 12-17). The circuit
is underdamped and can contain damped oscillations. Note that the damping ratio is equal to half of the
inverse of the quality factor.

Jjo
wq
g w VI8
1
: & sing=¢§
1
—£w! -
1
1
1
| ¢
I
AN —wyVI-€2
S2
—wp
Fig. 12-17

12.11 RLC Series Circuit; Series Resonance
The RLC circuit shown in Fig. 12-18 has, under open-circuit conditions, an input or driving-point impedance

. 1
Zin((o) =R+ ](COL - R)

L L C le =0
+ [AN +
Vv, R Vv,
Fig. 12-18

The circuit is said to be in series resonance (or low-impedance resonance) when Z, () is real (and so |Z, (®)|
is a minimum); that is, when

1
wL-—=0 or w=0w0,=
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Figure 12-19 shows the frequency response. The capacitive reactance, inversely proportional to @, is
higher at low frequencies, while the inductive reactance, directly proportional to , is greater at the higher
frequencies. Consequently, the net reactance at frequencies below @, is capacitive, and the angle on Z, is
negative. At frequencies above @,, the circuit appears inductive, and the angle on Z,  is positive.

ﬁl 62
R \\ / 90°

—9(Q°

(a) (b)
Fig. 12-19

By voltage division, the voltage transfer function for Fig. 12-18 is

R
H (o) = Z_ (@) - RY, (@)
The frequency response (magnitude only) is plotted in Fig. 12-20; the curve is just the reciprocal of that in
Fig. 12-19(a). Note that roll-off occurs both below and above the series resonant frequency @,. The points
where the response is 0.707, the half-power points (Section 12.3), are at frequencies @, and @,. The band-
width is the width between these two frequencies: f= @, — o,
A quality factor, Q= ®,L/R, may be defined for the series RLC circuit at resonance. (See Section 12.12
for the general development of Q.) The half-power frequencies can be expressed in terms of the circuit ele-

ments, or in terms of @, and QO, as follows:

—£+ £2+L— 1+L+L
“n=2\2L) TIc T 107 ' 20,

0
CRLIRY L | e oL
@="ar7\\2r) TIc T % 107~ 20,
H.|
1.0

0.707
0.5

Fig. 12-20

See Problem 12.5. Subtraction of the expressions gives

R [0)
-3

which suggests that the higher the “quality,” the narrower the bandwidth.
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12.12 Quality Factor

A quality factor or figure of merit can be assigned to a component or to a complete circuit. It is defined as

0= maximum energy stored
energy dissipated per cycle

and is a dimensionless number. This definition is in agreement with definitions given in Sections 12.9 and 12.11.
A practical inductor, in which both resistance and inductance are present, is modeled in Fig. 12-21. The
maximum stored energy is 4 LI rznax, while the energy dissipated per cycle is

2

2 I Rm
( jffR)(E) =

Hence, Q4= =

, |
[
Fig. 12-21

A practical capacitor can be modeled by a parallel combination of R and C, as shown in Fig. 12-22. The
maximum stored energy is +C Vnzlax and the energy dissipated per cycle is Vnzlaxfr/Rw. Thus, QCap = wCR.
The Q of the series RLC circuit is derived in Problem 12.6(a). It is usually applied at resonance, in which

case it has the equivalent forms
_olL_ 1 _LJZ
Q = R ~ o,CR R\NC

Fig. 12-22

12.13 RLC Parallel Circuit; Parallel Resonance

A parallel RLC network is shown in Fig. 12-23. Observe that V, =V . Under the open-circuit condition, the
input admittance is

1

1 1 .
Yin(G))ZF+—+]wC=Z—(a))

JjoL
The network will be in parallel resonance (or high-impedance resonance) when Y, (), and thus Z, (o), is
real (and so |Y, (w)| is a minimum and |Z, ()| is a maximum); that is, when

1
—ﬁ+a)C=O or w »

Il
e
Il

5
a
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I, lZ
—_—— P a—
+ +
\Z R L C T Vv,
Fig. 12-23

The symbol @, is now used to denote the quantity 1/+/LC in order to distinguish the resonance from a
low-impedance resonance. Complex series-parallel networks may have several high-impedance resonant
frequencies @, and several low-impedance resonant frequencies @,

The normalized input impedance

7. (o) _ 1
. 1
1+ ]R(COC - H)

is plotted (magnitude only) in Fig. 12-24. Half-power frequencies @, and o, are indicated on the plot.
Analogous to series resonance, the bandwidth is given by

B

where Q , the quality factor of the parallel circuit at ® = @,, has the equivalent expressions

R C
Qa_a)L_a)aRC_R Z

a

See Problem 12.6(b).
Z,
R
%]

0.707
0.5

Fig. 12-24

12.14 Practical LC Parallel Circuit

A parallel LC “tank” circuit has frequency applications in electronics as a tuning or frequency selection
device. While the capacitor may often be treated as ideal, the losses in the inductor should be included.
A reasonable model for the practical tank is shown in Fig. 12-25. The input admittance is

1 R oL
Y (@) = joC+——r = +jloc- 2=
W@ =IO R oL = Rt L) [ R2+(a)L)2]
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' J_ r:?l

. |
3

) L_p

Fig. 12-25

For resonance,

a)C——w“L or [0 -1 \fl——RZC
R+ (gL « = JLC L

At the resonant frequency, Yin(a)a) = RC/L and, from Section 12.11, the Q of the inductance at o, is

o L L
Gna =R = CR>
IfQ, ,210, then =~ 1/J/LC and
Z (o) 2
P%—z%d

The frequency response is similar to that of the parallel RLC circuit, except that the high-impedance reso-
nance occurs at a lower frequency for low Q, .. This becomes evident when the expression for @ above is
rewritten as

| |
oAbt
JLC) Ji+ gl )

12.15 Series-Parallel Conversions

It is often convenient in the analysis of circuits to convert the series RL combination to the parallel form
(see Fig. 12-26). Given R, L, and the operating frequency @, the elements Rp, Lp of the equivalent parallel
circuit are determined by equating the admittances

R — joL 1 1
Y=g awd Y =gt
Rs + (a)LS) »  JOL,

I
&
dAAA .
\ A A s
>~

Fig. 12-26



CHAPTER 12 Frequency Response, Filters, and Resonance 307

The results are

2
oL 2
R =R 1+(R‘Y) =R(1+0))

_ R . |
L =L |1+ = =L|1+—
P oL, %

2
IfQ 210, Rp ~ RO and Lp =L.

There are times when the RC circuit in either form should be converted to the other form (see Fig. 12-27).
Equating either the impedances or the admittances, one finds

R R
14

R = 7= pz
1+ @C,R) 1+0

1 1
c=clts+— |=c[1+—
e e

as the parallel-to-series transformation, and

1 2
R =R|1+——— =R
r [ +(a)CSRs)2] (e

C C

S

— — s
7 1+(@CR)  1+(1/Q,)

as the series-to-parallel transformation. Again, the equivalence depends on the operating frequency.

x
o
o x

Fig. 12-27

12.16 Polar Plots and Locus Diagrams

Henceforth, the frequency response of a network will be exhibited by plotting the magnitude and the phase
angle separately against frequency @. This same information can be represented in polar form in a single
plot: one finds the curve (locus diagram) in the complex plane traced by the point representing the frequency
response, as @ varies from 0 to co. The advantage is that the frequency response is exhibited in a single plot.
The disadvantage is that contributions from individual components to the frequency response are combined
and not examined separately (as is the case with the Bode plot, shown in the next section). In this section we
will discuss the locus diagrams for the input impedance, the input admittance, and the transfer function; in
some cases, the variable will not be @, but another parameter (such as resistance R). We will also revisit the
frequency response of a lowpass filter and represent it in polar form.

EXAMPLE 12.9 SERIES RL CIRCUIT For the series RL circuit, Fig. 12-28(a) shows the Z-locus when wL is fixed
and R is variable; Fig. 12-28(b) shows the Z-locus when R is fixed and L or @ is variable; and Fig. 12-28(c)
shows the Y-locus when R is fixed and L or @ is variable. This last locus is obtained from

1 1 Z tan”' (—wL/R)

R+ joL \/R2+(a)L)2
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jimZ jimZ [ jImY 1 1
R increasing | I 2R R ReY

—_— wlL 0 T

JjwL - — increasing

wL increasing

ReZ R ReZ
(a) (b) ()
Fig. 12-28

Note that for oL = 0, Y = (1/R)/0°; and for @L — o, Y — 0/-90 °.When oL =R,

1 o
Y=——/-45
&EL——

A few other points will confirm the semicircular locus, with center at 1/2R and radius 1/2R. Either Fig. 12-28(b) or 12-28(c)
gives the frequency response of the circuit.

EXAMPLE 12.10 PARALLEL RC CIRCUIT A parallel RC circuit has the Y- and Z-loci shown in Fig. 12-29; these
are derived from

1 R -1
Y = — + joC and 7 = ————/tan (-@CR)
R V1 + (0CR)’
JjImY : JjImZ
r wC R2 R
increasing 0 ® b 4
. IR ReZ
< ,m.( b e
R< C *
< b R increasing /
o r wC increasing
1 ReY
R
(a) (b) (c)
Fig. 12-29

EXAMPLE 12.11 RLC SERIES CIRCUIT For the RLC series circuit, the Y-locus, with @ as the variable, may be
determined by writing

1 R-jX
R+jX R +x°

Y=G+jB=

whence G
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Both G and B depend on @ via X. Eliminating X between the two expressions yields the equation of the locus in the form

2 2
G2+BZ=g or G—L +B? = L
R 2R 2R

which is the circle shown in Fig. 12-30. Note the points on the locus corresponding to @ = @, ®= @, and ®= @),

jB

_—w increasing

Fig. 12-30

EXAMPLE 12.12 PRACTICAL “TANK” CIRCUIT For the practical “tank” circuit examined in Section 12.14, the
Y-locus may be constructed by combining the C-branch locus and the RL-branch locus. To illustrate the addition,
the points corresponding to frequencies @, < @, < @, are marked on the individual loci and on the sum, shown in
Fig. 12-31(c). It is seen that |Y| . occurs at a frequency greater than @ ; that is, the resonance is high-impedance
but not maximum-impedance. This comes about because G varies with @ (see Section 12.14), and varies in such a
way that forcing B = 0 does not automatically minimize G* + B%. The separation of the resonance and minimum-
admittance frequencies is governed by the Q of the coil. Higher O, , corresponds to lower values of R. It is seen
from Fig. 12-31(b) that low R results in a larger semicircle, which when combined with the Y -locus, gives a higher
@_ and a lower minimum-admittance frequency. When Q, , > 10, the two frequencies may be taken as coincident.

The case of the two-branch RC and RL circuit shown in Fig. 12-32(a) can be examined by adding the admit-
tance loci of the two branches. For fixed V = V/0°, this amounts to adding the loci of the two branch currents.
Consider the C variable to be without limit, and R, R,, L, and ® as constant. Then current I, is fixed as shown
in Fig. 12-32(b). The semicircular locus of I . is added to I, to result in the locus of I,.

Resonance of the circuit corresponds to 6, = 0. This may occur for two values of the real, positive
parameter C [the case illustrated in Fig. 12-32(b)], for one value, or for no value—depending on the number of real
positive roots of the equation Im Y ,.(C) = 0.

jImY Yc-locus jIimY
w3
— 2]
[_ R —-I |Y|min
I : w) _l_
== | R
T l | 0 0
| L | =0 ReY @Wa w3 w ReY
| G| \ w /
\ /
AN
N e
Yre-locus
(a) (b) ()

Fig. 12-31
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jlim Iy

(a)

C increasing

The result is

Fig. 12-32
EXAMPLE 12.13 INVERTING LOWPASS FILTER. A leaky integrator is made up of an inverting op amp with a

H ()= Y2 = =1000
TV 51000

H,(jo) = H,() |

-1
s=jo 14

parallel R,C circuit in the feedback path and R, in the input. See Fig. 12-33(a), with R, = R,=1 kQ and C =1 uF. The
\Y%
jo
To obtain the polar plot (i.e., the locus of H, as @ varies from 0 to <o), we find the real and imaginary parts of H, (to be

network function of the circuit and its frequency response are found by applying KCL at the inverting input of the op amp.
called X and Y, respectively) and eliminate @ between them.

, where T = 107
x=_ "~
1

(X+—

Y —
: 1
2
real axis at x =—1/2.

2
+l] +( oT
1+ 0’T> 2
Vi1

2
J 1
1+ 0°T?
The polar plot of the frequency response for @ from 0 to << is the upper half-circle with radius 1/2 and the center on the
R
——AAN—
C
R LAl
A
R

4

X
wmocl
(b)

EXAMPLE 12.14 NON-INVERTING LOWPASS FILTER.

1000
=000 U@

1

Fig. 12-33 Two lowpass circuits and polar plots of their frequency responses. a) Inverting, b) non-inverting.
The RC circuit shown in Fig. 12-33(b) is a non-inverting
1
+J

lowpass filter. With R =1 kQ and C =1 uF, its network function and frequency response are
H )
oT

where T =107
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The polar plot may be deduced from that of the inverting filter of Example 12.13 by noting that
H,(jo)| = [H,(jw)| and ZH,(jw) = ZH (jo) + &

The polar plot is the lower half-circle with radius 1/2 and the center on the real axis at x = 1/2. This may be verified by
direct derivation as in Example 12.13.

12.17 Bode Diagrams

The magnitude of the frequency response (equivalently called the gain) can also be expressed on a loga-
rithmic scale using the decibel (dB), where magnitude in dB = 20 log , [H(jw)|. (See Section 5.14 for the
definition of dB.) The Bode diagram displays the magnitude of the frequency response (in dB) and its phase
vs. log, @ (alog scale). The above logarithm operations are with respect to base 10, but for brevity they will
be represented by log. In this section we illustrate the concept by two examples. We then summarize some
special features of the Bode diagram that make it an attractive tool in representing the frequency response.
The following terminology is used.

Frequency response: H(jw) = |H(jo)|e’®”

Gain in linear scale: |[H(jo)|
Gain in dB: G = 20 log|H(jo)| = 10 log |H(jw)|*
Attenuation in dB: A = 20 log (V|H(jw)|) = —20 log |[H(jw)| = -G

EXAMPLE 12.15 Plot the frequency response of the network function H(s) =1/(s + 1) in the form of a Bode diagram
for 0.01 < ® < 100 rad/s.

1

1 _
= — = Z—tan"' @
1+ jo \/1 + o>

H(jw) = H)| _,

Magnitude in dB = -20 log V1 + o* and phase = —tan”"' @.
See Fig. 12-34.

Magnitude plot of H=1/(s+1)

Phase plot of H=1/(s+1)

Magnitude (dB)
Phase (deg)

1 790 | 1 | 1 1
10° 10 10 107 107 10° 10' 107
Angular Frequency (rad/s) Angular Frequency (rad/s)

Fig. 12-34 Bode plots of the magnitude (left) and phase (right) for 1/(s + 1)
We recognize three regions:

(a) Low frequency w << 1, where magnitude = 0 dB and phase = 0
(b) Break-point frequency w= 1, where magnitude = —20 log \/5 = -3 dB and phase = —m/4
(c) High frequency @ >> 1, where magnitude = —20 log w (dB) and phase = —7/2

The above network function has a unity DC gain (corresponding to 0 dB) and a single pole at @, = 1. The low-frequency
asymptote of the Bode plot is the 0-dB line (with zero phase angle). The 3-dB attenuation frequency is at @,, where the
phase is —m/4. At high frequencies the gain is almost —20 log @ (dB), decreasing by 20 dB per each decade of frequency.
The high-frequency asymptote is a line with a slope of =20 dB per decade. (The abscissa is x = log @, and at high fre-
quencies the ordinate is y = =20 log @+ 20 log @), = —20x, which is a downward straight line with a slope of =20 and an
x-intersect at @, = 1.) The phase at @ = oo is —1/2.
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EXAMPLE 12.16 Plot the frequency response of the network function H(s) = (s + 1) in the form of a Bode diagram
for 0.01 < w < 100 rad/s.

H(jw) = 1+ jo =1+ 0> Ztan"'o
Magnitude in dB = 20 log V1 + @ and phase = tan”'

The transfer function has a zero at 1 and thus provides a mirror image to Example 12.15. Again, we recognize three
regions:

(a) Low frequency w << 1, where magnitude = 0 dB and phase = 0

(b) Break-point frequency w = 1, where magnitude = 20 log \/E =3 dB and phase = /4

(c) High frequency w>> 1, where magnitude = 20 log @ (dB) and phase = /2
The above network function has a unity DC gain (corresponding to 0 dB) and a single zero at @, = 1. The low-frequency
asymptote of the Bode plot is the 0-dB line (with zero phase angle). The 3-dB frequency is at @,, where the phase
is m/4. At high frequencies the gain is almost 20 log @ (dB), increasing by 20 dB per each decade of frequency. The
high-frequency asymptote is a line with a slope of 20 dB per decade, which is an upward straight line with a slope of

20 and an x-intersect at @, = 1.) The phase at @ =0 is 71/2. A vertical flip of the magnitude and phase plots of Fig. 12-34
produces the Bode plot for 1 + j@.

EXAMPLE 12.17 Plot the frequency response of the transfer function H(s) = s/(s + 1) in the form of a Bode diagram
for 0.01 < @< 100 rad/s.

(/2 — tan_lw)

. jo [0}
(o) =HE)_, = 77 o i+ e

Magnitude in dB =20 log @ —20 log V1 + ®* and phase = /2 — tan”' @

See Fig. 12-35.

Magnitude plot of H=s/(s+1) Phase plot of H=s/(s+1)

90

80}

70+

60 L

S50+

40

Magnitude (dB)
Phase (deg)

25| 30

20|

1072 107! 10° 10' 10° 1072 107! 10° 10' 10°
Angular Frequency (rad/s) Angular Frequency (rad/s)

Fig. 12-35 Bode plots of the magnitude (left) and phase (right) for s/(s + 1).

Again, we recognize three regions:

(a) Low frequency @ << 1, where magnitude = 20 log @ (dB) and phase = /2
(b) Break-point frequency @ = 1, where magnitude =20 log \/7 = -3 dB and phase = n/4
(c) High frequency @ >> 1, where magnitude = O dB and phase = 0
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The above network function has a zero at the origin, a single pole at @, = 1, and unity gain (corresponding to 0 dB) at
o = oo. The high-frequency asymptote of the Bode plot is the 0-dB line (with zero phase angle). The 3-dB attenuation
frequency is at @), where the phase is 7/4. At low frequencies the gain is almost —20 log @ (dB), increasing by 20 dB
per each decade of frequency. The low-frequency asymptote is a line with a slope of 20 dB per decade. (The abscissa is
x =log w, and at low frequencies the ordinate is y = 20 1log @ = 20x, which is an upward straight line with a slope of 20
and an x-intersect at @, = 1.) The phase at @ =0 is 0.

The network functions in the above examples have a pole, or a zero, at s = 1 that sets the —3 dB break fre-
quency. A pole or a zero at s = @, will produce a break point at @, on the frequency axis. A network function
and its Bode diagram may also be expressed as a function of frequency in Hz. (For an example, see the solution
to Problem 5.50.)

12.18 Special Features of Bode Plots

There are several (interrelated) advantages in using the Bode plot. These are summarized below.

(a) Expanded range of variables. The dB scale enlarges the range of the magnitude plot. Here are some
examples of correspondence between the linear and dB scales:

1dB afactorof 1.12 | 6 dB afactorof 2 | 20dB a factor of 10 100 dB  a factor of 10°
3dB  afactorof 1.41 |10dB  afactorof 6 |[60dB  afactorof 1000 | NdB  a factor of 10"V*

Similarly, a larger frequency range is accommodated by using the log scale.

(b) Additive property of the dB scale. Multiplication of two sub-functions in the frequency response trans-
lates into addition of their dB magnitudes and phases. For example, consider a circuit with the following
network function:

S+COO

H(s) = H(jo) = H,

(s + “’1)(5 + “’2)

20 log [H(jo)| = 20 logH,, + 20 log, |1+ [wﬂ

LN -1 @ | -1l @ | -1 @
[H(jo) = tan [wo] tan [le tan [(02]

(c) Asymptotic approximation. A simple pole of the network function translates into a downward asymp-
tote (with a slope of —20 dB/decade), and a zero translates into an upward one.

(d) Break points. Poles and zeros constitute the break points where two corresponding asymptotes
intersect. At a break point the gain deviates from the asymptote values by +3 dB (for a zero and a
pole, respectively). The phase is changed by £7/4 at a break point. Furthermore, it can easily be shown
that at @y/2 and 2@, the actual gain deviates from the asymptote by +1 dB (for a zero and a pole,
respectively).

(e) Sketching by hand. Based on the above features, one can sketch the Bode plot rather accurately. Or one
can visualize the general shape of the frequency response without the help of a plot.
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12.19 First-Order Filters

A first-order filter has a single pole with a negative real value because its input-output differential equation
is of order one. The transfer function is

H(s) = ,

where @, is a non-negative real number. B(s) is a polynomial in s of an order not higher than one and whose
root is the zero of the filter. A possible zero and its location with respect to the pole determines the filter
type: lowpass, highpass, allpass, lead or lag, and so on. Examples of lowpass and highpass filters were
given in the previous sections. Lead and lag networks are first-order filters with a single pole and zero. They
are also called compensator networks because they produce a prescribed phase lead or lag in a sinusoidal
input. By doing so, when placed in a control loop, they reshape the overall system function to meet desired
characteristics. The transfer function for a compensator is

S+ ® O <o, lead network
H(s) = H0 [ EN
S+

w, o >o,, lagnetwork

The constant factor H; depends on the network’s elements and its configuration. The network can be
made of passive RLC elements or use operational amplifiers. Examples of lead and lag networks were
given in Problems 8.48 and 8.49. In this section we briefly describe their transfer functions and frequency
responses.

Lead Network

Consider a lead network with

H(s) =~ 2L H(jo) =

S+602

J

: L, where o = aw, and a < 1
Jjo + o, 1 2

The magnitude and phase of the frequency response are

Magnitude = 20 log [H(jw)| = 20 log 1|@> + ®” —20 log Jo + ] (dB)

Phase = tan” (0/®,) — tan” ' (w/®,)

On the Bode diagram (i.e., 20 log [H(jw)| and ZH(jw) vs. log w) for such a lead network, we recognize the
following two asymptotic regions:

(a) Low frequency @ << w,, where magnitude = 20 log @, — 20 log ®, = 20 log o (dB) and phase = 0
(b) High frequency @>> @,, where magnitude ~ 0 dB and phase = 0

A lead network, the polar plot of its frequency response, and its Bode diagram are shown in Fig. 12-36. The
low-frequency asymptote of the magnitude plot is the horizontal line at 20 log ¢(dB), a negative number.
The high-frequency asymptote is the horizontal line at 0 dB. As the frequency sweeps from low to high, it
first encounters the zero at @,, which pushes the magnitude plot up with a slope of 20 dB per decade. As
the frequency increases, it encounters the pole at @,, which pulls the magnitude plot down with a slope of
—20 dB per decade, neutralizing the upward effect of the zero. The magnitude monotonically increases from
the negative level toward the 0-dB level and eventually stabilizes at that level at high frequencies. The zero
and the pole of H(s) constitute the first and second break frequencies, respectively, of the magnitude plot.
The phase of H(jw) varies from 0 (at @ = 0) to a maximum and returns back to 0 at @ = . The phase
is always positive. The output leads the input. It may be shown that the maximum phase lead in the output

is w2 -2 tan_lx/a . Itoccurs at @ =, /wlw , which is the geometric mean of the two break frequencies.
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R1 Bode Diagram of a Lead Network
From: U(1)
—m 0 ' ' ' - ' ' ' -
+ +
|_
C
Vi R2 V2

(a) Lead network

Polar plot of the frequency response
of the lead network

Phase (deg); Magnitude (dB)

Imaginary part

0 " " PSR | " " PR | " " PR R
0 02 04 06 08 1 12 107! 10° 10! 10
Real part Frequency (rad/sec)
(b) Polar plot (c) Bode diagram

Fig. 12-36 A lead network, the polar plot of its frequency response, and its Bode diagram.

The transfer function of the network is found by applying KCL at the output node:

S+ o R1+R2 o, R2
H(s) = , Where w = , .= ——==—, «
S+

> RRC « _R1+R2'

The diagrams in this figure are for a circuit with R, = 10 Q, R, = 1 Q, C =0.1F. This results in o, = 1,
o=1/11, @,=11, and

s+ 1

H(s) = .
® =

The polar plot shows the locus of H(jw) and demonstrates that the maximum phase occurs at a frequency
where the vector from the origin becomes tangent to the semicircle.

Lag Network
Consider a lag network with

s+
H(s) = L where 0 =00, and o > 1.

S+CO2

Note that @, < @,. The magnitude and phase of the frequency response are
Magnitude = 20 log [H(jo)| = 20 log 1o’ + @ —20 log /&’ + @} (dB)
Phase = tan”’ (0/w,) - tan”! (0 w,)

We recognize the following two asymptotic regions:

(a) Low frequency o << ®,, where magnitude = 20 log @, — 20 log @, =20 log o (dB) and phase = 0
(b) High frequency @ >> ®,, where magnitude =~ 0 dB and phase = 0
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The low-frequency asymptote of the magnitude plot is the horizontal line at 20 log o dB, a
positive number. The high-frequency asymptote is the horizontal line at 0 dB. As the frequency sweeps
from low to high, it first encounters the pole at @,, which pushes the magnitude plot down with a slope of
—20 dB per decade. As the frequency increases, it encounters the zero at @,, which pulls the magnitude
up with a slope of 20 dB per decade, neutralizing the downward effect of the pole. The magnitude mono-
tonically decreases from the positive level toward the 0 dB level and is eventually stabilized at the 0 dB
level at high frequencies. The pole and the zero of H(s) constitute the first and second break frequencies,
respectively, of the magnitude plot.

The phase of H(jw) varies from 0 (at @ = 0) to a minimum and returns back to zero at @ = . The phase
is always negative. The output lags the input. It may be shown that the minimum phase in the output is

/2 -2 tan_lx/a .Itoccurs at 0 =, /aola)2 , which is the geometric mean of the two break frequencies.

A lag network is shown in Fig. 12-37 along with the polar plot of its frequency response and its Bode
diagram. By applying KCL at the output node of the circuit, we find

0, s+ 0 1 [0} _R1+R2

1
! — 0, = ———— o
RC' ™2 (R +R)C

H(s) =

-2 , where @, = L =
o s+ o 1 o R2

2

The diagrams in this figure are for a circuit with R 1= 10 Q, R, = 1 Q, C=0.1F. This results in = 10,
o =11, w,=10/11, and

1 s+10

His)= ———
11s+10/11

The polar plot shows the locus of H(j®) and demonstrates that the minimum phase occurs at a frequency
where the vector from the origin becomes tangent to the semicircle.

Bode Diagram of a Lag Network

R1 0 From: U(1)

R2
Vi V2 -10 | b
C

- T -

(a) Lag network

Polar plot of the frequency response
of the lag network

0.1

w=0 w=00

Phase (deg); Magnitude (dB)

Imaginary part

—60 L

107! 10° 10" 10

0 02 04 06 08 1 12
Real part Frequency (rad/sec)
(b) Polar plot (c) Bode diagram

Fig. 12-37 A lag network, the polar plot of its frequency response, and its Bode diagram.
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Table 12-2 summarizes the transfer functions of several basic first-order filters, along with their asymptotic
magnitude Bode diagrams.

Table 12-2. Summary of First-Order Filters

Type H(s) Asymptotic Bode Diagram
o 0dB
(a) Integrator 5 o 2
0
,
0 dB
(b) Lowpass Ty oy P
0
. s
dB
(c) Highpass St o, o P
0
d All D =7 dB
(d) pass o ¥ P
O +
Lead o +s B f
(e) eal W, + s <o,
TR O ®
dB
£ L o ts x
f) ag o, *s > o, 0+
0, o 0]

12.20 Second-Order Filters

Second-order filters have a pair of poles in the left-half plane. Possible zeros determine the type of the filter:
lowpass, highpass, allpass, bandpass, notch, etc. The transfer function is

H(s) =

B(s)
s> +2as+ b

where a and b are positive real numbers. B(s) is a polynomial in s of an order not higher than 2 and whose
roots are the zeros of the filter. We first discuss the lowpass filter.
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Lowpass Filters
A second-order lowpass filter has no finite zero. Its transfer function is

b 1
H(s) = 3 = 3
s"+2as+b [s] 1 s
— | +=—+1
o, Qa)o
. b 1
H(jo) = 2. - 2
b—-0" + jaw » )
1-|—] +=—
o, Qa)o
Jb
where 0= a4 and 0, = \/E

Depending on pole locations, the following three cases are recognized.

) a> b, (Q <0.5), the filter has two distinct negative real poles. It is overdamped.
(i1) a’=b, (Q =0.5), the filter has a repeated negative real pole. It is critically damped.

(ii1) at < b, (Q > 0.5), the filter has a pair of complex conjugate poles in the left-half plane. It is
underdamped.

Regardless of the value of Q, the low frequency asymptote is a horizontal line at the O dB level and the
high frequency asymptote is a line with a slope of —40 dB per decade. The phase angle ranges from 0°
(at f=0) to —180° (at f = o). The breakdown frequency (where the two asymptotes intersect) is at @, =
b, where the phase is =90°. In the neighborhood of ®,, the magnitude response is shaped by Q with
H(wy) = —jQ. At that frequency, the phase is —90° and the magnitude in dB is 201log Q. For 0 = 0.5
(a critically damped filter), the gain is 201og 0.5 = 6 dB and for Q = 20 (a highly underdamped filter) it
is 201log20 =26 dB.

Other Types of Filters

The numerator polynomial B(s) may be anticipated from its type. For a high-pass filter (expected to have a
double zero at f=0), B(s) = s%. A bandpass filter will need a simple zero at f= 0 (which, in conjunction with
the pair of poles, would bring down the gain of the filter at both low and high frequencies), resulting in B(s) = s.
Similarly, an allpass filter needs a pair of zeros located appropriately to cancel the effect of its poles. Finally,
a notch filter needs a pair of (conjugate) zeros at the notch frequency j@, (on the jo axis or very near it) to
block it. The transfer functions of some second-order filters are summarized below.

Lowpass H(s) = 2#
s”+2as+b
52
Highpass H(s) = 50—
s +2as+b
2
—2as+b
Allpass H(s) = %
s”+2as+0b
Bandpass H(s) = 2L
s”+2as+0b
2
Notch H(s) = —5+P

s> +2as+b
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12.21 Filter Specifications; Bandwidth, Delay, and Rise Time

A filter is completely specified by its transfer function (or equally, its frequency response). In filter analysis
and design we begin with lowpass filters as prototypes, from which other types can be derived by methods
of filter transformations. In many practical situations the performance of a lowpass filter may be summarized
by three interrelated indexes:

(i) Bandwidth, often defined as the frequency where the gain is 3 dB below its DC value.
(i1) Delay, defined as the time it takes for the step response to reach 50% of its final value.

(iii) Rise time, which may be defined as the time required for the step response to go from 10% to 90% of
its final value. This definition is a convenient one (making it easily measurable), especially for the step
responses that have no overshoot or oscillations (such as for first-order filters).

Here is an example. For the first-order, lowpass filter H(s) = 1/(1 + 7s), the time constant of the step response
is 7, and the 3-dB attenuation bandwidth is @, = 1/7 rad/s (or f, = 1/(277) in Hz). The 50% level delay is
0.6937, and the 10% to 90% level rise time is 2.27. The product of rise time (RT in seconds) and the 3-dB
bandwidth (f; in Hz) is RT X f, = 0.35. This relationship may be used, as a rule of thumb, in many practical
cases to approximate the bandwidth using the measured rise time. For example, the rise time of a lowpass
filter is measured as 100 usec. As a first-order approximation, its bandwidth may be estimated by f, = 0.35/
(100 usec) = 3.5 kHz. The above rule of thumb is not unreasonable, as many filters have a dominant first-order

pole (as for the 741 op-amp).

12.22 Filter Approximations: Butterworth Filters

The frequency response of an ideal lowpass filter with zero phase and cutoff frequency @, (also called the
filter’s bandwidth or passband) is

H(jo) =
0, elsewhere

The impulse response of the filter is a non-causal sinc-shapedl function with domain —eo <t < eo. Such a filter
may not be constructed using physical elements. Practical analog filters, however, approximate the frequency
response of ideal filters within a given tolerance. The tolerance is generally prescribed for the magnitude
function. Some approximation techniques for ideal filters are i) Butterworth, ii) Chebyshey, iii) Elliptic, and
iv) Bessel filters. In this section and the next we discuss Butterworth filters.

Butterworth Filters
The squared-magnitude response |H( jco)|2 of an nth order lowpass Butterworth filter is given by

H(jow)|* = —,n=123..

2

[0)
1+ —
[0

c

At @ =0, the gain is at its maximum and is equal to 0 dB. As wincreases, the gain is reduced monotonically,
and the input signal is attenuated. At @ = oo, the gain becomes zero. The 3-dB attenuation occurs at @ . The
high-frequency asymptote has a slope of —20n dB per decade. The first n — 1 derivatives of [H(jw)| are zero at
o =0, resulting in a maximally fiat magnitude response at DC. Hence, such filters are called maximally flat.

As an example, the transfer function of a first-order, lowpass Butterworth filter normalized in frequency by
@, is H(s) = /(s + 1), which results in [H(j)|" = 1/(1 + @). The second-order filter is H(s) = 1/(s” + J2s + 1),

sin(zt)

"The sinc function is defined by sinc(t) = ;
b4
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resulting in [H(jo)|* = 1/(1 + ). For the nth order, H(s) can be found by backtracking from [H(je)|* = H(s)
H(s*), where s* is the complex conjtigate of s. The results are summarized below for normalized lowpass filters.

First order H(s) = L

s+1

1

Second order H(s) = ————

s+ \/Es +1
Third order H(s) = 3+

sT+2s" +2s+1

1

Fourth order H(s) =

st A+V3)s £ 2+ B2+ A+ B)s +1

_ 1

st +1.84785° +3.41425> +1.8478s + 1

Fifth order H(s) = !

s> +3.2361s* +5.2361s° +5.2361s> +3.2361s + 1

The denominators of H(s) are called Butterworth polynomials and are available in several tabulated forms.

EXAMPLE 12.18 Plot the magnitude response of normalized lowpass Butterworth filters for n =1,...,10. Discuss the
effect of increasing n on the aecuracy of the approximation.
The squared-magnitude response of a normalized nth order, lowpass Butterworth filter is

1
1+w

H(o)|* =

2n

1

V2

The magnitude decreases with @ monotonically for all n. See Fig. 12-38. As n increases, the magnitude plots approach
that of the ideal filter, with all plots having a 3-dB frequency at @,

[HO)| =1,[H(1)| = ——, | H()|=0,n=1,2,3...

Normalized Butterworth Filters of order n=1,....10
1.2

Magnitude, in Linear Scale

wlwy in rad/sec

Fig. 12-38 Magnitude response of nth order, lowpass Butterworth filters, n=1,...10.

Two implementations of a second-order Butterworth filter by passive and active circuits are given in Example 12.6.
Problems 12-52 and 12-53 present two implementations of a third-order Butterworth filter.
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12.23 Filter Design

In filter design we seek a rational fraction H(s) that results in a frequency response that satisfies certain
desired specifications. In this section we address the design of lowpass Butterworth filters as prototypes,
along with a brief presentation of filter transformations.

The normalized magnitude plot of a realizable lowpass filter is shown in Fig. 12-39. Three frequency
bands are identified: passband, transition band, and stopband. The passband edge frequency, w, is specified
by the maximum attenuation Ap acceptable within the passband. The stopband edge frequency, @, is speci-
fied by the minimum attenuation A_ required within the stopband. Designations of w, and @, are contingent
upon the specified Ap and A . The filter should meet the following conditions:

A< A foro<w
p p
A2Ayf0ra)2a)Y

20 log|H]|
(dB)

-A

~A.

s
W,

Wy S "
|& Passband H& Transition H Stopband ————> (rad/s)

Fig. 12-39 Terminology for a lowpass filter.

The squared-magnitude response of a lowpass Butterworth filter with unity DC gain is

N
[H(jo) = ——-
0}

1+ —}
[0}
C
The attenuation in dB is

G =20 log [H(jw)| = 10 log {1 + (w/®)™"}

In addition to being a function of the frequency, the attenuation in a Butterworth filter is determined by two
parameters: i) @_, which is the 3-dB attenuation or half power frequency of the filter, and ii) n, which is called
the order of the filter.

Determination of the Order of the Butterworth Filter
If the 3-dB attenuation frequency @, of the filter is given, we only need to specify one more point of the
magnitude function in order to determine the filter’s order. For example, the additional information of A dB
attenuation at @_will provide us with the filter’s order from the relation below:

A =10log{1+ (o /)™"}.

Solving for n (and remembering that 7 is an integer), we obtain the order in terms of f,, f, and A :

0.14
"> log(10 ‘—1)'

[0} R
& 0)
c
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Alternate Forms for the Order of a Butterworth Filter
The order n may also be found from ]37, Ap, f, and A by solving the equations below:

A, =10log{l + (cop/a)c)z"}
A =10 log{l + (& /o )™}
The result is

10g|:(100'1A‘ T 1)]
210g| Lo
Og o
P

Cascade Implementation of Higher-Order Filters
The transfer function of a second order, lowpass filter is given by the equation

nz=

H
He ==K 0 ,

2 - 2
s"+as+b SZ+&S+CO2 S 1 S
0 0 — | +=]—|+1
w Olw

where

Jb

k
QZT, (002\/;, HO:Z, a=Aw.

The filter is specified by three numbers: H, (DC gain), Q (quality factor), and @, It can be implemented
by one of several circuits, such as those given in Fig. 8-42. An nth-order, lowpass filter may be realized
by cascading second-order filters (each stage corresponding to a quadratic factor), possibly with a first-
order filter.

12.24 Frequency Scaling and Filter Transformation

Frequency Scaling

The frequency scale of a filter may be changed by adjusting the values of its inductors and capacitors. Here we
summarize the method (see also Section 8.10). Inductors and capacitors affect the frequency behavior of cir-
cuits through Lw and Cw; i.e., always as a product of element values and the frequency. Dividing inductor and
capacitor values in a circuit by a factor k will scale up the w-axis of the frequency response by a factor k. For
example, a | mH inductor operating at 1 kHz has the same impedance as a 1 ¢H inductor operating at 1 MHz.
Similarly, a 1 yF capacitor at 1 MHz behaves as a 1 nF capacitor at | GHz. This is called frequency scaling
and is a useful property of linear circuits. The following two examples illustrate its application in filter design.

EXAMPLE 12.19 The network function of the circuit of Fig. 8-42 with R=2 kQ, C=10nF, and R, =R, is

H Y,
(s) = v ,

)R
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where @) =50,000 rad/s (see Examples 8.14 and 8.15). This is a lowpass filter with the cutoff frequency at @,. By using
a 1 nF capacitor, @, = 500,000, and the frequency response is scaled up by a factor of 10.

EXAMPLE 12.20 A voltage source is connected to the terminals of a series RLC circuit. The phasor current is
I=Y xV, where

Cs

Y& = ————
LCs™ + RCs +1

This is a bandpass function with a peak of the resonance frequency of @, = 1/N/LC. Changing L and C to L/k and C/k
(a reduction factor of k) changes 1/v/LC to k/+/LC, and the new resonance frequency is increased to k@, You may

verify the shift in frequency at which the current reaches its maximum by direct evaluation of Y(jw) for the following
two cases: a) L=1mH, C=101nF, o, = 10° rad/s, and b) L = 10 mH, C =100 nF, @, = 10° rad/s.

Filter Transformation

Table 12.3 summarizes mappings in the frequency domain that transform a lowpass filter (with the passband
frequency given by a)p) to other filter types such as highpass (with edge frequencies designated by primed
symbols). The summary reflects frequency scaling as well as frequency transformations. See Problems 12.59
through 12.64 at the end of the chapter.

Table 12-3. Filter Transformations

Item Transformation Edge frequencies Mapping in the
of the new filter frequency domain
, o
(1) Lowpass to lowpass o, s =L
®,
, 0o
) Lowpass to highpass o s =L
s
) ;o
, . s+ Cl)hCl) 7
3) Lowpass to bandpass o, and o, s= 0

“) Lowpass to bandstop w; and wh NE0)

SOLVED PROBLEMS

12.1. In the two-port network shown in Fig. 12-40, R, =7 kQ and R, = 3 k€. Obtain the voltage ratio
V,/V, (a) at no-load, (b) for R, =20 k2.

[ o M -9 ©
+ R, +
> <
A\ R; 5: \£ 3: R,
® — ©

Fig. 12-40
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12.2.

12.3.
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(a) Atno-load, voltage division gives

A% R 3
V2 2 _ _
: - R +R, - 7+3_0’30
(b) With R, =20 k<,
R,R 60
_ 2° L _
R, =% +r ~23%¢
\Y R 60
LT 9
and V, TR +R, 220 0.27

The voltage ratio is independent of frequency. The load resistance, 20 kQ, reduces the ratio from
0.30 to 0.27.

(a) Find L, in the high-pass circuit shown in Fig. 12-41, if |[H ()| = 0.50 at a frequency of 50 MHz.
(b) At what frequency is [H,| = 0.90?

(@) From Section 12.2, with @ = R//L,,

1

|H, @)=
! 1+ (@ /o)’
R, =50 kQ
s °
+ +
Vv, ; L, Vv,
- °
Fig. 12-41
Then, 0.50 = ;2 or f. =503 MHz
1+ (f,/50)
R 3
and L=gd = 9XI0 g9y
2nf. 275043 x 10°)
®) 090=— o f =179 MHz

"1+ (50

A voltage divider, useful for high-frequency applications, can be made with two capacitors C, and
C, in the generalized two-port network of Fig. 12-12. Under open-circuit conditions, find C, if
C,=0.01 uF and [H | = 0.20.

From Table 12-1,

Z, ljoC, C,
H = = =
v Z,+7Z, 1 1 C +C,
-— t+ =
joC,  joC,
.01
Hence, 0.20 = 0.0 or C, =0.04 uF

0.01+C,

The voltage ratio is seen to be frequency-independent under open-circuit conditions.
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12.4. Find the frequency at which [H, | = 0.50 for the low-pass RC network shown in Fig. 12-42.

1 1
Hv(w) = W where a)x = R1C2
R, =100 Q
& MY -0

o~ G =2 uF

> °
Fig. 12-42
Then 050> =—  fomwhich -3
’ ' 1+ (@, o,
and o=13 L) = 8660 radss or f=1378 Hz
R1C2

12.5. For the series RLC circuit shown in Fig. 12-43, find the resonant frequency @, = 27f,. Also obtain
the half-power frequencies and the bandwidth £.

. 1
Zin(a)) =R+ ](Q)L - R)

100

V(w) Cﬁ) 05 H
T 0.4 uF

Fig. 12-43.
At resonance, Z, (0) =R and @, = I/J/LC.
1 @,
W= T———— = 2236.1 rad/s fo = = 355.9 Hz
4/0.5(0.4 x 107°)
The power formula
2
ViR
_ 72 p _ eff
P = ]effR - |Ze |2

= Vesz/R, which is achieved at = @, and that P = L P___ when |Zin|2 = 2R2; that is, when

shows that P o? = 2 P'max

X

1 2 R 1
-+ - —
oL C—_R or [0} +L(D LC—O
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Corresponding to the upper sign, there is a single real positive root:

R RY 1
®, =57 + (ﬁ) + 7 = 23383 rad/s or f, =372.1Hz

and corresponding to the lower sign, the single real positive root

R RY 1
a)l=—i+ (ﬁ) +T = 2138.3 rad/s or f1=340'3 Hz

12.6. Derive the Q of (a) the series RLC circuit, (b) the parallel RLC circuit.

(a) In the time domain, the instantaneous stored energy in the circuit is given by

1 2 q2
Wo=7L +5¢

For a maximum,

dw di qdq (. di ¢q
dt dat " Ccar !

- oty - e S [ —
=Li—+ Ldt+C)_l(vL+vC)_0

Thus, the maximum stored energy is W ati =0 or W at v, + v. = 0, whichever is larger.
Now the capacitor voltage, and therefore the charge, lags the current by 90°; hence, i = 0 implies
q =10, ., and

Ql’?"l X 1 2 1 Im X ’ 12 X
Ws|i=0 = 28‘ = ECVCmax = EC wz' =

On the other hand, v, + v.=01implies v, =v.=0andi==%/_ (see the phasor diagram, Fig. 12-44), so that

max

Fig. 12-44

It follows that

200, (@ < o))

4 =
smax 2
{ LI~ /2, (0 2 0y

max

The energy dissipated per cycle (in the resistor) is W, = Iiaan'/w. Consequently,

W

w {UwCR, (0 < )
d

—_ smax
Q=on oL/R, (0> o)
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(b) For the parallel combination with applied voltage v(z),

_ 1 2 1 2
W=7, 3¢
dw di
and A TP A

a LW-F?IC:‘U(ZL—FZC):O
If v=0, then ¢, =0 and

\%4
- _ max
L = iILma)( =% wlL
2
giving Wlpeo = 5
slu 0 2L602

If i, +i.=0, then (see Fig. 12-45) i, =i.=0and q.=+CV__ . Hence,

W Lev?

sliy +i.=0 2 max

v? /2Lw2, oo
Therefore, ok = { max ( )

cv.. 12, (20)
The energy dissipated per cycle in Ris W, = Vnzmn'/Ra). Consequently,

0=2m

W _ {R/Lw, (w<w)

w, oCR, (020,
Ic
A
IL+Ic A
N v
4
I
Fig. 12-45

12.7. A three-element series circuit contains R = 10 Q, L =5 mH, and C = 12.5 uF. Plot the magnitude
and angle of Z as functions of @ for values of @ from 0.8 @, through 1.2 @,.

®, = 1/JJLC = 4000rad/s. At @,

Xc = 1 5. = 2
(4000)(12.5 x 107°)

X, = (4000)(5x107°) = 20 Q 0Q

Z=10+jX, - X)) =10+ j0 Q



328 CHAPTER 12 Frequency Response, Filters, and Resonance

The values of the reactances at other frequencies are readily obtained. A tabulation of reactances and
impedances appear in Fig. 12-46(a) and Fig. 12-46(b) shows the required plots.

w X | Xc V4

3200 | 16 | 25 10—79 | 13.4/—42°
3600 | 18 | 22.2 | 10 —;4.2 | 10.8/-22.8°
4000 | 20 | 20 | 10 10/0°

4400 | 22 | 182 | 10+,3.8 | 10.7/20.8°
4800 | 24 | 16.7 | 10+,7.3 | 12.4/36.2°

(o)
I
1zl @ 6, i
+ 20
v/
14 +
- 0°
13
12 + -20°
11 +
+ -40°
10T
wy

+ + t + +
3200 3600 4000 4400 4800 w, rad/s

(b)
Fig. 12-46

12.8. Show that o, = /oo, for the series RLC circuit.

By the results of Problem 12.5,

Ry, R RY, L, R o
G0, = [\ 2L ILC ~ 2L 2L ICc "2 | Tc = %

12.9. Compute the quality factor of an RLC series circuit, with R =20 Q, L =50 mH, and C = 1 UF, using
(@) Q= 0,L/R, (b) Q= 1/®,CR, and (¢) Q = w,/P.

w, = ; = 4472 rad/s

* " Jo.osx107®

R RY 1 R RY 1
(Dl = _ﬁ + (ﬁ) + E = 4276.6 rad/s a)h = ﬁ + (ﬁ) + E = 4676.6 rad/s
and 8= @, — ;=400 rad/s.

oL 4472(0.050
(a) Q:T‘3=%=11.2

0- 1 1 ~
©,CR ~ 4472(107%)20

(b) 11.2

() 4472
(© Q:ﬁ:mzll.z
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12.10. A coil is represented by a series combination of L =50 mH and R = 15 Q. Calculate the quality factor
at (a) 10 kHz, (b) 50 kHz.
oL _ 27(10 x 10°)(50 x 10™)

(a) Ol = R 15 =209

50
b) 0. = 209(m) = 1047

12.11. Convert the circuit constants of Problem 12.10 to the parallel form. Calculate the quality factor at
(a) at 10 kHz, (b) at 250 Hz.

oL Y 2 2
(@ R,=R|1+|—5*| |=RIl+07]1=15[1+(209)°] = 655 kQ

s

or, since Q> 10, R, =~ RO} = 15(209)” = 655 kQ.

p
s

. :Ls[lﬁ)%:sm
(b) At 250 Hz,

-3
0 = 271'(250)(1550 x107) _ 504

R, = R[1+Q]1=15[1+(5.24)°] = 426.9 Q

L,= Ls[l + é] = (50 x 103)[1 +

A

Conversion of the circuit elements from series to parallel form can be carried out at a specific frequency,
the equivalence holding true only at that frequency. Note that in (), where O < 10, Lp differs significantly
from L.

s

12.12. For the circuit shown in Fig. 12-47, (a) obtain the voltage transfer function H, (@) and () find the
frequency at which the function is real.

° AA— °
+ R, +
v, R, L C \A
- —

Fig. 12-47
(a) Let Z, and Y, represent the impedance and admittance, respectively, of the R,LC parallel tank.

z, 1 1

R+Z, 1+RY, 1 1
1 2 172 .
1+R1(R—2+]—L+ja)(:)

H (w) =

1

1+ﬁ+'R C—L
R, "M T oL
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(b) The transfer function is real when Y, is real; that is, when

w=w
a

1
JLC

At = @, not only are |Z,| and |H, | maximized, but |Z, | = |R, + Z
is real and positive—see the locus diagram, Fig. 12-48).

,| also is maximized (because R,

jimZ

Z,
z,

ReZ

Fig. 12-48

12.13. Obtain the bandwidth f3 for the circuit of Fig. 12-47 and plot 3 against the parameter

Here, the half-power frequencies are determined by the condition |H (w)| = 0.707|H | or, from

Problem 12.12(a),

max’

Rloc- 1 )=+{1+ 5 R [oC- | =11
\® "L )™* ' TR, or A9 Ter )T

But (see Section 12.13) this is just the equation for the half-power frequencies of an R LC parallel circuit.
Hence,

The hyperbolic graph is shown in Fig. 12-49.

B. rad/s

Sk

Fig. 12-49
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12.14. In the circuit of Fig. 12-47, let R =R,= 2kQ, L=10mH, and C =40 nF. Find the resonant frequency
and bandwidth, and compare with the results for R, = 0 (i.e., a pure parallel circuit).

[0) ! =5x10*rad/s

“ Jaox107)@0x107)
orfa = 7958 Hz. With Rx = 22/4 =1 kQ, Problem 12.13 gives

1
(40 x107)(1 x 10%)

B =2.5x%10"rad/s

The results of Problems 12.12 and 12.13 cannot be applied as R, — 0, for, in the limit, the voltage ratio
is identically unity and so cannot provide any information about the residual R,LC parallel circuit. (Note
that B — 0 as R — 0.) Instead, we must go over to the input impedance function, as in Section 12.13,
whereby

® = =5x10* rad/s

1
¢ JLC

as previously, and

B= CLR =1.25x 10" rad/s

2

12.15. For the circuit of Fig. 12-47, R, =5kQ and C=10nF. If V,/V, = 0.8/0° at 15 kHz, calculate R, L,
and the bandwidth.
An angle of zero on the voltage ratio H  indicates that the circuit as a whole, and the parallel tank by
itself, is at resonance (see Problem 12.14). Then,

1 1 1

@ JLC ©!C  [2r(15x10)P(10x107)

From Problem 12.12,

o _ 1 _ Rl _
Hu(a)a) = 08& = Wl/Rz), whence R2 = 025" 20 kQ.

Then, R = (5)(20)/25 =4 kQ, and Problem 12.13 gives

1

= - — =2.5x10"rad/s
(10 x 107)(4 x 10%)

B

12.16. Compare the resonant frequency of the circuit shown in Fig. 12-50 for R = 0 to that for R = 50 Q.
For R = 0, the circuit is that of an LC parallel tank, with

1 1
0, =—7—=—7————=408.2rad/s or f,=65Hz
VLC  [0.2)(30 x 107%)

-—

R
71~ 30 uF

02 H

-

Fig. 12-50
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For R =50 Q,

1 R oL
Y = joC+ - = + jloC - ———
in =/ R+joL ~ R+ (oL’ [ R2+(aL)2]

For resonance, Im Y,  is zero, so that

1 [ R
0 = —11-—=
« JLC L

Clearly, as R — 0, this expression reduces to that given for the pure LC tank. Substituting the numerical
values produces a value of 0.791 for the radical; hence,

o, =408.2(0.791) = 322.9 rad/s or f,=51.4Hz

12.17. Measurements on a practical inductor at 10 MHz give L = 8.0 uH and Q, , = 40. (a) Find the ideal
capacitance C for parallel resonance at 10 MHz and calculate the corresponding bandwidth S.
(b) Repeat, if a practical capacitor, with a dissipation factor D = Q;a]p = 0.005at 10 MHz, is used
instead of an ideal capacitance.

(a) From Section 12.14,

1 1
N = —m— —
a= ] )
Le VIt Qg

1 1
or

=31.6 pF

QLA+ Q) (27010 x 109)P(8.0 x 1076)(1 + 161()0)

Using Section 12.15 to convert the series RL branch of Fig. 12-25 to parallel at the resonant frequency,

R =RU+0%)=2E01 02
p = (+Qind)_Td( +0iq)

Then, from Section 12.13,
2

po Ol @0y _2m(10x109@0)
0, R, 1+0}, 1+ 1600

ad/s

or 0.25 MHz.

(b) The circuit is shown in Fig. 12-51; part (a) gives the resistance of the practical inductor as

R ,L 4 Q
= =4
Qind
®
R =47 Q
L L
RC 1: C
1 L=80puH
o

Fig. 12-51
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Also, from the given dissipation factor, it is known that

1

©,CR..

=0.005

The input admittance is

Y. _L'F.(DC'F;_ L+L +‘wc_w—L
in =R, "/ R+joL = |R. " R+ Ly |’ R* + (oL)*

which differs from the input admittance for part (@) only in the real part. Since the imaginary part involves the
same L and R and must vanish at the same frequency, C must be the same as in part (a); namely, C =31.6 pF.

For fixed C, bandwidth is inversely proportional to resistance. With the practical capacitor, the net
parallel resistance is

R = 52C
R + R,
where Rp is as calculated in part (a). Therefore,
2
B _ R, 1+ R, _, L0, )1+ 0 ,)
0.25MHz R’ R. /@ ,C(0.005)

(1+ Q2 )(0.005)
=+ ——
Qind(1 + Qind)
_ ., (1+1600)(0.005) _

= 1.2
40(1 +

1
1600

and so = 0.30 MHz.
A lossy capacitor has the same effect as any loading resistor placed across the tank; the Q is reduced
and the bandwidth increased, while f, is unchanged.

12.18. A lossy capacitor, in the series-circuit model, consists of R = 25 Q and C = 20 pF. Obtain the
equivalent parallel model at 50 kHz.
From Section 12.15, or by letting L — 0 in Problem 12.6(a),

1 1
- = 6370
OC R 27(50 x 10°)(20 x 107%)(25)

Q =

For this large Q_ value,
R, ~RQ}=1010MQ  C,=~C, =20pF
12.19. A variable-frequency source of V = 100/0° V is applied to a series RL circuit having R =20 Q and

L =10 mH. Compute I for @ = 0, 500, 1000, 2000, 5000 rad/s. Plot all currents on the same phasor
diagram and note the locus of the currents.

Z=R+jX, =R+ joL

Table 12-4 exhibits the required computations. With the phasor voltage at the angle zero, the locus of I as
o varies is the semicircle shown in Fig. 12-52. Since I = VY, with constant V, Fig. 12-52 is essentially the
same as Fig. 12-28(c), the admittance locus diagram for the series RL circuit.
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Table 12-4
o, rad/s X,Q RQ ZQ LA
0 0 20 20/0° 5/0°

500 5 20 20.6/14.04° 4.85/-14.04°
1000 10 20 22.4/26.57° 4.46/-26.57°
2000 20 20 28.3/45° 3.54/-45°

5000 50 20 53.9/68.20° 1.86/-68.20°

V (reference)

Fig. 12-52

12.20. The circuit shown in Fig. 12-53 is in resonance for two values of C when the frequency of the driving

voltage is 5000 rad/s. Find these two values of C and construct the admittance locus diagram which
illustrates this fact.

At the given frequency, X, = 3 Q. Then the admittance of this fixed branch is

1 .
Y, = 5573 =0.147 — j0.088 S
[ 4
50 40
0.6 mH c
[ o
Fig. 12-53

The semicircular admittance locus of branch 2 has the radius » = 1/2R = 0.125 S. The total admittance is
the sum of the fixed admittance Y, and the variable admittance Y,. In Fig. 12-54, the semicircular locus
is added to the fixed complex number Y,. The circuit resonance occurs at points a and b, where Y . is real.

jB. S
~ - T
~N
/~ N
4 AR
0 Y, :/ \ G. S
—j0.088 ¢— — — —————0——-—————--—‘
"—0.125—"1

Fig. 12-54
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. 1
YT = 0417—]0088+W

which is real if
2
X2 -11.36X,.+16=0
or X, =9.71 Q, X = 1.65 Q. With @ = 5000 rad/s,
1 2
C, =20.6uF  C,=121uF
12.21. Show by locus diagrams that the magnitude of the voltage between points A and B in Fig. 12-55 is

always one-half the magnitude of the applied voltage V as L is varied.

Branch-1 current I, passes through two equal resistors R. Thus, A is the midpoint on the phasor V, as
shown in Fig. 12-56.

+ 1 \ ]
s Vo L R,
b3
v $A B
p
R3 L
— \%
> [ ] >0 0
N N Van A Vma M
Fig. 12-55 Fig. 12-56

Branch 2 has a semicircular Y-locus [see Fig. 12-28(c)]. Then the current locus is also semicircular,
as shown in Fig. 12-57(a). The voltage phasor diagram, Fig. 12-57(b), consists of the voltage across the
inductance, V., and the voltage across R, V, .. The two voltages add vectorially,

V=Viun = Ven + Vi

V,_ = lz]wL le - lle

1,-locus I

(a) )

Fig. 12-57

Because I, lags V, by 90°, V. and V, , are perpendicular for all values of L in Fig. 12-57(b). As L varies
from O to oo, point B moves from N toward M along the semicircle. Figures 12-56 and 12-57(b) are super-
imposed in Fig. 12-57(c). It is clear that V,, is a radius of the semicircle and, therefore,

1
|VAB| = §|V|

Furthermore, the angle ¢ by which V,, ; lags V is equal to 26, where 6 = tan”' OL/R,.
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SUPPLEMENTARY PROBLEMS

12.22. A high-pass RL circuit has R, = 50 k€ and L, = 0.2 mH. (@) Find o if the magmtude of the voltage transfer
function is [H,_| = 0.90. (b) Wlth aload R=1 MQ across L, find [H, | at @ =7.5 X 10® rads.

Ans. (a)5.16 x 108 rad/s; (b) 0.908
12.23. Obtain Huw for a high-pass RL circuit at @ =2.5 o, R= 2kQ, L=0.05H.

Ans. 0.928/21.80°

12.24. A low-pass RC circuit under no-load conditions has R, = 5 kQ. (a) Find C, if [H,| = 0.5 at 10 kHz. (b) Obtain
H, at 5 kHz. (¢) What value of C, results in [H, | = 0.90 at 8 kHz? (d) With C, as in (a), find a new value for
R, toresultin [H |=0.90 at 8 kHz.

Ans. (a)5.51 uF; (b) 0.756/-40.89 °; (c) 1.93 uF; (d) 1749 Q

12.25. A simple voltage divider would consist of R, and R,. If stray capacitance C| is present, then the divider would
generally be frequency-dependent. Show, however that V,/V, is mdependent of frequency for the circuit of

Fig. 12-58 if the compensating capacitance C, has a certam value Ans. = (Ry/R)C,
R,
o MA- —
+ + I
e |
W R de v ke
- P
Fig. 12-58

12.26. Assume that a sinusoidal voltage source with a variable frequency and V, =50V is applied to the circuit shown

in Fig. 12-59. (a) At what frequency f'is [I| a minimum? (b) Calculate this minimum current. (c) What is |I | at
this frequency? Ans. (a)2.05 kHz; (b) 2.78 mA; (c) 10.8 mA

{ J-ooz uF 03 H

Fig. 12-59

12.27. A 20-pUF capacitor is in parallel with a practical inductor represented by L = 1 MHz in series with R =7 Q. Find
the resonant frequency, in rad/s and in Hz, of the parallel circuit. Ans. 1000 rad/s, 159.2 Hz

12.28. What must be the relationship between the values of R, and R if the network shown in Fig. 12-60 is to be
resonant at all frequencies? Ans. R, =R.=5Q

[ —

RL R(‘

2 mH TS();LF

Fig. 12-60




CHAPTER 12 Frequency Response, Filters, and Resonance 337

12.29. For the parallel network shown in Fig. 12-61, (a) find the value of R for resonance; (b) convert the RC branch to
a parallel equivalent. Ans. (a) 6.0 Q; (b) Rp =6.67Q, X o= 20Q

p—

10 Q R

j10 Q T -2 Q
[ o

Fig. 12-61

12.30. For the network of Fig. 12-62(a), find R needed for resonance. Obtain the values of R’, X ;»and X c in the parallel
equivalent of Fig. 12-62(b). Ans. R=1225Q, R"=17.75Q, X, =25Q, Xc= 25 Q

[ o 1 [
R 10 Q
TR PO .
j10 Q -j5 Q
. T .
(a) (b)
Fig. 12-62

12.31. Branch I of a two-branch parallel circuit has an impedance Z, = 8 + j6 Q at @ = 5000 rad/s. Branch 2 contains

R =8.34 Q in series with a variable capacitance C. (a) Find C for resonance. (b) Sketch the admittance locus
diagram. Ans. (a) 24 uF; (b) See Fig. 12-63

jB. S 0.08
Od—t L 1 1 1 1 A 1 1 |
| 7~ ~N G S
/
Y, ' / Locus of \
Y:
—j0.06 ¢— — — . \
0.06 ——‘
Fig. 12-63

12.32. Find R for resonance of the network shown in Fig. 12-64. Sketch the admittance locus diagram.

Ans. Resonance cannot be achieved by varying R. See Fig. 12-65.

jB. S
@ 0.122
O=
p
$40 R
™~ -i5 Q j10 Q 0.022
o G. S

Fig. 12-64
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12.33. In Problem 12.32, for what values of the inductive reactance will it be possible to obtain resonance at some value
of the variable resistance R? Ans. X, <82Q

12.34. (a) Construct the admittance locus diagram for the circuit shown in Fig. 12-66. (b) For what value of resistance
in the RL branch is resonance possible for only one value of X, ?

Ans. (a) See Fig. 12-67; (b) 6.25 Q

JjB. S
70.080

[ _ r =0.05

'll‘.]l‘T

10 Q 5Q

X T -j10 Q

Fig. 12-66 Fig. 12-67

12.35. Determine the value(s) of L for which the circuit shown in Fig. 12-68 is resonant at 5000 rad/s.
Ans.  2.43 mH, 66.0 pH

T
>
\6’37 Locus of I
20 50 N
e
V=150/-25° V
" T o ’N =
o e
Fig. 12-68 Fig. 12-69

12.36. A three-branch parallel circuit has fixed elements in two branches; in the third branch, one element is variable.
The voltage-current phasor diagram is shown in Fig. 12-69. Identify all the elements if @ = 5000 rad/s.

Ans. Branch 1: R=8.05 Q, L=0.431 mH
Branch 2: R=4.16 Q, C=27.7 uF
Branch 3: L =2.74 mH, variable R

12.37. Describe the circuit which corresponds to each locus in Fig. 12-70 if there is only one variable element in
each circuit.

Ans. (a) A two-branch parallel circuit. Branch 1: fixed R and X ; branch 2: fixed R and variable X ..
(b) A three-branch parallel circuit. Branch 1: fixed R and X ; branch 2: fixed X; branch 3: fixed R
and variable X .
(c) A two-branch parallel circuit. Branch 1: fixed R and X ; branch 2: fixed X, and variable R.

™S

Locus of Ir

f \}

Locus of 1
! Locus of I

(a) (b) (©)
Fig. 12-70
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12.38. In the circuit of Fig. 12-71, L = 1 mH. Determine R,, R,, and C such that the impedance between the two
terminals of the circuit is 100 Q at all frequencies.

Ans. C=100nF, R, =R, =100 Q

R, R,

L=1mH C

T

Fig. 12-71

12.39. In the circuit of Fig. 12-72, Z = R+ 1/(Cs) and Z, = R, with RC = 0.5 ms and A = o (an ideal op amp). (a) Find

V.
the frequency response H(jw) = 72 (b) Determine the order and type of the filter. (c) Specify asymptotic responses

1
at low and high frequencies and determine the 3-dB attenuation frequency f, in Hz. (d) Plot the Bode diagram.

_je
. Z, o, 1 . .
Ans. (a) H(jo) = = = o where @, = RC = 2000 rad/s; (b) First-order highpass; (c) The low
1 14+ —

0}

0
frequency asymptote is a line with a 20 dB/decade slope. The high frequency asymptote is the 0-dB line.
They intersect at @, = 2000 rad/c which is the 3-dB attenuation frequency; (d) See line (c) in Table 12-2.

Z | [z, } °
- +
Vi v, AV, Va
+ -
as .
Fig. 1272

12.40. Repeat Problem 12.39 for the circuit of Fig. 12-73.

1+ 2i)—“’ 1
Ans. (a) H(jo) =1+ 72 = —'0)0’ where @, = RC = 2000 rad/s; (b) First-order lowpass; (c) The low
J!
1 14—

)
0
frequency asymptote is a horizontal line at O dB. The high frequency asymptote is a horizontal line at
6 dB. The 3-dB break points occur at /2 = 1000 and @, = 2000 rad/c; (d) See line (b) in Table 12-2.

M7z o 2% ] .
- +
v, Sadov, v,

Fig. 12-73
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12.41. In the circuit of Fig. 12-72, Z, = Z, and A(jw) =10 /(1 +Ton ) (a 741 op amp model with a single pole

12.42.

12.43.

12.44.

12.45.

at 5 Hz). (a) Find the frequency response H(j®) = 72 (b) Determine the order and type of the filter. (c) Specify

1
asymptotic magnitude (dB) and phase (degree) at low and high frequencies and the 3-dB attenuation frequency
f, in Hz. (d) Plot the Bode diagram and compare with the case involving an ideal op amp.

Ans. (a) H(jw) = 21AIE\J(?L)0) = _;w , where @, =5 X 10°x rad/s; (b) First order lowpass; (c) The low
14—
0

1

frequency asymptote is at 0 dB (with —180° phase) and the high frequency asymptote is a line with
a—20 dB/decade slope (with —270° phase). The 3-dB attenuation occurs at f; = 500 kHz. (d) See Fig. 5-56
with the phase plot shifted by —180° (due to sign inversion). The gain is the same as the circuit having an
ideal op amp, but the 3-dB bandw1dth is not infinite. The negative feedback has reduced the open-loop
gain of the op amp from 10° (60 dB) to 0 dB and increased its 3-dB bandwidth from 5 Hz to 500 kHz.

Repeat Problem 12.41 for the circuit of Fig. 12-73.
2Ajo) 2

1+ A(jw) jo’

@,

Problem 12.40, except that the low-frequency gain is 2 (3 dB).

Ans. (a) H(jw) =

, where @, =5 X 10°x rad/s; (b), (¢), and (d) The same as in
14+ ==

In the circuit of Fig. 12-72, assume R = 1 kQ, C =100 nF, and A = «. For each entry given in the following table,
derive and verify the listed H(j®) and the magnitude Bode plot. Show that in all cases the filter is of first-order
with @ = 1/(RC) = 10000 rad/s.

Case Z Z, H(jw) Type Magnitude plot
(a) R L j& integrator item (a) in Table 12-2
Cs [0}

b R R -1 1 item (b) in Table 12-2

(b) T+ RCs 1+j_co owpass item (b) in Table 12-
@,

_je
1 R , . . .

(c) o5 ITRGs o jo highpass  item (c) in Table 12-2

0

- . 10
In the circuit of Fig. 12-72, let Z, = 1 kQ, Z, = —— (a 100 nF capacitor), and assume A(jw) = ao/(l + Zuwj
0
with a; = 2 X 105 and @, = 107. Find the frequency response H(w) = 71 and compare it with the frequency
response of the circuit under an ideal op amp assumption (item a) as given in Problem 12-43.

Ans. H(jw) =

,
, 0 = a_(()) (lowpass filter with a pole at @,).

_ Vv,
In the circuit of Fig. 7-45 (a) let RC =5 x 10 7's. Find the transfer function H (s) = =2 and the magnitude and
phase of the frequency response. Specify the order and type of the filter. Y

1-RCs . o, — jo
H(jw) = —2——,
1+ RCs w, + jo

Ans.  H(s) = where @, =2 x 10° rad/s. |H(jo)| =1, [H(jw) = —2tan”" [wﬂ)

0

The circuit is an allpass first-order filter. See item (d) in Table 12-2.
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12.46. Given V,/V, = 10s/(s2 + 25 + 81) and v,(#) = cos (1), determine @ such that the amplitude of v,(?) attains a
maximum. Find that maximum. Ans. ®=9rad/s; V,=5V

12.47. Given H(s) = s/(s2 + as + b), determine a and b such that the magnitude of the frequency response |H(jw)| has a
maximum at 100 Hz with a half-power bandwidth of 5 Hz. Then find the quality factor Q.

Ans. a=31.416;b=394784; Q=20

12.48. Given H(s) = (s + 1)/(s2 + 2s + 82), determine where |H(jw)| is at a maximum, its half-power bandwidth and
quality factor. ~ Ans. @, = \/82 = 9 rad/s, Aw = 2 rad/s, Q = 4.53

12.49. In a parallel RLC circuit, R = 10 kQ and L = 20 uH. (a) Find C so that the circuit resonates at 1 MHz. Find the
quality factor Q and the bandwidth in kHz. (b) Find the terminal voltage of the circuit if an ac current source of
I=1 mA is applied to it at: (/) 1 MHz, (if) 1.01 MHz, (iii) 1.006 MHz

Ans.  (a) C=1.267nF, Q=79.6, Af =12.56 kHz; (b) V,=10V at 1 MHz, 5.34 V at 1.01 MHz, and 7.24 V at
1.006 MHz

12.50. A coil is modeled as a 50-uH inductor in series with a 5-Q resistor. Specify the value of a capacitor to be
placed in series with the coil so that the circuit would resonate at 600 kHz. Find the quality factor Q and
bandwidth Af in kHz. Ans. C=1.4nF, Q=37.7, Af =159 kHz

12.51. The coil of Problem 12.50 placed in parallel with a capacitor C resonates at 600 kHz. Find C, quality factor Q,
and bandwidth Af'in kHz. Hint: Find the equivalent parallel RLC circuit.

Ans. C=14nF, Q=377 Af=159kHz

12.52. The circuit in Fig. 12-74(a) is a third-order Butterworth low-pass filter. Find the network function, the magnitude
of the frequency response, and the half-power cutoff frequency @,

Ans. H(s)=1/(s" + 25" + 25 + 1), [HGo) = 1/(1 + &), &y, = 1 rad/s

—— A\AN\—T—000

+ 1Q 2H

z/l(f) v, —IF 1F—— %19 v,

+ @

(a)

v, (j —-—q o) v,

(%)
Fig. 12-74

12.53. In the circuit of Fig. 12-74(b), let R=1Q, C, =1.394 F, C, =0.202 F, and C= 3.551 K. Find H(s) = V,/V, and
show that it approximates the passive third-order Butterworth low-pass filter of Fig. 12-74(a).

Ans.  H(s) = 1/(0.99992s> + 1.99778s> + 25 + 1)
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. T . 1
12.54. Plotthe magnitude and phase of the frequency response of a circuit with the transfer function H(s) = 1/ (52 + =5+ 1)

for 0=0.2,0.5,0.707, 5, 10, 20, and 50. Ans. See Fig. 12-75. 0
Magnitude Bode plot of second-order lowpass filters, Phase plot of second-order lowpass filters,
Q=0.2t050 Q=0.2t050
40 0
i —
0=50 20 \\

20 ,:\ 0=02 \ 0=50

—-40

: AN
-80 \

N
—40 -120 \\
AN
0 -160 \\ \

=

Magnitude (dB)
L
S
Angle (deg)

80 180 —
1072 107! 10° 10! 10 1072 107! 10° 10! 10?
Normalized angular frequency (rad/s) Normalized angular frequency (rad/s)

Fig. 12-75. Magnitude and phase plots of the lowpass second-order system H(s) = 1/(s2 + és + 1) for
Q=0.2,0.5,0.707, 5, 10, 20, and 50.

12.55. Plot the magnitude and phase of the frequency response of normalized n-th order lowpass Butterworth filters.
Ans.  See Fig. 12-76.

Magnitude Bode plot (dB) of lowpass Butterworth filters,
n=1,...7

0=
n=1
' “N —1004\

Phase plot (degree) of lowpass Butterworth filters,
n=1,.7

2N
TR N

, N
N P AN
IR

T
107! 100 10! 102 103 107! 100 10! 10? 103
Normalized angular frequency (rad/s)

Magnitude (dB)
&
IS
—
=
Angle (deg)

Normalized angular frequency (rad/s)
Fig. 12-76. Magnitude and phase plots of n-th order lowpass Butterworth filters (n=1, 2, ..., 7).

12.56. (a) Find the transfer function H(s) = V,/V, for the filter of Fig. 12-77(a) and determine its type. (b) Assuming

R=159Q, C=1yF, and B=R /(R, + R,), find the notch frequency and plot 20 log |H(jf)| vs. log ffor =0.5,
0.875, and 0.975.

2
[i] + 1
V2 B @, 1 B 3 R1 )
Ans. (a) = = , where @, = —, Q =———and § = ———— is the feedback
Vl 2 0 RC 41 -p) R +R
— | +=|—=[+1
o, Q o,

factor. The circuit is a notch filter; (b) @, = 6289 rads, f, = @,/(2n) = 1 kHz. See Fig. 12-77(b).
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12.57.

12.58.

12.59.

12.60.

12.61.

12.62.

12.63.

10 Bode} plot
R, 0
c c |
— fey g \l/
RI2 g 20
3
. 2 30
Vi B
=2C <
= -40
R R } -0
-60
-70
102 103 104
Frequency (Hz)
(a) Circuit (b) Magnitude response for = 0.5, 0.875, and 0.975,

(resulting in Q = 0.5, 2, and 10, respectively).

Fig. 12-77. An equal-component twin-T notch filter and its magnitude Bode plot.

Show that the half-power cutoff frequency in the circuit of Fig. 8-42 is @, = 1/(RC) and, therefore, frequency
scaling may be done by changing the value of C or R.

V. 2 2 1

2 _
Ans. V1

= ,
RC’" +RCs+1 (Y ( ’ RC
— | +]=|+1
Q) Q)

0 0

Find RLC values in the low-pass filter of Fig. 12-74(a) to move its half-power cutoff frequency to 5 kHz.
Ans. R=1€Q,C=31.83 uF, L =63.66 mH

In a first-order, lowpass Butterworth filter with f,=1000 Hz, find the attenuation (in dB) at a) 50 Hz, b) 500 Hz,
¢) 1 kHz, d) 5 kHz, and e) 10 kHz.

Ans. a)0.01,b) 1,¢) 3,d) 14.15, e) 20.04

Evaluate the magnitude response of the nth order, normalized lowpass Butterworth filter at @ = 1/2 and 2 for
n =1 through 10. Show that as n goes from 1 to 10, the magnitude approaches that of the ideal filter.

Ans.

n 1 2 3 4 5 6 7 8 9 10
w=0.5 08165 0.8944 0.9428 0.9701 09847 09923 0.9961 0.9981 0.9990 0.995
w=2 0.5774 0.4472 03333 0.2425 0.1741 0.1240 0.0880 0.0624 0.0442 0.0312

Find the attenuation (in dB) of the lowpass filter with H(s) = ! at a) 5 Hz, b) 10 Hz,

and ¢) 20 Hz. s> + 20725 + 4007

Ans. a)72.19,b) 74.94, c) 84.23
Find the order of a lowpass Butterworth filter such that the attenuation at 1180 Hz is 0.5 dB and at 10 kHz is 28 dB.
Ans n=2

Using the method of lowpass-to-highpass transformation, determine H(s) for a second-order, highpass
Butterworth filter with f, = 1 kHz.

2]

1+ﬁi+[
wC

Ans. th(s) = where 0 = 20007

N
[0

c



Two-Port Networks

13.1 Terminals and Ports

In a two-terminal network, the terminal voltage is related to the terminal current by the impedance Z = V/I.
In a four-terminal network, if each terminal pair (or port) is connected separately to another circuit as in
Fig. 13-1, the four variables i 12 s V) and v, are related by two equations called the terminal characteristics.
These two equations, plus the terminal characteristics of the connected circuits, provide the necessary and
sufficient number of equations to solve for the four variables.

4 I L B
F—o—-—"> —————o—
N | ot N n| M
—o——— — S
D 7 A c
Fig. 131

13.2 Z-Parameters

The terminal characteristics of a two-port network, having linear elements and dependent sources, may be
written in the s-domain as

Vi=Z,1,+Z,],
(D
V,=Z,1,+ 7,1,

The coefficients Z;; have the dimension of impedance and are called the Z-parameters of the network. The
Z-parameters are also called open-circuit impedance parameters since they may be measured at one terminal
while the other terminal is open. They are

Vi
Vi
(2)
v,
Z, = 1_1170
A"
_ 2
Z22 = tl—o

344
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EXAMPLE 13.1 Find the Z-parameters of the two-port circuit in Fig. 13-2.
Apply KVL around the two loops in Fig. 13-2 with loop currents I, and I, to obtain

V= 2L +s(I, +1,) = 2+ ), +sl,

(3)
V,=3L, +s(, + L) =sI + 3 +59)L,
I I
——AMW —MA—
20 30
v, 1H v,
o . o
Fig. 13-2
By comparing (1) and (3), the Z-parameters of the circuit are found to be
Z,=s+2
Z,=1, =s “
7, =s+3

Note that in this example Z,, =Z,,.

Reciprocal and Nonreciprocal Networks

A two-port network is called reciprocal if the open-circuit transfer impedances are equal: Z, =Z,,. Conse-
quently, in a reciprocal two-port network with current I feeding one port, the open-circuit voltage measured
at the other port is the same, irrespective of the ports. The voltage is equal to V =Z I = Z, 1. Networks
containing resistors, inductors, and capacitors are generally reciprocal. Networks that additionally have
dependent sources are generally nonreciprocal (see Example 13.2).

EXAMPLE 13.2 The two-port circuit shown in Fig. 13-3 contains a current-dependent voltage source. Find its
Z-parameters.
As in Example 13.1, we apply Kirchhoff’s Voltage Law (KVL) around the two loops:

V=2l -1, +s(, + L) =2+ 9)I + (s - DI,

V,=3L, +s(, + L) =sI +(3+9)I,

I I
JESN : =
+ N ¥

I 20 30

2
v, 1H v,
o 7 8 o

Fig. 13-3
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The Z-parameters are

Z”:s+2
Z12:s—1
()
Z21=s
7, =s+3

With the dependent source in the circuit, Z,, # Z,, and so the two-port circuit is nonreciprocal.

13.3 T-Equivalent of Reciprocal Networks

A reciprocal network may be modeled by its T-equivalent as shown in the circuit of Fig. 13-4.Z ,Z,, and Z,
are obtained from the Z-parameters as follows.

1,=2,,-17,
Z,=17,,-17, (©)
2.=2,=1,

The T-equivalent network is not necessarily realizable.

I, I
o Z, 7z, p———o0
+ +

Vi Z v,
o o
Fig. 13-4

EXAMPLE 13.3 Find the Z-parameters of Fig. 13-4.
Again we apply KVL to obtain

Vi=ZL,+Z2.0,+1)=(Z,+Z)1,+Z]1,

V,=ZL+Z X +1)=Z]1 +(Z,+Z)I, @
By comparing (1) and (7) the Z-parameters are found to be
7,=1,+17,
Z,=2, =1, ®)
7,,=7,+7,

13.4 Y-Parameters

The terminal characteristics may also be written as in (9), where I, and L, are expressed in terms of V, and V.

L=Y,V,+Y,V,
)
L=Y,V+Y,V,
The coefficients Yij have the dimension of admittance and are called the Y-parameters or short-circuit
admittance parameters because they may be measured at one port while the other port is short-circuited.
The Y-parameters are
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L
Y, = V.
llv,=0
Y, =
127V,
V2 V,=0
(10)
I
)
Y, V.
llv,=0
I
Y, = V_2
2lv,=0

EXAMPLE 13.4 Find the Y-parameters of the circuit in Fig. 13-5.

I, I
o AM i€ —o
1
50 ¢F
20 30
A\ v,
5
$H $H
o - ¢ o
Fig. 135

We apply Kirchhoff’s Current Law (KCL) to the input and output nodes (for convenience, we designate the admit-
tances of the three branches of the circuit by Y, Y, and Y, as shown in Fig. 13-6). Thus,

! 3

Y= 3553 " 5%+6
1 2

Y, =335/ " 5546 an
1 S

Yo=3556/s " %+6

I I
: Y. :
\ 2 Ya Yb V2
I o
Fig. 13-6

The node equations are

L=VY, +(V,-V) Y. =(Y,+Y,)V, - YV,

(12)
L=VY,+(V,-V)Y. =Y.V, +(Y, + YV,



348 CHAPTER 13 Two-Port Networks

By comparing (9) with (12), we get

Y, =Y, +Y
Y,=Y, =-Y, (13)
Y,=Y +Y,

Substituting Y, Y,, and Y _ from (11) into (13), we find

s+3
Y= 546
—s
Yo=Y =576 (14)
s+2
Y2 5s+6

Since Y, =Y,,, the two-port circuit is reciprocal.

21°

13.5 Pi-Equivalent of Reciprocal Networks

A reciprocal network may be modeled by its Pi-equivalent as shown in Fig. 13-6. The three elements of the
Pi-equivalent network can be found by reverse solution. We first find the Y-parameters of Fig. 13-6. From
(10) we have

Y, =Y, +Y  [Fig.137(a)]

Y,=-Y, [Fig. 13-7(b)]
(15)
Y, =-Y, [Fig. 13-7(a)]
Y, =Y, +Y, [Fig. 13-7(b)]
from which
Y, =Y, +Y, Y, =Y, +Y), Y. =-Y,=-Y, (16)
The Pi-equivalent network is not necessarily realizable.
I I L I
O YC Yc o
+ + + +
v, Y, Y, V,=0 v,=0 |Y, Y, v,
o o o o
(@) (b)
Fig. 13-7

13.6 Application of Terminal Characteristics

The four terminal variables I, I, V,, and V,, in a two-port network are related by the two equations (1) or (9). By
connecting the two-port circuit to the outside as shown in Fig. 13-1, two additional equations are obtained.
The four equations then can determine 11’ Iz, V1’ and V2 without any knowledge of the inside structure of
the circuit.
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EXAMPLE 13.5 The Z-parameters of a two-port network are given by
Z,=2s+1/s 7,=172, =2s Z,,=2s+4
The network is connected to a source and a load as shown in Fig. 13-8. Find Il, Iz’ Vl, and Vz-
30 I .&
+
1Q
V,()=12cost N v, Z=s+1
1H
Source Load
Fig. 13-8
The terminal characteristics are given by
V, = @2s+ 1/9)I, + 25,
(r7)
V,=2sI + (2s + DI,

The phasor representation of voltage v (t) is V_ =12 V with s = j. From KVL around the input and output loops we
obtain the two additional equations

V, =3I +V,

0=0+9s)I,+YV,

(13)
Substituting s = j and V_ =12 in (17) and in (18) we get

V, = jI, +2j1,
V, = 2j1, + (4 + 2))1,
12 =3I +V,

0=(0+HNL+V,
from which

[,=329/-102°  I,=1.13/-131.2°

V,=2.88/37.5° V,=1.6/93.8°

13.7 Conversion between Z- and Y-Parameters

The Y-parameters may be obtained from the Z-parameters by solving (1) for I, and L. Applying Cramer’s
rule to (1), we get

V/ Z
1 = 22 V. - 12 V.
! DZZ ! DZZ : (19)
L="Yuy luy
2 DZZ 1 D 2
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whe;e D,,=7,7Z,,-Z,,Z,, is the determinant of the coefficient matrix in (1). By comparing (19) with (9)
we have

V/
- Z2
Y, D,,
-7
N V)
Y, D,,
(20)
-7
— %1
Y, D,,
Z
- ~n
Y, D,,

Given the Z-parameters, for the Y-parameters to exist, the determinant DZZ must be nonzero. Conversely,
given the Y-parameters, the Z-parameters are

2

Z),= D

where D =Y,,Y,, - Y,,Y,, is the determinant of the coefficient matrix in (9). For the Z-parameters of a
two-port circuit to be derived from its Y-parameters, D, should be nonzero.

EXAMPLE 13.6 Referring to Example 13.4, find the Z-parameters of the circuit of Fig. 13-5 from its Y-parameters.
The Y-parameters of the circuit were found to be [see (14)]

s+ 3 —s s+2
=356 Ye=Ya=3535 Yo~ 3556

Substituting into (21), where Dy, = 1/(5s + 6), we obtain

Z,=s+2
2,=17, =s (22)
Z,,=s+3

The Z-parameters in (22) are identical to the Z-parameters of the circuit of Fig. 13-2. The two circuits
are equivalent as far as the terminals are concerned. This was by design. Figure 13-2 is the T-equivalent of
Fig. 13-5. The equivalence between Fig. 13-2 and Fig. 13-5 may be verified directly by applying (6) to the
Z-parameters given in (22) to obtain the T-equivalent network.

13.8 h-Parameters

Some two-port circuits or electronic devices are best characterized by the following terminal equations:

V,=h, L +h,V,

(23)
I, =hyI +h,V,

where the hij coefficients are called the hybrid or h-parameters.
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EXAMPLE 13.7 Find the h-parameters of Fig. 13-9.
This is the simple model of a bipolar junction transistor in its linear region of operation. By inspection, the terminal
characteristics of Fig. 13-9 are

V, =501, and I, = 3001, 24)
I 3001 I,
=W o>—=—
50Q
Vl V2
o o
Fig. 13-9
By comparing (24) and (23) we get
h,, =50 h,=0 h,, =300 h,,=0 (25)

13.9 g-Parameters

The terminal characteristics of a two-port circuit may also be described by still another set of hybrid
parameters as given in (26).

I =g,V +g,l,
(26)
V=g,V +eyl,
where the coefficients g, are called inverse hybrid or g-parameters.

EXAMPLE 13.8 Find the g-parameters in the circuit shown in Fig. 13-10.

. 103V, .
1 2
= AAN, G
10°Q
v, 100 Vv,
> 5
Fig. 13-10

This is the simple model of a field effect transistor in its linear region of operation. To find the g-parameters, we first
derive the terminal equations by applying Kirchhoff’s laws at the terminals:

At the input terminal: Vv, = 10° I,
At the output terminal: V,=10(1, - 107 V)
or =107V, and  V,=10L,-107"V, @7

By comparing (27) and (26) we get

9

g,=10" g,=0 g, =-10" g, =10 (28)
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13.10 Transmission Parameters

The transmission parameters A, B, C, and D express the required source variables V| and I, in terms of the
existing destination variables V, and L,. They are called ABCD or T-parameters and are defined by

V, = AV, - BI,
(29)
I, =CV, - DI,
EXAMPLE 13.9 Find the T-parameters of Fig. 13-11 where Z  and Z, are nonzero.
I, I,
o—_— 7z, —0
+ +
\'A Z v,
o o
Fig. 13-11
This is the simple lumped model of an incremental segment of a transmission line. From (29) we have
\/ Z,+7,
A= V_ = Z— =1+ ZaYh
2101 =0 b
Vi
B = —I— = Z(l
21lv,=0
(30)
L
C = v = Yb
2l =0
L
D= 1 =1
2lv =0

13.11 Interconnecting Two-Port Networks

Two-port networks may be interconnected in various configurations, such as series, parallel, or cascade
connections, resulting in new two-port networks. For each configuration, a certain set of parameters may be
more useful than others to describe the network.

Series Connection

Figure 13-12 shows a series connection of two two-port networks a and b with open-circuit impedance
parameters Z and Z,, respectively. In this configuration, we use the Z-parameters since they are combined as
a series connection of two impedances. The Z-parameters of the series connection are (see Problem 13.10):

!_l. Ila IZa _!.2
o~ —= — o)
+ Vla t Za tVZa +

A\ V.

! I, Ly ?

+ +
— Vlb - Zb — V2b -
O O

Fig. 13-12
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or, in the matrix form,

Parallel Connection

2,=2,,+1,,
Z,=2,,+7,,
2,,=2,,+2,,
Z,,= Z22,a + Z22,b

Z]=1[Z,1+1[Z,]

353

3la)

(31b)

Figure 13-13 shows a parallel connection of the two-port networks a and b with short-circuit admittance
parameters Y_and Y, respectively. In this case, the Y-parameters are convenient to work with. The Y-parameters
of the parallel connection are (see Problem 13.11):

or, in matrix form,

Cascade Connection

Y, = Yll,a + Yll,b

Y, = Y]2,a + le,b

Y,

=Y,

21,a + Y21,b

Yy, = Yzz,a + Y22,b

(Y] =[Y,]+[Y,]

Ila
—

Fig. 13-13

(32q)

(32b)

The cascade connection of the two-port networks a and b is shown in Fig. 13-14. In this case the T-parameters
are particularly convenient. The T-parameters of the cascade combination are

A=AA,+BC,
B=AB,+BD,
C=CA,+DC,

D=CB,+DD,

Il Ila
fo— e
v, tv,

e Ly Ly L
S o
a ~ Vo _Vy| T, _Vy \f)
~ . ° 0 -

Fig. 13-14

(33a)
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or, in matrix form,

[T] = [T, [T, ] (33b)

13.12 Choice of Parameter Type

What types of parameters are appropriate for and can best describe a given two-port network or device?
Several factors influence the choice of parameters. (1) It is possible that some types of parameters do not
exist as they may not be defined at all (see Example 13.10). (2) Some parameters are more convenient to
work with when the network is connected to other networks, as shown in Section 13.11. In this regard, by
converting the two-port network to its T- and Pi-equivalents and then applying the familiar analysis tech-
niques, such as element reduction and current division, we can greatly reduce and simplify the overall circuit.
(3) For some networks or devices, a certain type of parameter produces better computational accuracy and
better sensitivity when used within the interconnected circuit.

EXAMPLE 13.10 Find the Z- and Y-parameters of Fig. 13-15.

I, 30 20

Fig. 13-15

We apply KVL to the input and output loops. Thus,

Input loop: V, =31 +31, + L)
Output loop: V, =71+ 2L, +3I, + L)
or V, =6l +3I, and V, =101, + 51, (34)

By comparing (34) and (2) we get

The Y-parameters are, however, not defined, since the application of the direct method of (10) or the conversion from
Z-parameters (19) produces D, = 6(5) — 3(10) = 0.

13.13 Summary of Terminal Parameters and Conversion
The various terminal parameters are defined by the following equations:

Z-parameters h-parameters T-parameters
Vi=Z, L, + 7,1, Vi=h, I, +h,V, V, = AV, - BI,

V,=7Z,]1, +27,], L,=h,I +h,V, I, =CV, -DI,

[V]=1[Z]1]
Y-parameters g-parameters
L =Y,V +Y,V, I =g,V +g,l,

L=Y,V+Y,V, V=g,V +g,l,

1] = [YI[V]
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Table 13-1 summarizes the conversion between the Z-, Y-, h-, g-, and T-parameters. For the conversion
to be possible, the determinant of the source parameters must be nonzero.

Table 13-1
z Y h g T
7 7 Y, -Y), Dyp h 1 8 A Dyp
i 12 Dyy Dyy h,, h), g 8 C C
z D
7 VA _Y21 Y11 _h21 L g __ 88 i 2
2 2 Dyy Dyy h,, h,, g1 811 C C
Z22 _le Y Y L _h12 k 3P 2 _DTT
Dzz Dzz 1 12 h] 1 11 g22 g22 B B
Y
Ly Zy v v by DPw g L -1 A
Dzz Dzz 21 2 hl 1 hl 1 g22 g22 B B
Dy Z, 1 Y, b h L5753 g B D
Z,, Z, Y, Y, 1 12 D, D, D b
h
~Z,, R Y, D, h h £ g1 -1 Cc
Z22 Z22 Y11 Y11 21 22 Dgg Dgg D D
L _le DYY h h22 _hlz g, g, E _DTT
. Z, Z, Yy, Yy, Dy, Dy, A A
h Dzz _Y2] L _h21 hl 1 g, g, i E
Z, Z, Y, 2 Dy, Dy, A A
Z, Dy Y 1 D “hy 1 &y A B
T Z,, Z,, Y, Y, h,, h,, g 8
1 Zy Dy Yy —h,, -l 2, Dy cC D
Z,, Z,, Y, Y, h,, h,, 85 851

DPP = P1 1P22 — P12P21 is the determinant of the coefficient matrix for the Z—, Y-, h—, g—, or T-parameters.

SOLVED PROBLEMS

13.1. Find the Z-parameters of the circuit in Fig. 13-16(a).
Z,, and Z,, are obtained by connecting a source to port #1 and leaving port #2 open [Fig. 13-16(b)].
The parallel and series combination of resistors produces

\/ v, 1
Z = =8 and 7, === ==
o, Lo 21 I, o

Similarly, Z,, and Z,, are obtained by connecting a source to port #2 and leaving port #1 open
[Fig. 13-16(c)].

Vl
= — Zl2=t

1,=0

The circuit is reciprocal, since Z , = Z,,.



356 CHAPTER 13 Two-Port Networks

I, I,
o= AAA—1 ANN— =
6Q 4Q
v, 30 10 v,
- 1Q -
(a)
I L=0
=AW\ AAA——4 =
6Q 40
Source <> A\ § 3Q 10 Vv,
- 1Q -
MV 0
(b)
I,=0 I
o= AAA—¢ ANN— =
6 4Q
v, 30 1Q v, <> Source
- 10 -
o - MV
©
Fig. 13-16

13.2. The Z-parameters of a two-port network N are given by
Z,=2s+1/s 7,=172, =2 Z,,=2s+4

(a) Find the T-equivalent of N. (b) The network N is connected to a source and a load as shown in the
circuit of Fig. 13-8. Replace N by its T-equivalent and then solve for i, i,, v, and v,.

(a) The three branches of the T-equivalent network (Fig. 13-4) are

7,=7,, —-7Z,=2s+4-2s=4
Z,=72,=171, =2s
(b) The T-equivalent of N, along with its input and output connections, is shown in the phasor domain
in Fig. 13-17.
I, I,
: {———AW 0
30 jiQ 40 L
12£0° v, 2j Q \f
jiQ

Fig. 13-17
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By applying the familiar analysis techniques, including element reduction and current division, to

Fig. 13-17 we find i, i,, v,, and v,.
In the phasor domain In the time domain:
I,=3.29/-10.2° i, =3.29 cos(t - 10.2°)
I,=1.13/-131.2° iy =1.13 cos(t - 131.2°)
V,=2.88/37.5° v, = 2.88 cos(t +37.5°)
V,=1.6/93.8° v, = 1.6 cos(z +93.8°)

13.3. Find the Z-parameters of the two-port network in Fig. 13-18.

I, /3I< I,
o——AAN O NMN——
+ 4Q Vo 10 +
v, 10 \A
o s o

Fig. 13-18

KVL applied to the input and output ports results in the following:
Input port: V, =41, -3L+{, + L) =51 -2I,
Output port: V,=L+{,+L)=1I +2I,

By applying (1) to the above, Z,, =5,Z,,=-2,Z,, =1, and Z,, = 2.

13.4. Find the Z-parameters of the two-port network in Fig. 13-19 and compare the results with those of
Problem 13.3.

I, I
o MWV AMNN——0
50 20
v 21, <;> <f> I, v,
o ©
Fig. 1319

KVL gives
V, =51 -2I, and vV, =1, +2I,

The above equations are identical with the terminal characteristics obtained for the network of
Fig. 13-18. Thus, the two networks are equivalent.

13.5. Find the Y-parameters of Fig. 13-19 using its Z-parameters.
From Problem 13.4,

Z,=512,=-217,=1,72Z,=2
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Since D, =Z,\Z,, - Z,Z, = (5Q2) - (-2)(1) = 12,

1 -z 2 1 21 11 5
=D "12°6 =D "12°6¢ Y2 D 12 Y2=p -T2

7z 7z 7z 7z

13.6. Find the Y-parameters of the two-port network in Fig. 13-20 and thus show that the networks of
Figs. 13-19 and 13-20 are equivalent.

A 6Q 1 1 240 V.
1 V2 <f> Vi 2

Fig. 13-20

Apply KCL at the ports to obtain the terminal characteristics and Y-parameters. Thus,

vV, V,
Il’lpllt port: Il = F + T
vV, V,
Output port: L= 4712
1 1 -1 1 5
and Y=g Ye=sg Yu=y Yo=35°17

which are identical with the Y-parameters obtained in Problem 13.5 for Fig. 13-19. Thus, the two networks
are equivalent.

13.7. Apply the short-circuit equations (10) to find the Y-parameters of the two-port network in

Fig. 13-21.
I I,
o—= A'A"A% —0
* 120 *
v, 12Q Lv, 30 v,
o e o \ o
Fig. 13-21
11 1
=Y,V |Vf° = [E + E]V1 or Y, =¢
vV, V 1 1 1
= = 2 —_2 = — — — = —
L= Y12V2|V.=0 12 (4 12]V2 or Y=g
L=Y\V Y y =-1
27 ol 1|v2:0 T 12 or 217 12
vV, V 1 1 5
- 2, 1. 1 -
I, = Y22V2|VI:0 =3+ (3 + 12]V2 or Y, =
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13.8. Apply KCL at the nodes of the network in Fig. 13-21 to obtain its terminal characteristics and
Y-parameters. Show that the two-port networks of Figs. 13-18 to 13-21 are all equivalent.

V, V-V, V

Input node: I = ot 13 2 4 TZ
V, V,-V
Output node: I,= T2 + 212 1
1 1 1 5
IIZEVI +6V2 Izz—ﬁvl +EV2

The Y-parameters observed from the above characteristic equations are identical with the Y-parameters of
the circuits in Figs. 13-18, 13-19, and 13-20. Therefore, the four circuits are equivalent.

13.9. Z-parameters of the two-port network N in Fig. 13-22(a) are Z | =4s,Z , =171, =3s,and Z,, = 9s.
(a) Replace N by its T-equivalent. (b) Use part (a) to find input current i, for v, = cos 1000z (V).

(a) The network is reciprocal. Therefore, its T-equivalent exists. Its elements are found from (6) and
shown in the circuit of Fig. 13-22(b).

i
+ox
+ o

t

<
z
&

C
6 k)
(@)
N
|- —————————— 1
I, | |
-— —Y Y Y Y Y YN I °
| s 6s |
1 |
| 3s |
1 |
1 |

6 kQ

[ ]

@ g

®)
Fig. 1322
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13.10.

13.11.

CHAPTER 13

-Z,=4s-3s=s

—Z, =9s-3s=06s

Two-Port Networks

(b) We repeatedly combine the series and parallel elements of Fig. 13-22(b), with resistors being in k€

and s in krad/s, to find Z,

Z,6)=V, =

in kQ:

(Bs +6)(6s +12)
9s + 18

Z,=17,,

1,=17,,

Zc: le =Z2] =3s
=3s+4

and i, = 0.2 cos(10007 — 36.9°) (mA).

or

Z,(j)=3j+4=5/36.9°kQ

Two two-port networks a and b, with open-circuit impedances Z  and Z,, respectively, are connected
in series (see Fig. 13-12). Derive the Z-parameter equations (31a).

From network a we have

From network b we have

Vla le aIIa + Z12 aIZa
i Z21 Jdia T Zzz oo
Vio =2y Ly, + 2y, L,
Yy = Z21 oy + Z22 plap

From the connection between a and b we have

Therefore,

IL=1

V= (Z,

la

= IZa

=1

from which the Z-parameters (31a) are derived.

ot Ly ) + (2

v, = (Z21,a+ Z21,b)Il +(Z

=1, Vi=Vie t Vi

2b V,=V,, +V,,

20t Ly )L

22,a

+ Zzz,b)lz

Two two-port networks a and b, with short-circuit admittances Ya and Y b respectively, are connected
in parallel (see Fig. 13-13). Derive the Y-parameter equations (32a).

From network a we have

and from network b we have

I

L.=

21l,a "la

la _YI]aV +Y]2aV

=Y, Via t Yo . Vau

L,=Y,,V,+Y,,V,

L,

1Lb "1b

21,b

From the connection between a and b we have

Therefore,

from which the Y-parameters of (32a) result.

Vi=Vi

V,=V,,

I =(Y lla

(21a

=V,

22,b

21 b)V +( 22a

=Y, Vi, + Yo,V

L=I,+1,
=V, L=1, +1,
Y )V + Yy, + Y )V,

22,b)V2
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13.12.

Find (@) the Z-parameters of the circuit of Fig. 13-23(a) and (b) an equivalent model which uses three
positive-valued resistors and one dependent voltage source.

21, I, I, 21, I,

$t
3
&
§t

2 in 410 50
v, 20 V. Vv, \A
o 13 O o e
(a) ()
Fig. 13-23
(a) From application of KVL around the input and output loops we find, respectively,
V=21 -2L, +2(I, + I,) = 41,
V, =31, + 21, +1,) = 2, + 51,
The Z-parameters are le =4, le =0, Z21 =2, and Z22 =5.
(b) The circuit of Fig. 13-23(b), with two resistors and a voltage source, has the same Z-parameters as the
circuit of Fig. 13-23(a). This can be verified by applying KVL around its input and output loops.
13.13. (a) Obtain the Y-parameters of the circuit in Fig. 13-23(a) from its Z-parameters. (b) Find an
equivalent model which uses two positive-valued resistors and one dependent current source.
(a) From Problem 13.12,Z,,=4,2,,=0,Z, =2,7,,=5,andsoD,, =7, Z,,— Z ,Z,, = 20. Hence,
z 5 1 -7 -7 -2 1 z 4 1
Y =22 -~ —_ Y. = 12 _ o Y. = 21 -~ Y, =1L -~ —_
n-p,, 20 4 2= D,, 21 D, 20 10 2D, 20 5
(b) Figure 13-24, with two resistors and a current source, has the same Y-parameters as the circuit in
Fig.13-23(a). This can be verified by applying KCL to the input and output nodes.
13.14. Referring to the network of Fig. 13-23(b), convert the voltage source and its series resistor to its

Norton equivalent and show that the resulting network is identical to that in Fig. 13-24.

The Norton equivalent current source is I, = 2/,/5 =0.41,. But I, = V,/4. Therefore, I, =0.41, =0.1V.
The 5-Q resistor is then placed in parallel with I;. The circuit is shown in Fig. 13-25 which is the same
as the circuit in Fig. 13-24.

1,=0.1V,
I, L, I A I,
o — o ———0 O— —0
¥ + ¥ MWV~ v +
4Q
1 A%
A\ 40 § ! sQ vV, v, 5Q v,
o 7S ) o o

Fig. 13-24 Fig. 13-25
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13.15. The h-parameters of a two-port network are given. Show that the network may be modeled by the
network in Fig. 13-26 where h |, is an impedance, h, is a voltage gain, h,, is a current gain, and h,,
is an admittance.

21

I, L
Oo—— hy, —0
+ +

+
v, _hpV; hy I | by, v,
o * * o
Fig. 1326

Apply KVL around the input loop to get
Vi=h, L, +h,V,
Apply KCL at the output node to get
L=hy,I +h,V,
These results agree with the definition of h-parameters given in (23).

13.16. Find the h-parameters of the circuit in Fig. 13-25.
By comparing the circuit in Fig. 13-25 with that in Fig. 13-26, we find
-1
h,=4Q,  h,=0, h,=-04,  h,=15=02Q
13.17. Find the h-parameters of the circuit in Fig. 13-25 from its Z-parameters and compare with the results
of Problem 13.16.

Refer to Problem 13.13 for the values of the Z-parameters and D,,,. Use Table 13-1 for the conversion
of the Z-parameters to the h-parameters of the circuit. Thus,

The above results agree with the results of Problem 13.16.

13.18. The simplified model of a bipolar junction transistor for small signals is shown in Fig. 13-27.
Find its h-parameters.

Il BII 12

-

S

+0

Vi v,

Fig. 13-27

The terminal equations are V, = 0 and I, = fI,. By comparing these equations with (23), we conclude
that h11 = h12 = h22 =0 and h21 =B.
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13.19. The h-parameters of a two-port device H are given by
h,=500Q  h,=10"  h, =100  h,=2010°%Q"

Draw a circuit model of the device made of two resistors and two dependent sources. Include the values
of each element.

From a comparison with Fig. 13-26, we draw the model of Fig. 13-28.

I, 5000 I,
L _ =
o A% °
v, 10-4V, 1001, S00kQ vy,
o * o
Fig. 13-28

13.20. The device H of Problem 13-19 is placed in the circuit of Fig. 13-29(a). Replace H by its model of
Fig. 13-28 and find V,/V .

1.5kQ
ANN— .
Vs H v, 1kQ
(@)
1.5kQ 500 Q)
fl’ +
\A 10-4V, 1001, 500 k) v, ? 1kQ
b
—— AN - .
\/ +
V, Vv, 1kQ

©
Fig. 13-29

The circuit of Fig. 13-29(b) contains the model. With good approximation, we can reduce it to
Fig. 13-29(c) from which

I, = V/2000 V, = -1000(1001I,) = —1000(1 OOVS/ZOOO) =-50V,
Thus, V,/V =-50.
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13.21.

CHAPTER 13 Two-Port Networks

Aload Z, is connected to the output of a two-port device N (Fig. 13-30) whose terminal characteristics
are given by V, =(1/N)V, and I, = —NI,. Find () the T-parameters of N and (b) the input impedance
Z =V /1.

in '"1

I I
i = o
¥ +
Vi Z N AL z
O .
Fig. 1330

(a) The T-parameters are defined by [see (29)]
V, = AV, - BI,
I,=CV,-DI,
The terminal characteristics of the device are

V, = (IIN)V,

I, =-NI,

By comparing the two pairs of equations we get A=1/N,B=0,C=0,and D=N.

(b) Three equations relating V, I,, V,, and L, are available: two equations are given by the terminal
characteristics of the device and the third equation comes from the connection to the load,

V,=-2,1,
By eliminating V, and L, in these three equations, we get

2 . 2
V,=Z,1,/N from which Z.=V,/1,=7Z,/N

SUPPLEMENTARY PROBLEMS

13.22.

13.23.

13.24.

13.25.

The Z-parameters of the two-port network N in Fig. 13-22(a) are Z,, =4s, Z , = Z,, = 3s, and Z,, = 9s. Find
the input current i, for v_= cos 1000z (V) by using the open circuit impedance terminal characteristic equations
of N, together with KCL equations at nodes A, B, and C.

Ans. i, =0.2 cos (10007 - 36.9°) (A)

Express the reciprocity criteria in terms of h-, g-, and T-parameters.

Ans. h,+h, =0,g,+g, =0,and AD-BC=1

Find the T-parameters of a two-port device whose Z-parameters are Z,, =s, Z,, = Z,, = 10s, and Z,, = 100s.
Ans. A=0.1,B=0,C=10"/s,and D= 10

Find the T-parameters of a two-port device whose Z-parameters are Z,, = 10%, 7,=71, = 10’s, and Z,,= 10%.
Compare with the results of Problem 13.21.

Ans. A=0.1,B=0,C= 107/s and D = 10. For high frequencies, the device is similar to the device of
Problem 13.21, with N = 10.
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13.26.

13.27.

13.28.

13.29.

13.30.

The Z-parameters of a two-port device N are Z,, = ks, Z,, = 10ks, and Z,, = 100ks. A 1-Q resistor is
connected across the output port (see Fig. 13- 30) (a) Fmd the 1nput 1mpedance Z =V/I, and construct its
equivalent circuit. (b) Give the values of the elements for k =1 and 10°.

ks 1
Ans. (@) Ly, = T700%s = 100 + ks

The equivalent circuit is a parallel RL circuit with R = 107Qand L=1KkH.
1 1
(b) Fork=1, R=-—=~ Q and L=1H. Fork= 10°, R=—~ Q and L=10°H.

100 ’ 100
The device N in Fig. 13-30 is specified by the following Z-parameters: Z,, = N2Z11 and
Z,=17, Z”Z22 NZ,,.Find Z, =V /I, when a load Z, is connected to the output terminal. Show

that if Zll > ZL/N we have impedance scaling such that Z, = ZL/NZ.

Z
Ans. Ly =——L—— ForZ < N°Z,.Z_ =17, IN’.
N°+1Z,/Z,, " L
Find the Z-parameters in the circuit of Fig. 13-31. Hint: Use the series connection rule.

Ans. 7L, =2, =s+3+1/s,Z,=7, =s+1

I, 20 I,
o~ o A PS —0
0 VW o
40 40
L
20

v, v,

1 1

s s

S
o & o
Fig. 13-31

Find the Y-parameters in the circuit of Fig. 13-32. Hint: Use the parallel connection rule.
Ans. Y, =Y,,=9(+2)/16,Y,=Y, =-3(s+2)/16

F
[4
Y

b 00|

W=
=]

f—
=}

ool
T
Y|
71
-
=]
Y|
7T
ool
eS|

Wi
=
Wi
=)

L
\

00|

F

Fig. 13-32

Two two-port networks a and b with transmission parameters T and T, are connected in cascade (see Fig. 13-14).

Givenl, =-I,, and V, =V, find the T-parameters of the resultmg two-port network.

Ans. A=AA,+BC,B=AB,+BD, C=CA,+DC, D=CB,+DD,
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13.31. Find the T- and Z-parameters of the network in Fig. 13-33. The impedances of the capacitors are given. Hint:
Use the cascade connection rule.

Ans. A=5—4,B=4j+2,C=2-4,andD=/3,Z, =13 -0.6), Z,,=03 0.6}, Z,=Z, =— 02~ 0.1]

I 10 10 10 I,

=W

S N
I I

Fig. 13-33

13.32. Find the Z-parameters of the two-port circuit of Fig. 13-34.

1
Ans. 2y, =Ty =52, +1,), Ly =2y =5(Z,~1,)

Fig. 13-34

13.33. Find the Z-parameters of the two-port circuit of Fig. 13-35.

2
1Z,0Z,+Z,) 1 Z

— b
2=27Z +Z,

Ans. 7 =17 = Em

Fig. 13-35

13.34. Referring to the two-port circuit of Fig. 13-36, find the T-parameters as a function of @ and specify their values
at =1, 10°, and 10° rad/s.

Ans. A=1-10" @ +j10° 0, B=10" (1 + jw), C = 10° jo, and D = 1. At @ = 1 rad/s, A = 1,
B=10"(1+/),C=10"j,andD=1. Atw=10°rad/s,A = 1, B = j,C=10"j,and D= 1. At @ = 10° rad/s,
A=-10°,B=10°j,C=j, andD = 1.
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I, 103Q 103 H 1,

AN =

* +

v, 106 F ,[ v,

o .- o
Fig. 13-36

367

13.35. A two-port network contains resistors, capacitors, and inductors only. With port #2 open [Fig. 13-37(a)], a unit
step voltage v, = u(?) produces i, = T0) (LA) and v, = (1 - e Nu(r) (V). With port #2 short-circuited
[Fig. 13-37(b)], a unit step voltage v, = u(¢) delivers a current i, = 0.5(1 + eiZt)u(t) (uA). Find i, and the

T-equivalent network.

U

RLC

(a)

i
Uy Uy
o 5

Ans. iy=0.5(~1+ € u(r) [see Fig. 13-37(c)]

RLC

P

i 1MQ 1 MO i
——AAN, l AM——0
Uy »|\ 1 pF v
o 4 o

()
Fig. 13-37

(b)

13.36. The two-port network N in Fig. 13-38 is specified by Z,, =2,Z,,=Z,, = 1,and Z), =4. Find /,, I,, and I,

Ans. I,=24A,L,=15A,and ;=65 A

V, =141 VC)

[ B

30
A
t,
30
A% = N =
+ 11 12 +
v, v,

Fig. 13-38



CHAPTER 14

Mutual Inductance and
Transformers

14.1 Mutual Inductance

The total magnetic flux linkage A in a linear inductor made of a coil is proportional to the current passing
through it; that is, A = Li (see Fig. 14-1). By Faraday’s law, the voltage across the inductor is equal to the
time derivative of the total influx linkage; that is,

da di
v="rr = Lla

Fig. 14-1

The coefficient L, in H, is called the self-inductance of the coil.

Two conductors from different circuits in close proximity to each other are magnetically coupled to a
degree that depends upon the physical arrangement and the rates of change of the currents. This coupling is
increased when one coil is wound over another. If, in addition, a soft-iron core provides a path for the mag-
netic flux, the coupling is maximized. (However, the presence of iron can introduce nonlinearity.)

To find the voltage-current relation at the terminals of the two coupled coils shown in Fig. 14-2, we
observe that the total magnetic flux linkage in each coil is produced by currents i, and i, and the mutual
linkage effect between the two coils is symmetrical.

A = L, + Mi,

) ) (D
2,2 = Mi, + L,i,

where M is the mutual inductance (in H).

368
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Fig. 14-2

The terminal voltages are time derivatives of the flux linkages.

/1 di, di,

wO =g =Lgr + Mgr
2
dl1 di2 )

(1) = @ T

The coupled coils constitute a special case of a two-port network discussed in Chapter 13. The terminal
characteristics (2) may also be expressed in the frequency domain or in the s-domain as follows.

Frequency Domain
V, = joL I + joM1I, 3)

V, = joM 1, + joL,I,

s-Domain
V, = Lsl, + Msl, )
V2 = MsI1 + L2s12

The coupling coefficient M is discussed in Section 14.2. The frequency domain equations (3) deal with the
sinusoidal steady state. The s-domain equations (4) assume exponential sources with complex frequency s.

EXAMPLE 14.1  Given L, =0.1 H, L,=0.5 H, and i,(1) = i,() = sin @t in the coupled coils of Fig. 14-2. Find v,(#) and
0,(t) for (@) M =0.01 H, (b)) M =0.2 H, and (¢) M =-0.2 H.

(@) U,(1) = 0.lwcoswt + 0.01lwcoswr = 0.11wcoswr (V)

0,(t) = 0.01lwcoswr + 0.5 wcoswt = 0.51wcoswt (V)

) v(1) = 0.1wcoswr + 0.2wcoswt = 0.3wcoswr (V)

V(1) = 0.2wcoswr + 0.5wcoswt = 0.7wcoswr (V)

(© V(1) = 0.1wcoswr — 0.2wcoswt = —0.1wcoswr (V)

V(1) = -0.2wcoswr + 0.50coswt = 0.3wcoswr (V)
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14.2 Coupling Coefficient

A coil containing N turns with magnetic flux ¢ linking each turn has total magnetic flux linkage A = N¢.
By Faraday’s law, the induced emf (voltage) in the coil is e = dA/dt = N(d¢/dr). A negative sign is frequently
included in this equation to signal that the voltage polarity is established according to Lenz’s law.
By definition of self-inductance this voltage is also given by L(di/dt); hence,

a9
di

di _d¢

L— =N— or L=N (5a)

The unit of ¢ being the weber, where 1 Wb =1 V - s, it follows from the above relation that 1 H=1 Wb/A.
Throughout this book it has been assumed that ¢ and i are proportional to each other, making

L= Ni? = constant (5b)

In Fig. 14-3, the total flux ¢, resulting from current i, through the turns N, consists of leakage flux, ¢, ,,
and coupling or linking flux, ¢, ,. The induced emf in the coupled coil is given by N,(d¢,,/dr). This same
voltage can be written using the mutual inductance M:

di do do
— —1 _ 12 — 12
e_Mdt_NZ a1 or M=N, dil 6)
Fig. 14-3
Also, as the coupling is bilateral,
d¢
M=N g @)

The coupling coefficient, k, is defined as the ratio of linking flux to total flux:

O _ 9

2

where 0 < k£ < 1. Taking the product of (6) and (7) and assuming that k depends only on the geometry of the
system,

2 d¢ d¢ d(ke,) d(k¢,) 2 99 d¢ 2
= o G o = [ ) v ) - e

from which M =kLL, or X, = kJyX,X, ®)

k=

Note that (8) implies that M < /Lle ,
argument.

If all of the flux links the coils without any leakage flux, then k = 1. On the other extreme, the coil axes
may be oriented such that no flux from one can induce a voltage in the other, which results in k= 0. The term
close coupling is used to describe the case where most of the flux links the coils, either by way of a magnetic
core to contain the flux or by interleaving the turns of the coils directly over one another. Coils placed side
by side without a core are loosely coupled and have correspondingly low values of k.

a bound that may be independently derived by an energy
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14.3 Analysis of Coupled Coils

Polarities in Close Coupling

In Fig. 14-4, two coils are shown on a common core which channels the magnetic flux ¢. This arrangement
results in close coupling, which was mentioned in Section 14.2. To determine the proper signs on the volt-
ages of mutual inductance, apply the right-hand rule to each coil: If the fingers wrap around in the direction
of the assumed current, the thumb points in the direction of the flux. Resulting positive directions for ¢,
and ¢, are shown on the figure. If fluxes ¢, and ¢, aid one another, then the signs on the voltages of mutual
inductance are the same as the signs on the voltages of self-inductance. Thus, the plus sign would be written
in all four equations (2) and (3). In Fig. 14-4, ¢, and ¢, oppose each other; consequently, the equations (2)
and (3) would be written with the minus sign.

R, ] @2 ‘\ R,
i > L, L, is
Uy 152)
M4
Fig. 14-4

Natural Current

Further understanding of coupled coils is achieved from consideration of a passive second loop as shown
in Fig. 14-5. Source v, drives a current i, with a corresponding flux ¢, as shown. Now Lenz’s law implies
that the polarity of the induced voltage in the second circuit is such that if the circuit is completed, a current
will pass through the second coil in such a direction as to create a flux opposing the main flux established
by i,. That is, when the switch is closed in Fig. 14-5, flux ¢, will have the direction shown. The right-hand
rule, with the thumb pointing in the direction of ¢,, provides the direction of the natural current i,. The
induced voltage is the driving voltage for the second circuit, as suggested in Fig. 14-6; this voltage is
present whether or not the circuit is closed. When the switch is closed, current i is established, with a
positive direction as shown.

AAA
LA 4

R, ads b =~ R,

AN P \—cvw—' L,
L L,
v (i P I is i>
M7 _ pp i

dt

OO

Fig. 14-5 Fig. 14-6

EXAMPLE 14.2 Suppose the switch in the passive loop to be closed at an instant (z = 0) when i, = 0. For 7 > 0, the
sequence of the passive loop is (see Fig. 14-6)

Ri La’i2 Mdil—()
o+ Ly g ~ Mg =

while that of the active loop is

‘ diy di,
Rij+L - -M=2 =0

L dt dt 1
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Writing the above equations in the s-domain with the initial conditions i1(0+) = i2(0+) = 0 and eliminating I (s),
we find

response _ I,(s) Ms

H(s) = = =
excitation — V() (L L, -~ M*)s’ + (R L, + R,L,)s + R R,

and from the poles of H(s) we have the natural frequencies of i,.

14.4 Dot Rule

The sign on a voltage of mutual inductance can be determined if the winding sense is shown on the circuit
diagram, as in Figs. 14-4 and 14-5. To simplify the problem of obtaining the correct sign, the coils are marked
with dots at the terminals which are instantaneously of the same polarity.

To assign the dots to a pair of coupled coils, select a current direction in one coil and place a dot at the
terminal where this current enters the winding. Determine the corresponding flux by application of the
right-hand rule [see Fig. 14-7(a)]. The flux of the other winding, according to Lenz’s law, opposes the first
flux. Use the right-hand rule to find the natural current direction corresponding to this second flux [see
Fig. 14-7(b)]. Now place a dot at the terminal of the second winding where the natural current leaves the
winding. This terminal is positive simultaneously with the terminal of the first coil where the initial current
entered. With the instantaneous polarity of the coupled coils given by the dots, the pictorial representa-
tion of the core with its winding sense is no longer needed, and the coupled coils may be illustrated as in
Fig. 14-7(c). The following dot rule may now be used:

(1) when the assumed currents both enter or both leave a pair of coupled coils by the dotted terminals, the
signs on the M-terms will be the same as the signs on the L-terms; but

(2) if one current enters by a dotted terminal while the other leaves by a dotted terminal, the signs on the
M-terms will be opposite to the signs on the L-terms.

° [ [
°
—_— P p
! <
p ¢ i b
C— .
°
(a) (b) (c)
Fig. 14-7

EXAMPLE 14.3 The current directions chosen in Fig. 14-8(a) are such that the signs on the M-terms are opposite to
the signs on the L-terms and the dots indicate the terminals with the same instantaneous polarity. Compare this to the
conductively coupled circuit of Fig. 14-8(b), in which the two mesh currents pass through the common element in
opposite directions, and in which the polarity markings are the same as the dots in the magnetically coupled circuit.
The similarity becomes more apparent when we allow the shading to suggest two black boxes.

Fig. 14-8
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14.5 Energy in a Pair of Coupled Coils

The energy stored in a single inductor L carrying current i is 0.5Li* J. The energy stored in a pair of coupled
coils is given by

W= lLlif 12

5 5 Lyis + Miji, () )

where L, and L, are the inductances of the two coils and M is their mutual inductance. The term Mi 1 in (9)
represents the energy due to the effect of the mutual inductance. The sign of this term is (a) positive if both
currents i, and i, enter either at the dotted or undotted terminals, or (b) negative if one of the currents enters
at the dotted terminal and the other enters the undotted end.

EXAMPLE 14.4 In a pair of coils, with L,=0.1Hand L,=0.2H, ata certain moment, ii=4Aandi,=10A. Find the
total energy in the coils if the coupling coefficient M is (a) 0.1 H, (b) J2/10 H, (¢) =0.1 H, and (d) —v/2/10 H.
From (9),

(@) W = (0.5)(0.1)4% + (0.5)(0.2)10° + (0.1)(10)(4) = 14.8 J

by W=16.461]
(c) W=6.81]
d)yw=5.141]

The maximum and minimum energies occur in conjunction with perfect positive coupling (M = J2/10) and perfect
negative coupling (M = —/2/10).

14.6 Conductively Coupled Equivalent Circuits

From the mesh current equations written for magnetically coupled coils, a conductively coupled equivalent
circuit can be constructed. Consider the sinusoidal steady-state circuit of Fig. 14-9(a), with the mesh currents
as shown. The corresponding equations in matrix form are

R + joL, —joM I Bz
—joM R, + joL, ||L, | ] 0

In Fig. 14-9(b), an inductive reactance, X, = oM, carries the two mesh currents in opposite directions,
whence

Z,=17, =-joM
R R, R, Je(Li-M) ju(l;-M) R,
Ay AN P AAA——t VYV ey _M

(a) (b)
Fig. 14-9

in the Z-matrix. If now an inductance L, — M is placed in the first loop, the mesh current equation for this
loop will be

(R, + joL)I, — joM 1, =V,
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Similarly, L, — M in the second loop results in the same mesh current equation as for the coupled-coil circuit.
Thus, the two circuits are equivalent. The dot rule is not needed in the conductively coupled circuit of
Fig. 14-9(b), and familiar circuit techniques can be applied.

14.7 Linear Transformer

A transformer is a device for introducing mutual coupling between two or more electric circuits. The term
iron-core transformer identifies the coupled coils which are wound on a magnetic core of laminated specialty
steel to confine the flux and maximize the coupling. Air-core transformers are found in electronic and com-
munications applications. A third group consists of coils wound over one another on a nonmetallic form, with
a movable slug of magnetic material within the center for varying the coupling.

Attention here is directed to iron-core transformers where the permeability u of the iron is assumed to
be constant over the operating range of voltage and current. The development is restricted to two-winding
transformers, although three and more windings on the same core are not uncommon.

In Fig. 14-10, the primary winding, of N, turns, is connected to the source voltage V,, and the secondary
winding, of N, turns, is connected to the load impedance Z,. The coil resistances are shown by lumped
parameters R, and R,. Natural current L, produces flux ¢, = ¢,, + ¢,,, while I, produces ¢, = ¢, + ¢,,. In
terms of the coupling coefficient %,

¢11 = (1 - k)¢1 ¢22 = (1 - k)¢2

— dn %
Alf'. - R;
é2 “"". +
; ¢ DNZ L vz
11 —_
——
_ "
Fig. 14-10

From these flux relationships, leakage inductances can be related to the self-inductances:
L,=0-kL L, =(0-kL,
The corresponding leakage reactances are:

X, =(-bX, X, =(0-hX,

It can be shown that the inductance L of an N-turn coil is proportional to N’. Hence, for two coils wound
on the same core,

L _ (l) 10
L N

The flux common to both windings in Fig. 14-10 is the murual flux, ¢, = ¢,, — ¢,,. This flux induces the
coil emfs by Faraday’s law,

a4,

d¢m
e =N ST

1 1 dt

€2=N



CHAPTER 14 Mutual Inductance and Transformers 375

Defining the turns ratio,a = N 1/N 5> We obtain from these the basic equation of the linear transformer:
I -q (1)

In the frequency domain, E,/E, = a.
The relationship between the mutual flux and the mutual inductance can be developed by analysis of the
secondary induced emf, as follows:

dg, _\ doy, _ doy _ dg,  d(kd)

& =N =N 274t 274t 27 4y

By use of (6) and (5a), this may be rewritten as

€ dt 2 dt dt ~ a dt

where the last step involved (8) and (10):

M = k(@' L)(L,) = kaL,

Now, defining the magnetizing current i 0 by the equation

T i2 . _ 12
=t or 11—7+I¢ (12)
we have
di¢
ezzMW or EZZjXMIq‘) (13)

According to (13), the magnetizing current may be considered to set up the mutual flux ¢, in the core.

In terms of coil emfs and leakage reactances, an equivalent circuit for the linear transformer may be
drawn, in which the primary and secondary are effectively decoupled. This is shown in Fig. 14-11(a); for
comparison, the dotted equivalent circuit is shown in Fig. 14-11(b).

R, X JX22 R,

(a) (b)
Fig. 14-11

EXAMPLE 14.5 Draw the voltage-current phasor diagram corresponding to Fig. 14-11(a), and from it derive the
input impedance of the transformer.
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The diagram is given in Fig. 14-12, in which 6, denotes the phase angle of Z, . Note that, in accordance with (13),
the induced emfs E, and E, lead the magnetizing current I 0 by 90°. The diagram yields the three phasor equations

V, = agiX, 1, + (R + jX DI,

]XMI¢ =(Z, + R, + jX,,)I,

aV: = alzZL

\\1,

Fig. 14-12

-
a

Elimination of I, and I o among these equations results in

V, (X, la)R, + jX ., +7Z,)
L =Z =R +jX )+a oM 2722 7L 14
I, ~ “in (Ry + X)) +a (X, 1) + (R, + jX,, + Z,) (14a)
If, instead, the mesh current equations for Fig. 14-11(b) are used to derive Z, , the result is
2
Z. =R+ jX + 5 (14b)
1 'R+ X, +Z,

The reader may verify the equivalence of (14a) and (14b)—see Problem 14.36.

14.8 Ideal Transformer

An ideal transformer is a hypothetical transformer in which there are no losses and the core has infinite
permeability, resulting in perfect coupling with no leakage flux. In large power transformers the losses are
so small relative to the power transferred that the relationships obtained from the ideal transformer can
be very useful in engineering applications.

Referring to Fig. 14-13, the lossless condition is expressed by

1 # 1 *
§V111 = 5‘7212
O a:l +
+ —_— —_—
L + + L
v, E, ; E; ZL[ Vv,
a —

Fig. 14-13
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(see Section 10.7). But

and so, a being real,
Vi 2

The input impedance is readily obtained from relations (15):

V, aV \/
_ 1 2 _ 2_2_ 2
2o =T "L~ "T, "9 (16)

EXAMPLE 14.6 The ideal transformer may be considered as the limiting case of the linear transformer of
Section 14.7. Thus, in (14a) set

R=R=X,=X,=0

s
0~

(no losses) and then let X,, — oo (infinite core permeability), to obtain

[ GXlo@) ]
Zin = };‘LL[“ Xyl + 2, |~ 2

in agreement with (16)

Ampere-Turn Dot Rule
Since a = N,/N, in (15),

NI, = NI,

that is, the ampere turns of the primary equal the ampere turns of the secondary. A rule can be formulated
which extends this result to transformers having more than two windings. A positive sign is applied to an
ampere-turn product if the current enters the winding by the dotted terminal; a negative sign is applied if
the current leaves by the dotted terminal. The ampere-turn dot rule then states that the algebraic sum of the
ampere-turns for a transformer is zero.

EXAMPLE 14.7 The three-winding transformer shown in Fig. 14-14 has turns N, = 20, N, = N, = 10. Find I, given

that I, = 10.0/-53.13° A, I, =10.0/-45° A.

With the dots and current directions as shown on the diagram,

Fig. 14-14

NI -NJL,-NJI =0
from which

201, = 10(10.0/ =53.13°) + 10(10.0/ =45°)

I, =6.54 - j7.54=9.98/-49.06° A
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14.9 Autotransformer
An autotransformer is an electrically continuous winding, with one or more taps, on a magnetic core. One
circuit is connected to the end terminals, while the other is connected to one end terminal and to a tap, part
way along the winding.

Referring to Fig. 14-15(a), the transformation ratio is

Vl
v,

N, +N,
=——-==a+1
N,

which exceeds by unity the transformation ratio of an ideal two-winding transformer having the same turns
ratio. Current I, through the upper or series part of the winding, of N, turns, produces the flux ¢,. By Lenz’s
law the natural current in the lower part of the winding produces an opposing flux ¢,. Therefore, current I
leaves the lower winding by the tap. The dots on the winding are as shown in Fig. 14-15()). In an ideal
autotransformer, as in an ideal transformer, the input and output complex powers must be equal.

1 1 * 1

) il = 2 Vil = b3 Vo1,
I
whence I =4t 1
ab
I A
|
o
by D
N,
VI m*-
N: ¢ L, v, z,
O o —
‘;’2 c
(a) (b)

Fig. 14-15

That is, the currents also are in the transformation ratio.
Since I, =1 , + 1 ,, the output complex power consists of two parts:
1 * 1 *

1 = 1 * 1 *
Vol =5V, +5 VI, =5 V1, + a(EVZIab)

The first term on the right is attributed to conduction; the second to induction. Thus, there exist both con-
ductive and magnetic coupling between source and load in an autotransformer.

14.10 Reflected Impedance

A load Z, connected to the secondary port of a transformer, as shown in Fig. 14-16, contributes to its input
impedance. This contribution is called reflected impedance. Using the terminal characteristics of the coupled
coils and applying Kirchhoff’s Voltage Law (KVL) around the secondary loop, we find

V, = Ll + Msl,

0=Msl + Lsl, +Z,1,
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I_L o M~q 41_2
o
+ +
Vi Ly L, v, H Z,
v, © o
Zl =—
Il
Fig. 14-16
By eliminating I,, we get
M?s?
Z =v'=Ls— 55—+ (17)
L 9 " Z,+ Ls
For the ac steady state where s = j@, we have
22
. M o
Zl = ]a)Ll + m (18)
The reflected impedance is
z Mo’
reflected Z2 + ij2 (19)

The load Z, is seen by the source as M2602/(Z2 +j®L,). The technique is often used to change an impedance
to a certain value; for example, to match a load to a source.

EXAMPLE 14.8 Given L =02H,L,=0.1H,M=0.1H, and R=10 Q in the circuit of Fig. 14-17. Find i for
v, =142.3 sin 100z.

; —M
i ° °
+
vy L, L, R
Fig. 1417

The input impedance Z, at @ =100 is [see (18)]

v, . Mo’ . 0.01(10000) . .
Z] _?_Jle +m—‘120+m—5+‘]15—smf716
Then, 1,=V,/Z =9/-71.6° A

or i, = 9sin(1007 — 71.6°) (A)
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EXAMPLE 14.9 Referring to Example 14.8, let v, = u(?). Find i
The input impedance is [see (17)]

,¢» the forced response.

M2
Zl(S) = LIS - m
Substituting the given values for the elements, we get
_ s(s +200) _10(s +100)
20=1Tos+100) O Y= s+200)

For 1> 0, the input v, = 1 V is an exponential ¢ whose exponent s = 0 is a pole of Y ,(s). Therefore, i, ;= kt with k =
/L, = 5. This result may also be obtained directly by dc analysis of the circuit in Fig. 14-17.

SOLVED PROBLEMS

14.1. When one coil of a magnetically coupled pair has a current 5.0 A the resulting fluxes ¢, and ¢,, are
0.2 mWb and 0.4 mWhb, respectively. If the turns are N, =500 and N, = 1500, find L,, L,, M, and the
coefficient of coupling k.

Ni¢ ~ 500(0.6
¢, = ¢, + 0, = 0.6 mWb LI=%=#=6OmH
: .
_ Ny, 150000.4) b,
M= =50 =120 mH k—(T]—O.667

Then, from M = k,/L,L,, L, = 540 mH.

2

14.2. Two coupled coils have self-inductances L, = 50 mH and L, =200 mH, and a coefficient of coupling k
=0.50. If coil 2 has 1000 turns, and i = 5.0 sin 400z (A), find the voltage at coil 2 and the flux ¢1.

M = kJL L, =0.504(50)(200) = 50 mH

di
v, = Md_ltl = 0.05%(5.0 sin4007) = 100cos400¢ (V)

Assuming, as always, a linear magnetic circuit,

1

l ¢ = (ﬂk)il = 5.0 x 107 5in4007 (Wb)
1 1 2

14.3. Apply KVL to the series circuit of Fig. 14-18.

‘f‘ ]
‘ i - — -
10) M T
b
L,

Fig. 14-18
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Examination of the winding sense shows that the signs of the M-terms are opposite to the signs on the

L-terms.
. di di 1 1|. di di
Rl+LlE—ME+€J‘ld[+L2E—ME—U
. ydio 1.
or R'+LE+€J"‘#_U

where L’ = L, + L, — 2M. Because

L’ is nonnegative.

14.4. In aseries aiding connection, two coupled coils have an equivalent inductance L,; in a series opposing
connection, L, Obtain an expression for M in terms of L, and L.
As in Problem 14.3,

L+L,+2M=L, L +L, -2M=1L,
which give
M= %(L L~ Ly
This problem suggests a method by which M can be determined experimentally.

14.5. (a) Write the mesh current equations for the coupled coils with currents i, and i, shown in Fig. 14-19.
(D) Repeat for i, as indicated by the dashed arrow.

w
7N
!
|
I
\

£

Fig. 14-19

(a) The winding sense and selected directions result in signs on the M-terms as follows:

Riap B4 dh
I A PR

_ di, di
Ry, + L,—2 + M~

dt ar Y
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(b) o d . . di
Rl(ll_12)+LIE(l1_12)+Md_l2:v

o . di d . . d . . di
Ry = i) + Ry + Ly 2 = M (iy = i) + Ly (5, = i) = M2 = 0

14.6. Obtain the dotted equivalent circuit for the coupled circuit shown in Fig. 14-20, and use it to find the
voltage V across the 10-€2 capacitive reactance.

50 50
j5Q : 20 jsQ
VRN
10/0° V (ﬁb r —I QtD 10/90° V
+
A\ T -j10 Q
Fig. 14-20

To place the dots on the circuit, consider only the coils and their winding sense. Drive a current into the top
of the left coil and place a dot at this terminal. The corresponding flux is upward. By Lenz’s law, the flux at
the right coil must be upward-directed to oppose the first flux. Then the natural current leaves this winding by
the upper terminal, which is marked with a dot. See Fig. 14-21 for the complete dotted equivalent circuit, with
currents I, and I, chosen for calculation of V.

10/0° V

Fig. 14-21

5-5 s+30L|_| 10/0°
5+j3 10+j6||1, 10 - j10
10 5+j3

I _‘10—1'10 10 + j6

| A =1.015/113.96° A

z

and V = I,(=j10) = 10.15/23.96° V.
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14.7. Obtain the dotted equivalent for the circuit shown in Fig. 14-22 and use the equivalent to find the
equivalent inductive reactance.

j4 Q

2Q 30

" j3 0 isQ j6 Q
Fig. 14-22
Drive a current into the first coil and place a dot where this current enters. The natural current in both of
the other windings establishes an opposing flux to that set up by the driven current. Place dots where the

natural current leaves the windings. (Some confusion is eliminated if the series connections are ignored
while determining the locations of the dots.) The result is Fig. 14-23.

Z = j3+ j5+ j6—2(j2) + 2(j4) - 2(j3) = j12 Q

that is, an inductive reactance of 12 Q.

A AL A A4 A Al

® ;30 SQ® @60

Fig. 14-23

14.8. (a) Compute the voltage V for the coupled circuit shown in Fig. 14-24. (b) Repeat with the polarity
of one coil reversed.

3
I3
<
|
=
3
UI
@)
e+

Fig. 14-24
@ X,, = (0.8){/5(10) = 5.66 Q, and so the Z-matrix is

[ 341 —3-1.66
[Z]_[—3—j1.66 8+j6]

‘ 341 50‘
—3-j1.66 0
Then, I = =8.62/-2479° A

and V = 1,(5) = 43.1/=24.79° V.
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(b) | 3+ 3+ 966
T1-3+9.66 8+ 6
‘ 341 50‘
-3+ j9.66 0 .
L= =382/-112.12° A

z

and V = 1,(5) = 19.1/=112.12° V.

14.9. Obtain the equivalent inductance of the parallel-connected, coupled coils shown in Fig. 14-25.
Currents I, and L, are selected as shown on the diagram; then Z, =V /1,.

)= [ 7003 jw0.043
T | jw0.043  jw0.414

_ A, (j00.3)(jw0.414) - (jw0.043)*

and Z, = A, 00414 = j0.296
or Leq is 0.296 H.
+
I, I .l | A I o
v, 03 H 2 08 .
k =0.7
Fig. 14-25

14.10. For the coupled circuit shown in Fig. 14-26, show that dots are not needed so long as the second loop
is passive.

A0A

Fig. 14-26
Currents I, and L, are selected as shown.
‘50 +j4 ‘
0 5+ ;10 250 + j500
I = = =10.96/-54.64° A
Lo l2+j5  +j4 -24 + j45 fmans
+j4 5+ 10
2+ j5 50
£j4 0

I = B =3.92/-118.07F90° A

z



CHAPTER 14 Mutual Inductance and Transformers 385

The value of A, is unaffected by the sign on M. Since the numerator determinant for I, does not involve
the coupling impedance, I, is also unaffected. The expression for I, shows that a change in the coupling
polarity results in a 180° phase shift. With no other phasor voltage present in the second loop, this change
in phase is of no consequence.

14.11. For the coupled circuit shown in Fig. 14-27, find the ratio V,/V | which results in zero current I,.

\4 jz‘

V, 242

2
[=0="+—7F—"

z

Then, V,(2 +j2) — V,(j2) = 0, from which V,/V, =1 — j1.

Fig. 14-27

14.12. In the circuit of Fig. 14-28, find the voltage across the 5 Q reactance with the polarity shown.
For the choice of mesh currents shown on the diagram,

‘50(45" jS‘

o -3 1s0/-45° .

L= s 8|~ 100 o = 1-37/=40.28° A
J8 -Jj3

Similarly, I, = 3.66/-40.28° A.

30 ja Q
ANl N
B3O,
50/45° V C:‘ I j5Q L == g0
Fig. 14-28

The voltage across the j5 is partly conductive, from the currents I, and I, and partly mutual, from
current I in the 4 Q reactance.

VvV =(1, +L)(j5 + 1,(j3) = 29.27/49.72° V
Of course, the same voltage must exist across the capacitor:

V = —1,(~j8) = 29.27/49.72° V



386 CHAPTER 14 Mutual Inductance and Transformers

14.13. Obtain Thévenin and Norton equivalent circuits at terminals ab for the coupled circuit shown in
Fig. 14-29.

In open circuit, a single clockwise loop current I is driven by the voltage source.

I= 10/0° =1.17/-20.56° A

T8+ /3
40 j10 30 .
ANt Y e AAAP
[ ] \
/6&‘ s \*
10/0° V (ﬁ ° L |
1 /
4Q /
o,

Fig. 14-29

Then V' = I(j5 + 4) — I(j6) = 4.82/ —34.60° V.

To find the short-circuit current I’, two clockwise mesh currents are assumed, with I,= T.

‘8+j3 10‘
, -4+j1 O _ o
~4+j1 T+j5

7 =Y - 3823960 ¢ 65148790 0
' 0.559/-83.39°

The equivalent circuits are pictured in Fig. 14-30.

and

8.62/48.79° O
a -0 a
4.82/-34.60° V 0.559/-83.49° A Cf) [] 8.62/48.79°
b O b
(a) (b)
Fig. 14-30

14.14. Obtain a conductively coupled equivalent circuit for the magnetically coupled circuit shown
in Fig. 14-31.
Select mesh currents I, and I, as shown on the diagram and write the KVL equations in matrix
form.

3+1 -3-j2]( L, _[s0/0°
3-j2 8+j6 |1, 0
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j6 Q
° j5Q /\}l()ﬂ °

220" 200 9"
30
50/0° V I, I
T

Fig. 14-31

LA A4

50

AAA.

The impedances in Fig. 14-32 are selected to give the identical Z-matrix. Thus, since I, and I, pass through
the common impedance, Zb, in opposite directions, le in the matrix is —Zb. Then, Zh =3 +;2 Q. Since Z11
is to include all impedances through which I, passes,

3+jl=7Z,+(3+j2)
from which Z = —j1 Q. Similarly,

Z,,=8+j6=2,+Z,

DTN

Fig. 14-32

andZ_ =5+ j4 Q.

14.15. For the transformer circuit of Fig. 14-11(b), k=0.96, R, =12 Q, R, =03 Q, X, =20 Q, X, =5 Q,
Z, =5.0/36.87° Q, and V, = 100/0° V. Obtain the coil emfs E, and E,, and the magnetizing
current I¢.

X, =(1-kX, =(01-096(20)=08Q X, =(1-kX,=02Q

Xl
a = X—2:2 XM:k X1X2:9.6Q

Now a circuit of the form Fig. 14-11(a) can be constructed, starting from the phasor voltage-current
relationship at the load, and working back through E, to E,.

\Y 100/0°
I=-%=—"t=_=20/-36.87° A
> 2, 50/36.87°
E, = L(R, + jX,,) + V, = (20/ =36.87° )(0.3 + j0.2) + 100/0° = 107.2 — j0.4 V

E =aE, = 214.4- j0.8 V

I = E, - 0.042 — j11.17 A
0 X, -
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14.16. For the linear transformer of Problem 14.15, calculate the input impedance at the terminals where V,
is applied.

Method 1
Completing the construction begun in Problem 14.15,
1 . o °
L =1+ EIZ =(-0.042 - j11.17)+10/-36.87° =18.93/-65.13° A

V, = (R, - jX,) +E, = (18.93/ =65.13°)(1.2 + j0.8) + (214.4 — j0.8)

=238.2/-3.62° V
Therefore,
Z = ;7_11: % = 12.58/61.5° Q
Method 2

By (14a) of Example 14.5,

7 2 (j4.8)(0.3 + j0.2 + 5.0/36.87°)

(1.2 + j0.8) + 2

mn 0.3+ j5.0+5.0/36.87°
- 14312325 _ 1) sg/61.50° @
9.082/61.75°
Method 3
By (14b) of Example 14.5,
9.6)°

Z = (1.2+ j20)+
in 0.3+ j5+5.0/36.87°

= (1.2 + j20) + (4.80 — j8.94) =12.58/61.53° Q

14.17. InFig. 14-33, three identical transformers are primary wye-connected and secondary delta-connected.
A single load impedance carries current I, = 30/0° A. Given

I,=20/0°A I,=I,=10/0°A

and N, = 10N, = 100, find the primary currents [, I, T ;.

The ampere-turn dot rule is applied to each transformer:
— _ 10 oy __ o
NI, +NJI,=0 or I,= —W(IO&) =-1/0° A
10 R R
NI, -N)J,=0 or I, =m(20&)=2&A

10 , .
NI, +NJ,=0  or I, =-755(10/0°)=-1/0° A

The sum of the primary currents provides a check:

I,+L,+1,=0
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I, — (] ® +—
lal
N| II N>
4
"4
lh| — o
4
lrl —— [ ] o
1
lr2
—_—
Fig. 14-33

14.18. For the ideal autotransformer shown in Fig. 14-34, find V2, ch, and the input current I .

a1
N, 2
Vv, = v =100/0° V I —V2—10 60° A
2= g = 1000 =7, = 10[=60°
1

I,=1,-1,=333/-60° A  I,=—L-=6.67/-60° A

a+1"

—_— a
+ lnb
N|=4O IL
—
Vi=1500° Vb +
A
Ne=80 § |1 7, - 10000 0|V,

o)

Fig. 14-34

14.19. In Problem 14.18, find the apparent power delivered to the load by transformer action and that
supplied by conduction.

S lV I %(100&)(6.67[60") =333/60° VA

cond:2 2ab =

S\pane = @S.pq = 167/60° VA

14.20. In the coupled circuit of Fig. 14-35, find the input admittance Y, =I,/V, and determine the current
i,(r) for v, = 242 cost.
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i g M=1H i
+
1H 2H
1Q
vy °
TIF
IS
Fig. 14-35

Apply KVL around loops 1 and 2 in the s-domain.

I -1

— 1 2
V, =sl +sl, + S

L-L
0=sl +@2s+DL, + S
Eliminating L, in these equations results in

vyl a’esel
PV S st ss+d

For s =, the input admittance is Y, = (1 + j)/4 = \/5/4{45°. Therefore, i,(f) = cos(f + 45°).

14.21. Find the input impedance Z, = V /I, in the coupled circuit of Fig. 14-36.

Fig. 14-36

Apply KVL around loops 1 and 2 in the s-domain.

V, =l + %sl2 +2(I, + 1)
1 1 1
0= 5sl, + sk, + 2L, + 1) + 51,
1
V= Q49 + 2+ 59,
o 0=(2+%s)11+(2+%s)12
The result is
\
IL=-I and Z,=q=3s

The current through the resistor is I} + I, = 0 and the resistor has no effect on Z,. The input impedance is
purely inductive.



CHAPTER 14 Mutual Inductance and Transformers 391

SUPPLEMENTARY PROBLEMS

14.22. Two coupled coils, L, =0.8 Hand L, = 0.2 H, have a coefficient of coupling £ = 0.90. Find the mutual inductance
M and the turns ratio N,/N,. Ans. 036H,2

14.23. Two coupled coils, N, = 100 and N, = 800, have a coupling coefficient k = 0.85. With coil 1 open and a current
of 5.0 A in coil 2, the flux is ¢, =0.35 mWb. Find L, L,, and M. Ans. 0.875 mH, 56 mH, 5.95 mH

14.24. Two identical coupled coils have an equivalent inductance of 80 mH when connected series aiding, and 35 mH
in series opposing. Find L, L,, M, and k. Ans.  28.8 mH, 28.8 mH, 11.25 mH, 0.392

14.25. Two coupled coils, with L, =20 mH, L, = 10 mH, and k = 0.50, are connected four different ways: series aiding,
series opposing, and parallel with both arrangements of winding sense. Obtain the equivalent inductances of the
four connections. Ans. 44.1 mH, 15.9 mH, 9.47 mH, 3.39 mH

14.26. Write the mesh current equations for the coupled circuit shown in Fig. 14-37. Obtain the dotted equivalent circuit
and write the same equations.

. diy . di
Ans. (R + R)ij + L —+ Ryi, + M —=

2 _
dt ar -V

Cdi, . di
(R2 + R3)12 + L27+ R3ll +M—-=v

dt
| G ¥
L, ‘ M c LZ
q
b |_ p
R 2 3~
R;
i| i2
v
Fig. 14-37

14.27. Write the phasor equation for the single-loop, coupled circuit shown in Fig. 14-38.
Ans.  (j5+ j3-j5.03— j8+10)I = 50/0°

—
P q
s Q€ k =0.65 ¢ 30
C ¢
~-8Q
10 Q
(D)
-— \
1 50/0° V

Fig. 14-38
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14.28. Obtain the dotted equivalent circuit for the coupled circuit of Fig. 14-38. Ans. See Fig. 14-39.
j2.52.Q
’/—\ A
_.fm_uwy__fwv\!_.| (_ ©
s O ;

I 100 3 Q -8 Q 200 mH 100 mH

oW

A4
0

()—
N\

50/0° V 50 mH

Fig. 14-39 Fig. 14-40

14.29. The three coupled coils shown in Fig. 14-40 have coupling coefficients of 0.50. Obtain the equivalent inductance
between the terminals AB. Ans. 239 mH

14.30. Obtain two forms of the dotted equivalent circuit for the coupled coils shown in Fig. 14-40.
Ans. See Fig. 14-41.

70.7 mH 70.7 mH
50 mH 35.4 mH 50 mH 35.4 mH
LA AL vy Y Y Y ) B ,&\c,L vy vy A A A4 OB
®00mH ®50 mH 100 mH ® 200mH® S0mH® ©100 mH
(a) (b)
Fig. 14-41

14.31. (a) Obtain the equivalent impedance at terminals AB of the coupled circuit shown in Fig. 14-42. (b) Reverse the
winding sense of one coil and repeat. Ans.  (a) 3.40/41.66° Q; (b) 2.54/5.37° Q

2

b b
508 5:5 Q
L

_ 20 G i
j2Q '/]\ j3Q

— —

lB
Fig. 14-42

14.32. In the coupled circuit shown in Fig. 14-43, find V, for which I, = 0. What voltage appears at the 8 Q inductive
reactance under this condition?

Ans. 141.4/ —45° V, 100/0° V(+ at dot)

Fig. 14-43



CHAPTER 14 Mutual Inductance and Transformers 393

14.33. Find the mutual reactance X, for the coupled circuit of Fig. 14-44, if the average power in the 5-€ resistor is
45.24 W. Ans. 4Q

AAA
\ A A g

4Q

70.7/0° V C’:) jsQ

JXm

AAA,

S
FleQ 250

Fig. 14-44

14.34. For the coupled circuit shown in Fig. 14-45, find the components of the current I, resulting from each source V,
and V,. Ans.  0.77/112.6° A, 1.72/86.05° A

I¢
20
2Q -j8 Q
[ ]
V) = 10/0° vC*_‘) 1403 tlgﬂ L Va=10/0° V
[ ]
Fig. 14-45

14.35. Determine the coupling coefficient k in the circuit shown in Fig. 14-46, if the power in the 10-Q resistor is
32 W. Ans.  0.791

js Q

A A A

A A AL

s
s 10 Q

Fig. 14-46

14.36. In (14a), replace a, X|,, X,,, and X,, by their expressions in terms of X, X,, and k, thereby obtaining (14b).
14.37. For the coupled circuit shown in Fig. 14-47, find the input impedance at terminals ab.
Ans. 3+j36.3Q

30 j4 Q
a a O
[ ]
o
/3&. 20 20
.
§ SQ AN-8Q °
j5Q js Q
\iZ Q/:
b o b O—
Fig. 14-47 Fig. 14-48

14.38. Find the input impedance at terminals ab of the coupled circuit shown in Fig. 14-48.
Ans. 1+j1.5Q
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14.39. Find the input impedance at terminals ab of the coupled circuit shown in Fig. 14-49.
Ans. 6.22+4j4.65 Q

a O=
js Q
e N o
4 Q 40  j8Q 8Q 40
a
8 Q 10/0° V Cﬁ) . (ﬁ) 10/90° V
L 40 T
b O= AN
Fig. 14-49 Fig. 14-50

14.40. Obtain Thévenin and Norton equivalent circuits at terminals ab of the coupled circuit shown in
Fig. 14-50.

Ans. V' =7.07/45° V,T'=1.04/ -27.9° A, Z" = 6.80/72.9° Q

14.41. For the ideal transformer shown in Fig. 14-51, find I, given
I, = 10.0/0° A I,= 10.0/ -36.87° A I,,=447/ -26.57° A

Ans.  16.5/-14.04° A

.+ + -
l] lZ
120/0° V 11“
240/0° V - [J 1 I
120/0° V 1&,
I
Fig. 14-51

14.42. When the secondary of the linear transformer shown in Fig. 14-52 is open-circuited, the primary current is
I, =4.0/-89.69° A.Find the coefficient of coupling . Ans.  0.983

0640 ;20Q 0.04 Q j0.125Q
e AAA— YV Vg
V= 480/0° V Cﬁ) C) E,
a=4 -

Fig. 14-52
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14.43. For the ideal transformer shown in Fig. 14-53, find I, given I, = 50/ —36.87° A and I, = 16/0° A.
Ans.  26.6/ —34.29° A

L

iszm I
o
[ ]
N1—200§
o
[ ]

- EN3=25 []

Fig. 14-53

14.44. Considering the autotransformer shown in Fig. 14-54 ideal, obtain the currents I, I ,, and I e

Ans.  3.70/22.5° A, 2.12/86.71° A, 10.34/11.83° A

+
l —_— a
I,
|
I
I
l to————b
! —_—
| | 545° A
500/° V | ;Ilfh
I I
I 2000° V , ¢ ]
l I —
| I 10/0° A
I I joope v
| | | ldt
! ! !

d
Fig. 14-54



Circuit Analysis Using
Spice and PSpice

15.1 Spice and PSpice

Spice (Simulation Program with Integrated Circuit Emphasis) is a computer program developed in the 1970s
at the University of California at Berkeley for simulating electronic circuits. It is used as a tool for analysis,
design, and testing of integrated circuits as well as a wide range of other electronic and electrical circuits. Spice
is a public domain program. Commercial versions, such as PSpice by MicroSim Corporation, use the same
algorithm and syntax as Spice but provide the technical support and add-ons that industrial customers need.

This chapter introduces the basic elements of Spice/PSpice and their application to some simple circuits.
Examples are run on the evaluation version of PSpice which is available free of charge.

15.2 Circuit Description

The circuit description is entered in the computer in the form of a series of statements in a text file prepared
by any ASCII text editor and called the source file. It may also be entered graphically by constructing the
circuit on the computer monitor with the Schematic Capture program from MicroSim. In this chapter, we
use the source file with the generic name SOURCE.CIR. To solve the circuit, we run the circuit solver on the
source file. The computer puts the solution in a file named SOURCE.OUT.

EXAMPLE 15.1 Use PSpice to find the dc steady-state voltage across the 5-UF capacitor in Fig. 15-1(a).

3k 1 R1 2

VWV

9V 6kQ ~ SuF Vs R2 —~C

A} |

@ (b)
Fig. 15-1

We first label the nodes by the numbers 0, 1, 2 and the elements by the symbols R1, R2, C, and Vs [Fig. 15-1(b)]. We
then create in ASCII the source file shown below and give it a name, for instance, EXMP1.CIR.

DC analysis, Fig. 15-1

Vs 1 0 DC 9V
R1 1 2 3k

R2 0 2 6k

C 0 2 SuF

.END

396
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Executing the command PSPICE EXMP1, the computer solves the circuit and writes the following results in the file
EXMP1.0UT.

NODE VOLTAGE NODE VOLTAGE
(1) 9.0000 2) 6.0000
VOLTAGE SOURCE CURRENTS

NAME CURRENT

Vs —1.000E - 03

TOTAL POWER DISSIPATION 9.00E - 0.3 WATTS

The printed output specifies that the voltage at node 2 with reference to node 0 is 6 V, the current entering the voltage
source V is —107 A, and the total power dissipated in the circuit is 9 X 107 W.

15.3 Dissecting a Spice Source File
The source file of Example 15.1 is very simple and contains the statements necessary for solving the cir-
cuit of Fig. 15-1 by Spice. Each line in the source file is a statement. In general, if a line is too long (over
80 characters), it can be continued onto subsequent lines. The continuation lines must begin with a plus (+)
sign in the first column.

PSpice does not differentiate uppercase and lowercase letters and standard units are implied when not
specified. We will use both notations.

Title Statement

The first line in the source file of Example 15.1 is called the title statement. This line is used by Spice as a
label within the output file, and it is not considered in the analysis. Therefore, it is mandatory to allocate the
first line to the title line, even if it is left blank.

.END Statement
The .END statement is required at the end of the source file. Any statement following the .END will be
considered a separate source file.

Data Statements

The remaining four data statements in the source file of Example 15.1 completely specify the circuit. The
second line states that a voltage source named V, is connected between node 1 (positive end of the source)
and the reference node 0. The source is a dc source with a value of 9 V. The third line states that a resistor
named R, with the value of 3 k€2, is connected between nodes 1 and 2. Similarly, the fourth and fifth lines
specify the connection of R, (6 kQ2) and C (5 UF), respectively, between nodes 0 and 2. In any circuit, one
node should be numbered O to serve as the reference node. The set of data statements describing the topology
of the circuit and element values is called the nerlist. Data statement syntax is described in Section 15.4.

Control and Output Statements
In the absence of any additional commands, and only based on the netlist, Spice automatically computes the
dc steady state of the following variables:
(i) Node voltages with respect to node 0.
(i1) Currents entering each voltage source.
(iii) Power dissipated in the circuit.

However, additional control and output statements may be included in the source file to specify other vari-
ables (see Section 15.5).

15.4 Data Statements and DC Analysis

Passive Elements
Data statements for R, L, and C elements contain a minimum of three segments. The first segment gives the
name of the element as a string of characters beginning with R, L, or C for resistors, inductors, or capacitors,
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Table 15-1. Scale Factors and Symbols

Name Symbol Value

femto f 10°=1E-15
pico p 107 =1E-12
nano n 10_9= 1E-9
micro u 1076 =1E-6
milli m 10°=1E-3
kilo k 10° = 1E3
mega meg 10°=1E6

giga g 10° = 1E9

tera t 102 = 1E12

respectively. The second segment gives the node numbers, separated by a space, between which the element
is connected. The third segment gives the element value in ohms, henrys, and farads, optionally using the
scale factors given in Table 15-1.

Possible initial conditions can be given in the fourth segment using the form IC = xx. The syntax of the
data statement is

(name) (nodes) (value) [(initial conditions)]

The brackets indicate optional segments in the statement.

EXAMPLE 15.2 Write the data statements for R, L, and C given in Fig. 15-2.

Ry =3kQ
Resistor node 1 o- AN ® node 2
Ly =30 pH
Inductor node 4 &————fY_Y_Y\—-——-—Q node 5
10) =2 mA
Ceq=5PF
Capacitor node 0 o 14 e node 6
-t
V0)==2V
Fig. 152
Element (name) (nodes) (value) [(initial conditions})]
Resistor Rin 1 2 3k
Inductor L1 5 4 30 uH IC=-2mA
Capacitor Ceq 6 5pF IC=-2V

The third statement for the capacitor connection specifies one node only. The missing node is always taken to be the
reference node.

Independent Sources
Independent sources are specified by

(name) (nodes) (type) ({value)

The (type) for dc and ac sources is DC and AC, respectively. Other time-dependent sources will be described
in Section 15.12. Names of voltage and current sources begin with V and I, respectively. For voltage sources,
the first node indicates the positive terminal. The current in the current source flows from the first node to
the second.
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EXAMPLE 15.3 Write data statements for the sources of Fig. 15-3.

399

V,=30V
Independent _ 7\
voltage source 1e \—_+/ 2
Ind d hyias=2 A
ndependent _ 7\ o
current source 3 \j .4
Fig. 15-3
Source (name) (nodes) (type) (value)
Independent Voltage Source Vs 2 1 DC 30V
Independent Current Source  Ibias 3 4 DC 2A

EXAMPLE 15.4 Write the netlist for the circuit of Fig. 15-4(a) and run PSpice on it for dc analysis.

4v Vs
) ()
/ \
1y 2 [ 3
3kQ 1kQ R2 R3

3 mA
5000§ §1.5kﬂ R1§

(@)
Fig. 15-4

We first number the nodes and name the elements as in Fig. 15-4(b). The netlist is

DC Analysis, Fig. 15-4

R1 0 1 500

R2 1 2 3k

R3 2 3 1k

R4 0 3 1.5k

Vs 31 DC 4V
Is 0 2 DC 3 mA
.END

The results are written in the output file as follows:

(®)

NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE
(1) 1250 2) 5.3750 3) 4.1250
VOLTAGE SOURCE CURRENTS

NAME CURRENT

Vs —1.500E - 03

TOTAL POWER DISSIPATION 6.00E — 03 WATTS

Dependent Sources
Linearly dependent sources are specified by

(name) (nodes) {control)

(gain)
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Each source name should begin with a certain letter according to the following rule:

Voltage-controlled voltage source Exx

Current-controlled current source Fxx
Voltage-controlled current source Gxx
Current-controlled voltage source Hxx

The order of nodes is similar to that of independent sources. For the voltage-controlled sources, {control) is
the pair of nodes whose voltage difference controls the source, with the first node indicating the + terminal.
The {gain) is the proportionality factor.

EXAMPLE 15.5 Write the data statements for the voltage-controlled sources of Fig. 15-5.

Voltage-controlled voltage source (VCVS)
kiVa

3'-—<>—¢4
+

Voltage-controlled current source (VCCS)  V,;
kaVay °

on

°
5 ® 6 1
v Control
Fig. 155
Source  (name)  (nodes) (controly  (gain)
VCVS El 4 3 2 1 k1
VCCS Gl 56 2 1 k2

In the case of current-controlled sources we first introduce a zero-valued voltage source (or dummy
voltage Vdmy) on the path of the controlling current and use its name as the control variable.

EXAMPLE 15.6 Write data statements for the current-controlled sources in Fig. 15-6.

Current-controlled voltage source (CCVS)

ksi 2
N\
3 @& — + -® 4
\/ Ti
Current-controlled current source (CCCS) 7
ki Vdmy =0
5 AN °6
\/ l
Control
Fig. 15-6

Introduce V dmy (Vdmy) with current i entering it at node 1.

Vdmy 1 7 DC 0
The data statements for the controlled sources are

Source  (name) (nodes)  {control)  (gain)
CCVS H1 4 3 Vdmy k3
CCCS F1 5 6 Vdmy k4
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EXAMPLE 15.7 Write the netlist for the circuit of Fig. 15-7(a) and run PSpice on it for dc analysis.

100i Vimy 1007 (Vgrmy)

1kQ
12V 2k 500 Q2 Vs

0
(@) ®
Fig. 15-7
Number the nodes and name the elements as in Fig. 15-7(b). Then, the netlist is
DC analysis with dependent source, Fig. 15-7
Vs 1 0 DC 12
R1 1 2 1k
R2 0 3 2k
R3 0 4 500
Vdmy 2 3 0
F1 4 3 Vdmy 100
.END
The results in the output file are
NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE
(1 12.0000 2) 11.9410 3) 11.9410 “) —2.9557
VOLTAGE SOURCE CURRENTS
NAME CURRENT
Vs —5.911E-05
Vdmy S5911E-05
TOTAL POWER DISSIPATION 7.09E - 04 WATTS
15.5 Control and Output Statements in DC Analysis
Certain statements control actions or the output format. Examples are:
.OP prints the dc operating point of all independent sources.
.DC sweeps the value of an independent dc source. The syntax is
.DC (name) (initial value) (final values) (step size)

PRINT prints the value of variables. The syntax is

PRINT (type) (output variables)
(type) is DC, AC, or TRAN (transient).
PLOT line-prints variables. The syntax is

PLOT (type) (output variables)

PROBE generates a data file *.DAT which can be plotted in post-analysis by evoking the Probe program.
The syntax is

.PROBE [{output variables)]
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EXAMPLE 15.8 Find the value of V_in the circuit in Fig. 15-8 such that the power dissipated in the 1-k€2 resistor
is zero. Use the .DC command to sweep V, from 1 to 6 V in steps of 1 V and use .PRINT to show I(Vs), V(1,2), and
V().

1 R, 2
—MA—
1kQ
v, 1v R, < 2kQ C) 1 mA
0
Fig. 15-8
The source file is
DC sweep, Fig. 15-8
Vs 1 0 DC 1V
Is 0 2 DC 1 mA
R1 1 2 1k
R2 0 2 2k
.DC Vs 1 6 1
PRINTDCI(Vs) V(1,2) V(2)
.END
The results in the output file are
DC TRANSFER CURVES
Vs 1(Vs) V(1,2) V()

1.000E + 00 3.333E-04 -3.333E-01 1.333E+ 00
2.000E+00 -1.333E-12 1.333E-09 2.000E + 00
3.000E+00  -3.333E-04 3.333E - 01 2.667E + 00
4.000E+00  —6.667E — 04 6.667E — 01 3.333E+ 00
5.000E+00  —1.000E - 03 1.000E + 00 4.000E + 00
6.000E+00 —-1.333E-03 1.333E + 00 4.667E + 00

The answeris V. =2 V.

EXAMPLE 15.9 Write the source file for the circuit in Fig. 15-9(a) using commands .DC, .PLOT, and .PROBE to find
the I-V characteristic equation for / varying from 0 to —2 A at the terminal AB.

First, we connect a dc current source 7, , g at terminal AB, “sweep” its value from 0 to —2 A using the .DC command,
and plot V versus /. Since the circuit is linear, two points are necessary and sufficient. However, for clarity of the plot,
ten steps are included in the source file as follows:

Terminal Characteristic, Fig. 15-9

Tadd 05 DC 0
Is 0 4 DC 0.6 A
Vs 3 2 DC 5V
RI 01 1

R2 12 2

R3 34 3

R4 45 2

DC ladd 0 -2 02
PLOT DC V(5)

PROBE

END

The output is shown in Fig. 15-9(b). The I-V equation is V = 81 + 8.6.
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A AA—
30 20 A
v, 5V I 0.6 A = (D Laa

A AA—S
2 20 1 10 0

Thévenin

model
(a)
Date/Time run: 02/02/02 14:07:18 Temperature: 27.0

(A) example 15 9.dat (active)
10v T T T T T T T T T

ov

—10vV ! |
—2.0A —1.5A —1.0A —0.5A 0.0A
SRt Tadd
Date: February 02, 2002 Page 1 Time: 14:47:33
(b)
Fig. 159

15.6 Thévenin Equivalent

.TF Statement
The .TF command provides the transfer function from an input variable to an output variable and produces the resis-
tances seen by the two sources. It can thus generate the Thévenin equivalent of a resistive circuit. The syntax is

.TF (output variable) (input variable)

EXAMPLE 15.10 Use the command .TF to find the Thévenin equivalent of the circuit seen at terminal AB in
Fig. 15-10.

1 R, 2 Ry 3
+— VWV o)
1kQ + 1k g, <2000 A
V=12V RSy 4
s 2kQ 2
_ 10V,
B
. 2 O
0

Fig. 15-10
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The node numbers and element names are shown in Fig. 15-10. The source file is

Transfer Function in Fig. 15-10

Vs 1 0 DC 12
El 4 0 2 0 10
R1 1 2 1k

R2 2 0 2k

R3 2 3 1k

R4 3 4 200

.TF V(@3) Vs

.END

The output file contains the following results:

NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE  NODE VOLTAGE
(1) 12.0000 2) —2.0000 3) —17.0000 “) —-20.000

VOLTAGE SOURCE CURRENTS
NAME CURRENT
Vs —1.400E - 02

TOTAL POWER DISSIPATION 1.68E - 01 WATTS

SMALL-SIGNAL CHARACTERISTICS
V(3)/Vs =—1.417E + 00

INPUT RESISTANCE AT Vs =8.571E + 02
OUTPUT RESISTANCE AT V(3) = 6.944E + 01

Therefore, Vi, =-1.417(12) =—17 V and Ry, =-69.44 Q.

15.7 Subcircuit

A circuit may be embedded as a subcircuit within other circuits. The .SUBCKT statement provides this facility.
A subcircuit is defined by a set of statements beginning with

.SUBCKT (name) (external terminals)
and terminating with an .ENDS statement. Within a netlist we refer to a subcircuit by
Xaa (name) (nodes)

Hence .SUBCKT statement can assign a name to the model of a device, such as an amplifier or an op-amp,
for repeated use.

EXAMPLE 15.11  Given the circuit of Fig. 15-11(a), find 7, I »»and V for V.=0.5t0 2 V in 0.5-V steps. Assume
the amplifier model of Fig. 15-11(b), with R, =100 kQ, C, = 10 pF R .= 10 kQ and an open-loop gain of 10°.

The source file employs the subcircuit named AMPLIFIER of Fig. 15 11(b) whose description begins with .SUBCKT
and ends with .ENDS. The X1 and X2 statements describe the two amplifiers by referring to the AMPLIFIER subcircuit.
Note the correspondence of node connections in the X1 and X2 statements with that of the external terminals specified
in the .SUBCKT statement. The source file is

Amplifier circuit of Fig. 15-11 using .SUBCKT
* Amplifier Model with an RC input impedance and an open-loop gain of 10E5

* connections: non-inverting input

* | inverting input

* | | output

* | | | ground
* | | | |
SUBCKT AMPLIFIER 1 2 3 4

Rin 1 2 10E5

Cin 1 2 10PF

Rout 3 5 10k

Eout 5 4 1 2 10E5

.ENDS
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Vs 1 0 DC 5
Rs 1 2 1k
R1 2 3 5K
R2 3 4 9K
R3 4 5 1.2K
R4 5 6 6K
Rf 6 2 40K
X1 0 3 4 0 AMPLIFIER
X2 0 5 6 0 AMPLIFIER
.DC Vs 0.5 2 0.5
.PRINT DC V(?2) V(6) 1(Vs) I(R1) I(Rf)
TF  V(®6) Vs
.END
I Ry
——=—AAMAA
40 kQ
R, Ry
1 b R ol Ry 9kQ 6 kQ
TV VYV - 4 Ry s
1kQ 5kQ VAN - 6
+ 1.2kQ L0 o
Vs 05V + -
Vo
o)
0
(a)
Rout
20 5 A 03
20— —
Vin Cin;\ % Rin t 105 Vm = ——0 3
l]o——+
1o 54 _l_4
)
Fig. 15-11
The output file is
DC TRANSFER CURVES
Vs V(2) V(6) 1(Vs) I(R1) I(Rf)
5.000E - 01 5.000E - 01 4.500E + 00 —-3.372E-09 1.000E — 04 9.999E -0
1.000E + 00 1.000E + 00 9.000E + 00 —6.745E — 09 2.000E — 04 2.000E -0
1.500E + 00 1.500E + 00 1.350E + 01 —1.012E - 08 3.000E - 04 3.000E -0
2.000E + 00 2.000E + 00 1.800E + 01 —1.349E - 08 4.000E — 04 4.000E — 0
NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE NODE
@))] .5000 2) .5000 3) 9.400E-06 (4)
5) —13.00E — 06 (6) 4.4998 (X1.5) —9.3996 (X2.5)
VOLTAGE SOURCE CURRENTS
NAME CURRENT
Vs -3.372E - 09

TOTAL POWER DISSIPATION

SMALL-SIGNAL CHARACTERISTICS
V(6)/Vs =9.000E + 00
INPUT RESISTANCE AT Vs = 1.483E + 08

OUTPUT RESISTANCE AT V(6) =7.357E - 02

1.69E - 09 WATTS

VOLTAGE
—-.9000
12.9990

405
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There is no voltage drop across R . Therefore, V(2) = V_ and the overall gain is V(6)/V = V(2)/V_=9. The current drawn
by R, is provided through the feedback resistor R,

15.8 Op Amp Circuits

Operational amplifiers may be modeled by high input impedance and high gain voltage-controlled voltage
sources. The model may then be used within a net list repeatedly.

EXAMPLE 15.12 Find the transfer function V,/V_ in the ideal op amp circuit of Fig. 15-12(a).
The op amp is replaced by a voltage-dependent voltage source with a gain of 10° [see Fig. 15-12(b)]. The source file is

2kQ
VA L& . R s
1kQ ——AAA— o
——0—0
+ * Vr Vi" 106 Vin V3
v, 12V :
V3
— + _
5 ° ° )
0
(@) )
Fig. 15-12
Inverting op amp circuit, Fig. 15-12
Vs 1 0 DC 12
El 30 0 2 1E6
R1 1 2 1k
R2 2 3 2k
TF V(@3) Vs
.END
The transfer function is written in the output file:
NODE  VOLTAGE NODE VOLTAGE NODE VOLTAGE
(1) 12.0000 2) 24.00E - 06 3) —24.0000
VOLTAGE SOURCE CURRENTS
NAME  CURRENT
Vs —1.200E - 02
TOTAL POWER DISSIPATION 1.44E — 01 WATTS

SMALL-SIGNAL CHARACTERISTICS
V(3)/Vs =-2.000E + 00

INPUT RESISTANCE AT Vs = 1.000E + 03
OUTPUT RESISTANCE AT V(3) = 0.000E + 00

The op amp model used in Fig. 15-12(b) is acceptable at the dc and low frequencies. A more realistic model
containing a single pole will be used in Problems 15.14 and 15.15.

15.9 AC Steady State and Frequency Response

Independent AC Sources
Independent ac sources are described by a statement with the following syntax:

(name) (nodes) AC (magnitude) (phase in degrees)

Voltage sources begin with V and current sources with I. The convention for direction is the same as that
for dc sources.
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EXAMPLE 15.13 Write data statements for the sources shown in Fig. 15-13.

Independent ac voltage source
V.(¢) = 14 cos (wt+45°)
1 e @ 2
Independent ac current source
ig(#) =2.3 cos (wz-105°)
3e S

Fig. 15-13

[ ]
N

AC Source (name) (nodes) (type) (magnitude) (phase)
Voltage Vs 2 1 AC 14 45
Current Is 3 4 AC 2.3 -105

.AC Statement

The .AC command sweeps the frequency of all ac sources in the circuit through a desired range or sets it at
a desired value. The syntax is

AC (sweep type) (number of points) (starting f) (ending f)

For the ac steady state, (sweep type) is LIN. In order to have a single frequency, the starting and ending
frequencies are set to the desired value and the number of points is set to one.

.PRINT AC and .PLOT AC Statements
The .PRINT AC statement prints the magnitude and phase of the steady-state output. The syntax is

PRINT AC (magnitudes) (phases)

The magnitudes and phases of voltages are Vm(variable) and Vp(variable), respectively, and the magnitudes
and phases of currents are Im(variable) and Ip(variable), respectively. The syntax for .PLOT AC is similar
to that for .PRINT AC.

EXAMPLE 15.14 In the series RLC circuit of Fig. 15-14(a) vary the frequency of the source from 40 to 60 kHz in
200 steps. Find the magnitude and phase of current / using .PLOT and .PROBE.
The source file is

AC analysis of series RLC, Fig. 15-14

Vs 1 0 AC 10

R 12 32

L 2 3 2m

C 3.0 5n

AC LIN 200 40 k 60 k

PLOT AC Im(Vs) Ip(Vs)

PROBE  Vm(1,2) Vm23) Vm@3) Im(Vs)  Ip(Vs)
END

The graph of the frequency response, plotted by Probe, is shown in Fig. 15-14(b).

15.10 Mutual Inductance and Transformers

The mutual inductance between inductors is modeled by a device whose name begins with K. The data
statement syntax is

(name) (inductor 1) {inductor 2) {coupling coefficient)
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AAA—= o
320 2 mH
Vi = cos ot CTSnF
0
(a)
Date/Time run: 02/02/02 15:37:06 Temperature: 27.0
(A) example 15 14.dat (active)
40mA — —80d T T T T T
—120d
30mA —
—-160d
20mA —
—200d
10mA —
—240d
>>
oal —280a ‘ ‘ ‘ ‘
40KHz 44KHz 48KHz 52KHz 56KHz 60KHz
O I(Vs) O P(I(Vs))
Frequency
Date: February 02, 2002 Page 1 Time: 16:14:38
(b)
Fig. 15-14

The dot rule, which determines the sign of the mutual inductance term, is observed by making the dotted end
of each inductor the first node entered in its data statement.

EXAMPLE 15.15 Write the three data statements which describe the coupled coils of Fig. 15-15.

10 ° -0 4
2H 3H
20 ° O3
M=15H
Fig. 15-15

The coupling coefficient is k12 = 1.5/4/2(3) = 0.61. The netlist contains the following:

L1 1 2 2
L2 3 4 3
K12 L1 L2 0.61
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EXAMPLE 15.16 Plot the input impedance Z, =V /I, in the circuit of Fig. 15-16(a) for f varying from 0.01 to 1 Hz.
To find Z, , we connect a 1-A ac current source running from node 0 to node 1 and plot the magnitude and phase of
the voltage V(1) across it. The source file is

AC analysis of coupled coils, Fig. 15-16

IADD 0 1 AC 1 0
C 0 1 1 000 000 uF

R 0 2 3

L1 1 2 2H

L2 3 2 SH

K12 L1 L2 0.6325H

L3 0 3 1H

AC LIN 20 .01 1
PRINT AC Vm(1) Vp(1)
.PROBE

.END

Vm(1) and Vp(1), which are the magnitude and phase of Z_, are plotted by using Probe and the graph is shown in
Fig. 15-16(b). Note that the maximum occurs at about 100 MHz.

‘L/M=2H*

Il 1 ° 1 2 2 ° 3
- Y Y YN
SH
R Ly 1H
(a)
Date/Time run: 02/02/02 16:23:28 Temperature: 27.0

(A) example 15 16.dat (active)
4.0V — 100d T T

1.0V — —50d

>> ‘ ‘ - =
ovl  —100d ‘ ‘ ‘ ‘
0.01Hz 0.20Hz 0.40Hz 0.60Hz 0.80Hz 1.00Hz
o V(1) O P(V(1))
Frequency
Date: February 02, 2002 Page 1 Time: 16:30:46

(b)
Fig. 15-16
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15.11 Modeling Devices with Varying Parameters

.MODEL Statement
The parameters of a passive element can be varied by using .MODEL statement. The syntax is

.MODEL (name) (type) [({parameter) = {value))]

where (name) is the name assigned to the element. For passive linear elements, (type) is

RES for resistor
IND for inductor
CAP for capacitor

We can sweep the parameter of the model through a desired range at desired steps by using the .STEP statement:
.STEP LIN (name) (initial value) (final value) (step size)

As an example, the following two statements use .MODEL and .STEP commands to define a resistor called
heater with the resistance parameter varying from 20 to 40 Q in 5 steps generating 20, 25, 30, 35, and 40 Q.

.MODEL heater RES(R =20)
.STEP RES heater(R) 20 40 5

EXAMPLE 15.17 Use Probe to plot V in the circuit in Fig. 15-17(a) for f varying from 1 to 3 kHz in 100 steps. Also,
R from 500 Q to 1 kQ in steps of 100 Q.

1 ;CmAluF:tC 10mH < L R

(=X

(a)

Date/Time run: 02/02/02 16:33:15 Temperature: 27.0

(A) example 15 17.dat (active)
1.0v T . T .

ov
1.0KHz 1.4KHz 1.8KHz 2.2KHz 2.6KHz 3.0KHz
OOV AO+ V(1)
Frequency
Date: February 02, 2002 Page 1 Time: 16:40:37

(b)
Fig. 15-17
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Using .MODEL command we create the resistor RLeak and sweep its value by .STEP in the following source file.
The graph of the frequency response V versus f'is plotted by using Probe and it is shown in Fig. 15-17(b).

Parallel resonance with variable R, Fig. 15-17

I 0 1 AC Im O

R 1 0 RLeak 1

L 1 0 10 m

C 10 lu

.MODEL RLeak RES(R=1)

.STEP LIN RES RLeak(R) 500 1k 100
AC LIN 100 1k 3k

.PROBE

.END

15.12 Time Response and Transient Analysis

.TRAN statement

Time responses, such as natural responses to initial conditions in a source-free circuit and responses to step,
pulse, exponential, or other time-dependent inputs, are produced by the .TRAN statement. The response
begins at = 0. The increment size and final time value are given in the following statement:

.TRAN {increment size) (final time value)

EXAMPLE 15.18 Use .TRAN and .PROBE to plot the voltage across the parallel RLC combination in Fig. 15-18(a)
for R =50 Q and 150 Q for 0 < # < 1.4 ms. The initial conditions are /(0) = 0.5 A and V(0) = 0.
The source file is

Source-free parallel RLC with variable R

R 1 0 LOSS 1

L 0 1 10 m IC=15

C 1 0 lu IC=0

.MODEL LOSS RES(R = 6)

.STEP RES LOSS(R) 50 150 100
.TRAN 20E-6 14E-3 UIC

.PROBE

.END

Figure 15-18(b) shows the graph of the voltage plotted by Probe. For R = 50 € there are no oscillations.

15.13 Specifying Other Types of Sources

Time-dependent sources which include dc, ac, and transient components are expressed by

(name) (nodes) (dc comp.) (ac comp.) (transient comp.)

The default for the unspecified dc or ac component is zero. The transient component appears for ¢ > (. Several
transient components are described below.

Exponential Source
The source starts at a constant initial value V.. At 7, it changes exponentially from V; to a final value V| with
a time constant taul. At 7= T, it returns exponentially to V, with a time constant tau2. Its syntax is

EXP(V, V, t, taul T tau2)

EXAMPLE 15.19 A 1-V dc voltage source starts increasing exponentially at # =5 ms, with a time constant of 5 ms and
an asymptote of 2 V. After 15 ms, it starts decaying back to 1 V with a time constant of 2 ms. Write the data statement
for the source and use Probe to plot the waveform.
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C " L < 10 mH
1 uF -~ V(0)=0 R
ii (0)=0.5 A
0
(@)
Date/Time run: 02/02/02 16:55:56 Temperature: 27.0

(A) example 15 18.dat (active)
aov \ \ \ \

30V

20V

1ov

i1}

ov

—10V

—20v ‘

Os 0.2ms 0.4ms 0.6ms 0.8ms 1.0ms 1.2ms 1.4ms
oo v Time
Date: February 02, 2002 Page 1 Time: 16:56:15
(b)
Fig. 15-18

The data statement is
Vs 1 0 EXP(1 2 5m 5m 20m 2m)
The waveform is plotted as shown in Fig. 15-19.

Pulse Source
A periodic pulse waveform which goes from V, to V| and back can be represented by

PULSE(V, V, delay risetime falltime duration period)

EXAMPLE 15.20 (a) Write the data statement for a pulse waveform which switches 10 times in one second between
1 Vand 2 V, with a rise and fall time of 2 ms. The pulse stays at 2 V for 11 ms. The first pulse starts at =5 ms. (b) Using
Probe, plot the waveform in ().

(a) The data statement is

Vs 1 0 PULSE(l 2 5m 2m 2m I1lm 100m)

(b) The waveform is plotted as shown in Fig. 15-20.
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Date/Time run: 02/02/02 17:01:46

Temperatu
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re: 27.0

(A)

example 15 19.dat

(active)

0.8V ‘
Os 10ms 20ms 30ms 40ms
SRAY Time
Date: February 02, 2002 Page 1 Time: 17:02:45
Fig. 15-19
Date/Time run: 02/02/02 17:04:43 Temperature: 27.0
(A) example 15 20.dat (active)
2.0V T T T T T T T
1.5V —
1.0V | | | |
Os Sms 10ms 15ms 20ms 25ms 30ms 35ms
oV Time
Date: February 02, 2002 Page 1 Time: 17:11:58

Fig. 15-20
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Sinusoidal Source

The source starts at a constant initial value V. Atz,, the exponentially decaying sinusoidal component with

frequency f, phase angle, starting amplitude V|, and decay factor alpha is added to it. The syntax for the
waveform is

SIN(V, V, f t, alpha phase)

0

EXAMPLE 15.21 (a) Write the mathematical expression and data statement for a dc voltage source of 1 V to which a
100-Hz sine wave with zero phase is added at = 5 ms. The amplitude of the sine wave is 2 V and it decays to zero with
a time constant of 10 ms. (b) Using Probe, plot V (7).

(a) The decay factor is the inverse of the time constant and is equal to alpha = 1/0.01 = 100. For ¢ > 0, the voltage is
expressed by
V(1) = 1+2¢"7709) 5in 628.32(1 - 0.005)u(t — 0.005)

The data statement is

Vs 1 0 SINOd 2 100 5m 100)

(b) The waveform is plotted as shown in Fig. 15-21.

Date/Time run: 02/02/02 17:13:37 Temperature: 27.0

(A) example 15 21.dat (active)
3.0V T T T T T T T

ov
Os Sms 10ms 15ms 20ms 25ms 30ms 35ms
B VL) Time
Date: February 02, 2002 Page 1 Time: 17:18:52

Fig. 15-21
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EXAMPLE 15.22 Find the voltage across a 1-UF capacitor, with zero initial charge, which is connected to a voltage
source through a 1-k€ resistor as shown in the circuit in Fig. 15-22(a). The voltage source is described by

V:

5

15.819V  for0O<t< 1 ms
10V fort > 1 ms

We use the exponential waveform to represent V. The file is

Dead-beat Pulse-Step response of RC

Vs 1 0 EXP(10 15819 0 1.0E-6 10E-3 1.0E-6)
R 1 2 1k

C 2 0 1uF

.TRAN 1.OE-6 S50E-3 UIC

.PROBE

.END

The graph of the capacitor voltage is shown in Fig. 15-22(b). During 0 < # < 1 ms, the transient response grows exponen-
tially toward a dc steady-state value of 15.819 V. At t =1 ms, the response reaches the value of 10 V. Also at r = 1 ms,
the voltage source drops to 10 V. Since the source and capacitor voltages are equal, the current in the resistor becomes
zero and the steady state is reached. The transient response lasts only 1 ms.

1 R 2
AAAY N
1kQ
Vs Crl\l}LF VC
0
(a)
Date/Time run: 02/02/02 17:39:11 Temperature: 27.0
(A) example 15 22.dat (active)
16mA L L S S A N T
HES .
1]
10mA —
10V — 1= 5 =
v
5V |-
0A |- 7 7 7
>> s
ov L —4mA \ [ [ [ [
Os 1.0ms 2.0ms 3.0ms 4.0ms 5.0ms
O v(l) ¢ V(2) v I(C)
Time
Date: February 02, 2002 Page 1 Time: 17:50:40

(b)
Fig. 15-22
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15.14 Summary

In addition to the linear elements and sources used in the preceding sections, nonlinear devices, such as
diodes (Dxx), junction field-effect transistors (Jxx), mosfets (Mxx), transmission lines (Txx), voltage con-
trolled switches (Sxx), and current controlled switches (Wxx), may be included in the netlist. Sensitivity
analysis is done using the .SENS statement. Fourier analysis is done using the .FOUR statement. These can
be found in books or manuals for PSpice or Spice. The following summarizes the statements used in this
chapter.

Data Statements:

R, L,C (name)  (nodes) (value) [(initial conditions}]
Mutual Inductance  kxx (ind.a) (ind.b) (coupling coefficient)
Subcircuit Call Xxx (name) {(connection nodes)

DC Voltage source Vxx (nodes) DC (value)

DC Current source  Ixx (nodes) DC (value)

AC Voltage source Vxx (nodes) AC (magnitude) (phase)
AC Current source Ixx (nodes) AC (magnitude) (phase)
VCVS Exx (nodes) {control) (gain)

CCCS Fxx (nodes) {control) (gain)

VCCS Gxx (nodes) {control) (gain)

CCVS Hxx (nodes) {control) (gain)

Control Statements:

AC (sweep type) (number of points) (starting f) (ending f)
.DC (name) (initial value) (final value) (step size)

.END

.ENDS

IC (V(node) = value)

.MODEL (name) (type) [({parameter) = (value))]
(type) is RES for resistor
(type) is IND for inductor
(type) is CAP for capacitor

.LIB [{file name)]

.OP

.PRINT DC (output variables)

PLOT DC (output variables)

PRINT AC (magnitudes) (phases)
PLOT AC (magnitudes) (phases)
PRINT TRAN (output variables)

.PROBE [{output variables)]

STEPLIN (type) (name(param.)) (initial value)  (final value) (step size)
.SUBCKT  (name) {external terminals)

.TF {output variable) (input source)

.TRAN (increment size) (final value)
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SOLVED PROBLEMS

15.1. Use PSpice to find V(3, 4) in the circuit of Fig. 15-23.

1 Rs 2 R, 3
74 Q 16.4 Q
360 R, 2O R, 105V v, 10320 Rs V(3.4)
Re
0 28.7Q 4
Fig. 15-23

The source file is

DC analysis, Fig. 15-23

Vs 2 0 DC 105V
R1 0 1 36

R2 0 1 12

R3 1 2 74

R4 2 3 16.4

RS 3 4 103.2

R6 4 0 28.7

.DC Vs 105 105 1
.PRINT DC V() V@3, 4)

.END

The output file contains the following:

DC TRANSFER CURVES
Vs V(1) V3, 4)
1.050E + 02 1.L139E + 01  7.307E + 01

Therefore, V(3, 4) =73.07 V.

15.2. Write the source file for the circuit of Fig. 15-24 and find / in R,,.

1 Ry 3
VWV ;
40 }
4TQ R,
27Q§Rl 2 20 A I R4§23Q

200v(*)v,

- 0

Fig. 1524

The source file is

DC analysis, Fig. 15-24

VS 2 0 DC 200 V
Is 0 3 DC 20 A
R1 0 1 27

R2 1 2 47

R3 1 3 4

R4 3 0 23

.DC Vs 200 200 1

.PRINT DC 1(R4)

.END
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15.3.
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The output file contains the following results:

DC TRANSFER CURVE
Vs I(R4)
2.000E + 02 1.123E + 01

Current [(R4) = 11.23 A flows from node 3 to node 0 according to the order of nodes in the data state-
ment for R4.

Find the three loop currents in the circuit of Fig. 15-25 using PSpice and compare your solution with
the analytical approach.

I 1 L Ry 3 & Rs 4
== =AW ——
10Q 2Q
50 R,
20 R, 2 4102 R, 50V A
25V Vi
0
Fig. 15-25
The source file is
DC analysis, Fig. 15-25
Vi1 2 0 DC 25
V2 0 4 DC 50
R1 0 1 2
R2 1 2 5
R3 1 3 10
R4 3 0 4
R5 3 4 2
.DC V1 25 25 1
.PRINT DC I(R1) I(R3) I(R5)
.END

The output file includes the following results:

DC TRANSFER CURVES
Vi I(R1) I(R3) I(RS)
2.500E + 01 —1.306E + 00 3.172E+ 00 1.045E + 01

The analytical solution requires solving three simultaneous equations.

15.4. Using PSpice, find the value of Vs in Fig. 15-4 such that the voltage source does not supply any power.

We sweep Vs from 1 to 10 V. The source and output files are

DC sweep in the circuit of Fig. 15-4

R1 0 1 500

R2 1 2 3k

R3 2 3 1k

R4 0 3 1.5k

Vs 3 1 DC 4V

Is 0 2 DC 3 mA

.DC Vs 1 10 1
.PRINT DC 1(Vs)

.PROBE

.PLOT DC I(Vs)
.END
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The output file contains the following results:

DC TRANSFER CURVES

Vs

1.000E + 00
2.000E + 00
3.000E + 00
4.000E + 00
5.000E + 00
6.000E + 00
7.000E + 00
8.000E + 00
9.000E + 00
1.000E + 01

1(Vs)

7.500E - 04
—2.188E - 12
—7.500E - 04
—-1.500E - 03
-2.250E - 03
—-3.000E - 03
-3.750E - 03
—4.500E - 03
-5.250E - 03
—-6.000E - 03

The current in Vs is zero for Vs =2 V.
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15.5. Perform a dc analysis on the circuit of Fig. 15-26 and find its Thévenin equivalent as seen from

terminal AB.

10Q 2 A
AAAY . o
3V v, 1, 1AV,
¢ o
0 B
Fig. 15-26
We include a .TF statement in the following netlist:
Thévenin equivalent of Fig. 15-26
Vs 1 0 DC 3
R1 1 2 10
Is 0 2 DC 1
TF V() Is
.END
The output file includes the following results:
NODE VOLTAGE NODE VOLTAGE
(1) 3.0000 ) 13.000
VOLTAGE SOURCE CURRENTS
NAME CURRENT
Vs 1.000E + 00
TOTAL POWER DISSIPATION -3.00E + 00 WATTS

SMALL-SIGNAL CHARACTERISTICS
V(2)/1s = 1.000E + 01
INPUT RESISTANCE AT Is = 1.000E + 01

OUTPUT RESISTANCE AT V(2) = 1.000E + 01

The Thévenin equivalent is V., =V, =13 V, R, =10 Q.

15.6. Perform an ac analysis on the circuit of Fig. 15-27(a). Find the complex magnitude of V, for fvarying
from 100 Hz to 10 kHz in 10 steps.

We add to the netlist an .AC statement to sweep the frequency and obtain V(2) by any of the commands

PRINT, .PLOT, or .PROBE. The source file is

AC analysis of Fig. 15-27(a).

Vs
R1
R2

1

1
2

0
2
0

AC
1k
2k

10
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C 2 0 1 uF
AC LIN 10 100 10000
.PRINT AC Vm(2) Vp(2)
.PLOT AC Vm(2) Vp(2)
.PROBE Vm(2) Vp(2)
.END

The output file contains the following results:
AC ANALYSIS
FREQ VM(2) VP(2)
1.000E + 02 6.149E + 00 —2.273E + 01
1.200E + 03 1.301E + 00 —7.875E + 01
2.300E + 03 6.883E - 01 —8.407E + 01
3.400E + 03 4.670E - 01 —8.598E + 01
4.500E + 03 3.532E-01 —8.696E + 01
5.600E + 03 2.839E - 01 —8.756E + 01
6.700E + 03 2.374E - 01 —8.796E + 01
7.800E + 03 2.039E - 01 —8.825E + 01
8.900E + 03 1.788E — 01 —8.846E + 01
1.000E + 04 1.591E - 01 —-8.863E + 01

The magnitude and phase of V, are plotted with greater detail in Fig. 15-27(b).

1kQ

AN T

p—

v 10.£0° 2k Y, ,[ 1 uF

(@)

Date/Time run: 10/27/93 15:21:12 Temperature: 27.0
(A) C:\MSIMEV54\NA15\nal5p06.dat

h 8.0V 2

ov-

10Hz 30Hz
s vm(2) (2] = vp(2)

Frequency

Date: October 27, 1993 Page 1 Time: 15:24:36

®)

Fig. 15-27
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15.7. Perform dc and ac analysis on the circuit in Fig. 15-28. Find the complex magnitude of V, for fvarying
from 100 Hz to 10 kHz in 100 steps.

R

1 1 2
. AN —
. 1kQ l
o R C
A8 1020 2 V2 C‘ Is
b 2kQ <, pF’]‘ A
s * &
Fig. 15-28
The source file is
DC and AC analysis of Fig. 15-28
Vs 1 0 AC 10 0
Is 0 2 DC 1 mA
R1 1 2 1k
R2 2 0 2k
C 2 0 1 uF
AC LIN 100 100 10000
.PROBE  Vm(2) Vp(2)
.END

The output file contains the following results:

SMALL SIGNAL BIAS SOLUTION

NODE VOLTAGE NODE VOLTAGE
(1) 0.0000 2) .6667
VOLTAGE SOURCE CURRENTS

NAME CURRENT

Vs 6.667E — 04

TOTAL POWER DISSIPATION  —0.00E +00 WATTS

The graph of the ac component of V, is identical with that of V, of Problem 15.6 shown in
Fig. 15-27(b).

15.8. Plot resonance curves for the circuit of Fig. 15-29(a) for R=2, 4, 6, 8, and 10 Q.
We model the resistor as a single-parameter resistor element with a single-parameter R and change the
value of its parameter R from 2 to 10 in steps of 2 Q. We use the .AC command to sweep the frequency
from 500 Hz to 3 kHz in 100 steps. The source file is

Parallel resonance of practical coil, Fig. 15-29

1 0 2 AC Im 0

R 0 2 RLOSS 1

L 1 2 10 m

C 0 2 lu

.MODEL RLOSS RES(R=1)

.STEP RES RLOSS(R) 2 10 2
AC LIN 100 500 3000
.PROBE

.END

The resonance curves are shown in greater detail in Fig. 15-29(b).

15.9. Use .TRAN and .PROBE to plot V. across the 1-UF capacitor in the source-free circuit of Fig. 15-30(a)
for R =100, 600, 1100, 1600, and 2100 Q. The initial voltage is VC(O) =10 V.
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Date/Time run: 10/27/93 15:52:56
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. 1.£0° mA
lC’ ac 1 Cﬁ:luF

(@)

Temperature: 27.0

(A) C:\MSIMEVS4\NA15\nal5p08.dat

Date: October 27, 1993

Fig. 15-29

Time: 15:55:00

The values of the resistor R are changed by using .MODEL and .STEP. The source file is

Natural response of RC, Fig. 15-30(a)

R 0 1

C 1 0
.MODEL Rshunt
STEP LIN
.TRAN 1E-4
PLOT TRAN
.PROBE

.END

Rshunt 1

1 uF IC=10
RES(R=1)

RES Rshunt(R) 100
50E - 4 UIC

V(1)

The graph of the voltage V. is shown in Fig. 15-30(b).

500
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@ —

+
Vo =C R
| 1 uMF
0
(@)
Date/Time run: 10/21/93 10:36:31 Temperature: 27.0
(C) C:\MSIMEVS54\NA15\nal5p09.dat
1ov
i
I
i
8v 4
I
1
I
I
I
i
6V<I
\
I
i
4va
i
|
I
I
'
'
i
2v+
'
'
'
'
1l
'
'
'
1 .
I )
ov + T T — Or 4
Os 1.0ms 2.0ms 3.0ms 4.0ms 5.0ms
o e v a o V(1)
Time
Date: October 27, 1993 Page 1 Time: 16:02:44
®)
Fig. 15-30

15.10. Plot the voltages between the two nodes of Fig. 15-31(a) in response to a 1-mA step current source
for R =100, 600, 1100, 1600, and 2100 Q.

The source file is

Step response of RC, Fig. 15-31(a)

1 0 1 1 m

R 0 1 Rshunt 1

C 1 0 1 uF

MODEL  Rshunt RESRR = 1)

.STEP LIN RES Rshunt(R) 100 2.1k 500
TRAN 1E -4 50E — 4 UlC

PLOT TRAN V(1)

.PROBE

.END

The graphs of the step responses are given in Fig. 15-31(b).
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1pF R C i 1% §R

(@

Date/Time run: 10/27/93 14:35:42 Temperature: 27.0
(D) C:\MSIMEV54\NA15\nal5pl0.dat

Date: October 27, 1993 Page 1 Time: 16:06:48

Fig. 15-31

15.11. Find the Thévenin equivalent of Fig. 15-32 seen at the terminal AB.

Fig. 15-32
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From dc analysis we find the open-circuit voltage at AB. We also use .TF to find the output resistance
at AB. The source and output files are

Solution to Fig. 15-32 and Thévenin equivalent at terminal AB

RI 0 1 2
R2 0 3 6

R3 1 3 1

R4 2 3 5

RS 45 7

Vsl 2 1 DC 3
Vs2 3 4 DC 4
Is 05 DC 1
TF V(5) Vsl

END

The output file contains the following results:

NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE
(1) 1.2453 (2) 4.2453 3) 2.2642 ) —-1.7358
(5) 5.2642

VOLTAGE SOURCE CURRENTS
NAME  CURRENT

Vsl -3.962E - 01

Vs2 —-1.000E + 00

TOTAL POWER DISSIPATION 5.19E + 00 WATTS
V(5)/Vsl =1.132E - 01

INPUT RESISTANCE AT Vs1 = 5.889E + 00
OUTPUT RESISTANCE AT V(5) = 8.925E + 00

The Thévenin equivalent is V., = V. =5.2642 V, R, =8.925 Q.

15.12. Plot the frequency response V,,/V, of the open-loop amplifier circuit of Fig. 15-33(a).
The following source file chooses 500 points within the frequency varying from 100 Hz to
10 MHz.

Open loop frequency response of amplifier, Fig. 15-33

Rs 1 2 10k

Rin 0 2 10 ES

Cin 0 2 short 1

Rout 3 4 10 k

R1 4 0 10 E9

Eout 30 0 2 1ES

Vac 1 0 AC 10u 0
.MODEL short CAP(C=1)

.STEP LIN CAP short(C) 1 pF 101 pF 25 pF
AC LIN 500 10 10000 k
.PROBE

.END

The frequency response is plotted by Probe for the frequency varying from 10 kHz to 10 MHz as shown
in Fig. 15-33(b).
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B

~Cp
1to 101 pF

§RL=1010 Q

(@)

Temperature: 27.0

o e v a o V(3)

Frequency

Date: October 27, 1993

Page 1 Time: 16:23:06

®)
Fig. 15-33

15.13. Plot the closed-loop frequency response V,/V, in Fig. 15-34(a) for f as it varies from 1 MHz to
1 GHz, using the subcircuit model shown in Fig. 15-34(b). Compare with the open-loop frequency
response obtained in Problem 15.12. The feedback resistor is 1 kQ < Rf< 801 kQ, incremented in

steps of 200 k€.

The source file is

Closed loop frequency response of amplifier, Fig. 15-34

.SUBCKT

¥ ¥ K ¥ ¥

Rin
Cin
Rout
Eout
.ENDS
Vac

R1

OPAMP 1 2 3 4

node 1 is the non-inverting input

node 2 is the inverting input

node 3 is the output

node 4 is the output reference (negative end of dependent source)
node 5 is the positive end of dependent source

12 10 E5

12 100 pF

35 10k

5 4 12 1E5

1 0 AC 10m 0
2 10k
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Rf 2 3 Rgain (R) 1

X1 0 2 3 0 OPAMP

.MODEL GAIN RES(R=1)

.STEP LIN RES Rgain (R) 1k 801 k 200 k
AC LIN 500 1000 k 1 000 000 k

.PROBE

.END

The frequency response is graphed in Fig. 15-34(c). Compared with the open-loop circuit of Fig. 15-33(a),
the dc gain is reduced and the bandwidth is increased.

1 k€ < Rr< 801 k()

R, 2
10kQ 3
+
Vae 10 £0° mV
V3
0 ]
(@)
ROU(
2e Se 3
B 10kQ
20— - E
3 = Rin > Vin R Cin o
1 o—o+ 106 Q) 100 pF 105V,
+
le -8 4
®
Date/Time run: 10/27/93 16:29:36 Temperature: 27.0

(A) C:\MSIMEV54\NA15\nalS5pl3.dat

'
oV +

1.0MHz 3.0MHz 10MHZ 30MHz 100MHz 300MHZ 1.0GHz
o o v a o V(3)
Frequency
Date: October 27, 1993 Page 1 Time: 16:31:43
(©)

Fig. 15-34
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15.14. Plot the open-loop frequency response V/V, of the op amp model in Fig. 15-35(a) for f varying from

1 Hz to 1 kHz. Model parameters are R, = 100 kQ, A =10°, R =10 kQ, C =31.82 uF, and R |
100 Q.

ut

CH15_Problem14.CIR, Fig. 15-35(a)

* Open-loop frequency response of an op amp model

RP 3 4 10K
CP 4 0 3.182 uF
Vac 30 AC 1 0
AC DEC 10 1 1k
.PROBE

.END

Figure 15-35(b) shows the magnitude response to a 10 uV sinusoidal input, with a dc gain of 10° V/V
(or 100 dB). The gain decreases with frequency, reaching 0.707 of its dc value (3 dB below the dc gain)
at 5 Hz.

(@)

1.0V

05V

ov
1.0Hz 3.0Hz 10 Hz 30 Hz 100 Hz 300 Hz 1.0 KHz
ove) Frequency
(®)
Fig. 15-35

15.15. Find the closed-loop frequency response V,/V,_ in Fig. 15-34(a) for f varying from 1 kHz to

1 MHz, using the subcircuit model shown in Fig. 15-35(a). Model parameters are the same as
in Problem 15-14.
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CH15_Problem15.CIR, Fig. 15-34(a) using an op amp model of Fig. 15-35(a)

* OPAMP Model with a single pole at 5 HZ and GBP=10E5

* connections:
*

3
*
.SUBCKT
RIN
EGAIN
RP

CPpP
EBUFFER
ROUT
.ENDS
Vac

R1

Rf

X1
.MODEL
.STEP

AC
.PROBE
.END

OPAMP

1 2

30 1 2
3 4

4 0

50 4 0
56

1 0 AC

1 2

2 3 Rgain
0 2 3

Rgain  RES(R=
LIN RES
DEC 500

non-inverting input

| inverting input

| |
1

100k
10ES
10K
3.182
1

10k

10m
10k
1

output

|
6

uF

OPAMP

b

Rgain(R)
1000k

1k

1k

801k 200k

429

Fig. 15-36 shows the magnitude response to a 10 mV sinusoidal input. Compared to the open-loop case,
the dc gain has decreased. This is a trade-off for an increase in the 3-dB bandwidth.

1.0V
Rf =801k
Rf =601k
0.5V
Rf =401k
Rf=201k
—o
oV Rf=1k
1.0 KHz 3.0 KHz 10 KHz 30 KHz 100 KHz 300 KHz
oo Vv aovVd) Frequency
Fig. 15-36

15.16. Find the frequency responses of V,/V, and V//V,_ in Fig. 15-37(a) for f varying from 1 kHz to
100 kHz. Model the op amp as the subcircuit given in Problem 15.14.
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Ry
R,
Al 5 — Vs
+ 3
1 Ry
—\\A—
Ry
Ve (5) 4 o
0 Ll

(a)

5.0V

45V

40V

35V

3.0V
1.0 KHz 3.0 KHz 10 KHz 30 KHz 100 KHz
A V3,0) O V(E5,0) Frequency

(b)

Fig. 15-37

CH15_Problem16, Fig. 15-37
* Magnitude responses of inverting and non-inverting amplifiers using model of Fig. 15-35(a)
* OPAMP MODEL WITH A SINGLE-POLE AT 5 HZ and GBP=10E5.

* connections: non-inverting input

# | inverting input
* | | output
* | | |
.SUBCKT OPAMP 1 2 6
RIN 1 2 10E5

EGAIN 301 2 10E5

RP 3 4 10K

CP 4 0 3.182 uF

EBUFFER 50 40 1

ROUT 5 6 100

.ENDS
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15.17.

15.18.

Vs 1 0 AC 1 0
*Non-inverting

R1 2 0 1k

R2 2 3 4k

X1 1 2 3 OPAMP

*Inverting

R3 1 4 1k

R4 4 5 5k

X2 0 4 5 OPAMP

AC DEC 500 1k 100k
.PROBE Vm(3.,0) Vp(@3,0) Vm(5,0) Vp(5,0)
.END

Referring to the RC circuit of Fig. 15-22, choose the height of the initial pulse such that the voltage
across the capacitor reaches 10 V in 0.5 ms. Verify your answer by plotting V_for 0 <7< 2 ms.
The pulse amplitude A is computed from

A(l-e¢)=10  fromwhich A=25415V

We describe the voltage source using PULSE syntax. The source file is

Pulse-Step response of RC, dead beat in RC/2 seconds

Vs 1 0 PULSE(10 25415 10E-6 10E-6 05m 3m)
R 1 2 1k

C 2 0 lu

.TRAN 1.OE-6 2.0E-3 UIC

.PROBE

.END

The response shape is similar to the graph in Fig. 15-22(b). During the transition period of 0 < ¢ < 0.5 ms,
the voltage increases exponentially toward a dc steady-state value of 25.415 V. However, at r = 0.5 ms,
when the capacitor voltage reaches 10 V, the source also has 10 V across it. The current in the resistor
becomes zero and steady state is reached.

Plot the voltage across the capacitor in the circuit in Fig. 15-38(a) for R = 0.01 Q and 4.01 Q. The
current source is a 1 mA square pulse which lasts 1256.64 us as shown in the i — 7 graph.

Model the resistor as a single-parameter resistor element with a single parameter R and change the
value of R from 0.01 to 4.01 in step of 4. The source file is

Pulse response of RLC with variable R

Is 0 1 Pulse(0 1m 100u 0.01u 0.01u 1256.64u 5000 u)
R 1 2 LOSS 1

C 1 0 2000 n IC=0

L 2 0 5m IC=0

.MODEL LOSS RES(R=1)

.STEP RES LOSS(R) .01 4.01 4

.TRAN 10u 3500 u 0 lu UIC

.PROBE

.END

The result is shown in Fig. 15-38(b).
The transient response is almost zero for R = 0.01 Q. This is because pulse width is a multiple of the
period of natural oscillations of the circuit.
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1
i mA + U2
ic
1+ ' R
is G) Vi 2pFRC 2
; SmH L
1256.64 s '
0
(@)
Pulse response of RLC with variable R
Date/Time run: 11/15/94 19:42:29 Temperature: 27.0

(R) C:\MSIMEVS4\NA15\NAl5\nal5pl5.dat
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Fig. 15-38

SUPPLEMENTARY PROBLEMS

In the following problems, use Spice to solve the indicated problems and examples.

15.19.
15.20.
15.21.
15.22.
15.23.

Example 5.9 (Fig. 5-12).

Example 5.11 (Fig. 5-16).

Example 5.14 (Fig. 5-20).

Example 5.15 (Fig. 5-21).

Example 5.20 (Fig. 5-28) for x(f) =1 V.
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15.24.
15.25.
15.26.
15.27.
15.28.
15.29.
15.30.
15.31.
15.32.
15.33.
15.34.
15.35.
15.36.
15.37.
15.38.
15.39.
15.40.
15.41.
15.42.
15.43.
15.44.
15.45.
15.46.
15.47.
15.48.
15.49.
15.50.

Problem 5.12 (Fig. 5-38).

Problem 5.23 (Fig. 5-47).

Problem 5.25 (Fig. 5-49).

Problem 5.26 (Fig. 5-50).

Problem 5.48 (Fig. 5-55) for v, =v,=1V.
Problem 5.49 (Fig. 5-56).

Example 7.6 (Fig. 7-12).

Example 7.7 [Fig. 7-13(a)].
Example 7.11 [Fig. 7-17(a)].
Problem 8.27 (Fig. 8-31).

Problem 9.11 (Fig. 9-20).

Problem 9.18 (Fig. 9-28).

Problem 9.19 (Fig. 9-29).

Example 11.5 [Fig. 11-15(a)].
Example 11.6 [Fig. 11-16(a)].
Example 11.7 (Fig. 11-17).
Problem 12.7 (Fig. 12-38).

Problem 12.12 (Fig. 12-39).
Problem 12.17 (Fig. 12-43).
Problem 12.56 [Fig. 12-70(a)].
Problem 13.28 (Fig. 13-31) for s = .
Problem 13.31 (Fig. 13-33).
Problem 14.8 (Fig. 14-24).

Problem 14.12 (Fig. 14-28).
Problem 14.17 (Fig. 14-33).
Problem 14.20 (Fig. 14-35).
Problem 14.21 (Fig. 14-36) for s = .
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CHAPTER 16

The Laplace Transform Method

16.1 Introduction

The relation between the response y(¢) and excitation x(¢) in RLC circuits is a linear differential equation of
the form

(n) 6)] @ (m) (O] @
anyn+-~-+ajy’+-~+aly +ay=b x" +---+bx" 4. +bx"’ +byx (1)

where y(j) and x” are the jth and ith time derivatives of y(¢) and x(¢), respectively. If the values of the circuit
elements are constant, the corresponding coefficients a; and b, of the differential equation will also be constants.
In Chapters 7 and 8 we solved the differential equation by finding the natural and forced responses. We employed
the complex exponential function x(r) = Xe* to extend the solution to the complex frequency s-domain.

The Laplace transform method described in this chapter may be viewed as generalizing the concept of
the s-domain to a mathematical formulation which would include not only exponential excitations but also
excitations of many other forms. Through the Laplace transform we represent a large class of excitations as
an infinite collection of complex exponentials and use superposition to derive the total response.

16.2 The Laplace Transform

Let f(#) be a time function which is zero for # < 0 and which is (subject to some mild conditions) arbitrarily
defined for ¢ > 0. Then the direct Laplace transform of f(¢), denoted £[f(1)], is defined by

Hf@) = Fe) = | fwear @

Thus, the operation &£[ ] transforms f(r), which is in the fime domain, into F(s), which is in the complex
[frequency domain, or simply the s-domain. The variable s is the complex number ¢+ j®. While it appears
that the integration could prove difficult, it will soon be apparent that application of the Laplace transform
method utilizes tables which cover all functions likely to be encountered in elementary circuit theory.

There is a uniqueness to the transform pairs; that is, if f,(r) and f,() have the same s-domain image F(s),
then f,(r) = f,(#). This permits going back in the other direction, from the s-domain to the time domain, a
process called the inverse Laplace transform, &£~ [F(s)] = f(#). The inverse Laplace transform can also be
expressed as an integral, the complex inversion integral:

- 1 Ot/ st
PR = 10 = 5= [ Feeas G

0' ]°°

In (3) the path of integration is a straight line parallel to the jw-axis, such that all the poles of F(s) lie to
the left of the line. Here again, the integration need not actually be performed unless it is a question of adding
to existing tables of transform pairs.

It should be remarked that taking the direct Laplace transform of a physical quantity introduces an extra
time unit in the result. For instance, if i(7) is a current in A, then I(s) has the units A - s (or C). Because the
extra unit s will be removed in taking the inverse Laplace transform, we shall generally omit to cite units in
the s-domain. That is, we shall still call I(s) a “current,” indicate it by an arrow, and so on.

434
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16.3 Selected Laplace Transforms
The Laplace transform of the unit step function is easily obtained:

- 1 oy 1
Plu(r)] = jo (he™dr =[] = <

From the linearity property of the Laplace transform, it follows that v(¢) = Vu(¢) in the time domain has the
s-domain image V(s) = V/s.

The exponential decay function, which appeared often in the transients of Chapter 7, is another time func-
tion which is readily transformed.

_ 2 _ar - -A oo 1
FlAe at] _ J'O Ae Yo gt = = e (ll+5)’]0 -

Or, inversely,

]

The transform of a sine function is also easily obtained.

—s(sinwt)e”™

Ylsinwt] = Jm(sin wt)e Vdt = {
0

— ¢ Ywcos ot :| )
2 2 -
S +w o

It is also useful to obtain the transform of a derivative, df(¢)/dt.

= Jmme_“dt

df (1)
5’3[7] =), "

Integrating by parts,

i[—dj;(f)} = [ FOT; = [ FOse ™t = O + 5[ fe e = - 0%) + SFs)
0 0

A small collection of transform pairs, including those obtained above, is given in Table 16-1. The last five
entries of the table present some general properties of the Laplace transform.

EXAMPLE 16.1 Consider a series RL circuit, with R =5 Q and L =2.5 mH. At r =0, when the current in the circuit
is 2 A, a source of 50 V is applied. The time-domain circuit is shown in Fig. 16-1.

Time Domain s-Domain
(i) Ri+ L% = (ii) RI(s) + L[-i(0") + sI(s)] = V(s)
(iii) 5I(s) + (2.1 X 107)[-2 + sI(s)] = ?
(classical method) ({v) I(s) = ? + %
v) [10%™ [1] =10

S

(vii) i(f) = 10 — 8729  (A)

V) |8 [m] _ _g,20001
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Table 16-1. Laplace Transform Pairs

S0 F(s)
1
1. 1 —
S
1
2 t -
S
1
—at
3 ¢ s+a
. 1
4 te”“ 3
(s+a)
5 inwt @
. s —_—
s’ + @’
S
6. cos wt >
s? + @
ssin@ + wcosO
7. in(wt + 6 —_—
sin ( ) s2 N a)2
scosf — @wsin 0@
8. cos (@t + 0) —
S +w
. 0]
9. 4 sin ot e ——
¢ e (s+a) +o
—at S+a
10. e coswt —
s+a)+w
11 inh @ @
. Sin
2 _ o?
12. cosh wt %
S —@
df .
13. — sF(s) — (0
i (8)—f(0)
t
F(s
14. J f(ndr L
0 S
15. f—1) e "SF(s)
16. C]fi (t) + czfz(t) ClFl(S) + C2F2(S)

17. J. L f, @ = 1)dt F (9)F,(s)
0

Kirchhoff’s voltage law, applied to the circuit for ¢ > 0, yields the familiar differential equation (i). This equation is
transformed, term by term, into the s-domain equation (ii). The unknown current i(f) becomes I(s), while the known
voltage v = 50u(?) is transformed to 50/s. Also, di/dt is transformed into —i(0") + sI(s), in which i(0") is 2 A. Equation
(iii) is solved for I(s), and the solution is put in the form (iv) by the techniques of Section 16.6. Then lines 1, 3, and 16 of
Table 16-1 are applied to obtain the inverse Laplace transform of I(s), which is i(f). A circuit can be drawn in the
s-domain, as shown in Fig. 16-2. The initial current appears in the circuit as a voltage source, Li(0"). The s-domain current
establishes the voltage terms RI(s) and sLI(s) in (ii) just as a phasor current I and an impedance Z create a phasor voltage IZ.
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o
R
sL +) 0
50u(t) (V) 2u(-t) (A) 7 S
'1 L Li(0)
Fig. 16-1 Fig. 16-2

16.4 Convergence of the Integral

For the Laplace transform to exist, the integral (2) should converge. This limits the variable s = 6+ jwto a
part of the complex plane called the convergence region. As an example, the transform of x(f) = ¢ “u(r) is
1/(s + a), provided Re [s] > —a, which defines its region of convergence.

EXAMPLE 16.2 Find the Laplace transform of x(¢) = 362'u(1) and show the region of convergence.

(s acs, 3 cseie 3
X(s)—J‘03e e dt—.[03e dt——s_z[e ]0—5_2, Re[s] > 2

The region of convergence of X(s) is the right half plane o> 2, shown hatched in Fig. 16-3.

Jjo

Region of
convergence

Fig. 16-3

16.5 Initial-Value and Final-Value Theorems
Taking the limit as s — oo (through real values) of the direct Laplace transform of the derivative df(t)/dt,

lim g[%] = lim r%e‘% = lim (F(s) - /(0°)

§—o0 s J(0

But ¢ in the integrand approaches zero as s — co. Thus,
lim {sF(s) — f(0")} =0

X—00

Since f(0") is a constant, we may write
f(07) = lim {sF(s)}

which is the statement of the initial-value theorem.
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EXAMPLE 16.3 In Example 16.1,

. . 8s
lsl_l;I;lc{SI(S)} = ]sl_l)ll(]o - m) =10-8=2

which is indeed the initial current, i(0") =2 A.
The final-value theorem is also developed from the direct Laplace transform of the derivative, but now the limit is
taken as s — 0 (through real values).

s—0 5s—0 0

lim 3[%] = limj %f’d: = 1133 {sF(s) - £(0")}

O -
But tim | LDt = | ar = fee9 - £0%)
s—0 0 dt 0
and £(0") is a constant. Therefore,
fe = f(07) = =f(0") + lim({sF(s)}

s—0

or f(eo = lim{sF(s)}
s—0
This is the statement of the final-value theorem. The theorem may be applied only when all poles of sF(s) have

negative real parts. This excludes the transforms of such functions as ¢’ and cos f, which become infinite or indeterminate
as t — oo,

16.6 Partial-Fractions Expansions

The unknown quantity in a problem in circuit analysis can be either a current i(f) or a voltage v(¢). In the
s-domain, it is I(s) or V(s); for the circuits considered in this book, this will be a rational function of the
form

where the polynomial Q(s) is of higher degree than P(s). Furthermore, R(s) is real for real values of s, so that
any nonreal poles of R(s), that is, nonreal roots of Q(s) = 0, must occur in complex conjugate pairs.

In a partial-fractions expansion, the function R(s) is broken down into a sum of simpler rational functions,
its so-called principal parts, with each pole of R(s) contributing a principal part.

Case 1: s = ais a simple pole. 'When s = a is a nonrepeated root of Q(s) = 0, the corresponding principal

part of R(s) is

A
s—a

where A = lim{(s — a)R(s)}

If ais real, so is A; if a is complex, then a” is also a simple pole and the numerator of its principal part is A",
Notice that if a =0, A is the final value of (7).

Case 2: s =b is a double pole. When s =b is a double root of Q(s) = 0, the corresponding principal part
of R(s) is

B, B,

+
s=b  (s-b)’
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where the constants B, and B, may be found from

B, = lim((s~b/R(s)]  and Bl‘slfi{(s b)[R(S) (s—b)z]}

B, may be zero. Similar to Case 1, B, and B, are real if b is real. The constants for the double pole b" (if it
exists) are the conjugates of those for b.

The principal part of a higher-order pole can be obtained by analogy to Case 2; we shall assume, however,
that R(s) has no such poles. Once the partial-functions expansion of R(s) is known, Table 16-1 can be used
to invert each term and thus obtain the time function r(z).

EXAMPLE 16.4 Find the time-domain current i(¢) if its Laplace transform is

-1
Factoring the denominator, I(s) = 25—0
sT(s = (s +))

we see that the poles of I(s) are s = 0 (double pole) and s = £ (simple poles).
The principal part at s =0 is

B, B _1_10
S s s ¢’
since B, = lim i =-
2 ssol (s= s+ ))
. -10 10 . (10s +1
Bl=11ms;2—+—2 =11m( 25 )=1
s—0 s(s"+1D s s—0\ s” +1
The principal part at s =+ is
A 05+)5
s—j  s—
since A=tim| 2710 (= 0545
s=j| s7(s + J)
It follows at once that the principal part at s = —j is
_05-5
s+ j

The partial-fractions expansion of I(s) is, therefore,
I(s)—l—loi—(05+ 'S)L—(OS— '5);
s s DTS R

and term-by-term inversion using Table 16-1 gives

i(t) =1—-10f — (0.5 + j5)e’ — (0.5— j5)¢ /" =1—-10¢ — (cost — 10sin?)

Heaviside Expansion Formula
If all poles of R(s) are simple, the partial-fractions expansion and termwise inversion can be accomplished
in a single step:

AP ] N P@) a
= [Q(S)] = 2.Qay ¢ @)
k=1
where a,a, ...a are the poles and Q’(a ) is dQ(s)/ds evaluated at s = a,.



440 CHAPTER 16 The Laplace Transform Method

16.7 Circuits in the s-Domain

In Chapter 8 we introduced and utilized the concept of generalized impedance, admittance, and transfer func-
tion as functions of the complex frequency s. In this section, we extend the use of the complex frequency to
transform an RLC circuit, containing sources and initial conditions, from the time domain to the s-domain.

Table 16-2
Time Domain s-Domain s-Domain Voltage Term
i> R I(s)- R
+ "‘v‘v RI(S)
i-> L I(s)— sL
R, o o o WS .
—i0") sLI(s) + Li(0")
Li(0%)
. I(s)~> sL
i> L —M—_@— SLI(s) + Li(0")
«i(0%) Li(0%)
1
I(s)— sC
. 7\ Is) Y,
g C l[ +— —— 4+ _0
—{e—— 1\ V _Y—q sC S
+Va s

I(s)~> s

1
. ¢ V
—e- —0s Y
-V s

Table 16-2 exhibits the elements needed to construct the s-domain image of a given time-domain circuit.
The first three lines of the table were in effect developed in Example 16.1. As for the capacitor, we have,
for > 0,

t

V() =V, + CJ. i(t)drt
0

so that, from Table 16-1,

EXAMPLE 16.5 In the circuit shown in Fig. 16-4(a) an initial current i, is established while the switch is in position /.
At =0, it is moved to position 2, introducing both a capacitor with initial charge Q,, and a constant-voltage source V.
The s-domain circuit is shown in Fig. 16-4(b). The s-domain equation is

RI(s) + sLI(s) — Li0*) + 1 4 Yo _ %

sC sC

in which V= Q//C and i(0") =i, = V/R.
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R 7 "'—:'"7 l___:_"l
R | S
sL Li0) 1V,
i sC sC
I(s)
()
\a
Vs
(a) ()

Fig. 16-4

16.8 The Network Function and Laplace Transforms

In Chapter 8 we obtained responses of circuit elements to exponentials ¢*, based on which we introduced the
concept of complex frequency and generalized impedance. We then developed the network function H(s) as
the ratio of input-output amplitudes, or equivalently, the input-output differential equation, natural and forced
responses, and the frequency response.

In the present chapter we used the Laplace transform as an alternative method for solving differential
equations. More importantly, we introduce Laplace transform models of R, L, and C elements which, con-
trary to generalized impedances, incorporate initial conditions. The input-output relationship is, therefore,
derived directly in the transform domain.

What is the relationship between the complex frequency and the Laplace transform models? A short
answer is that the generalized impedance is the special case of the Laplace transform model (i.e., restricted
to zero state), and the network function is the Laplace transform of the unit-impulse response.

EXAMPLE 16.6 Find the current developed in a series RLC circuit in response to the following two voltage sources
applied to it at # = 0: (@) a unit-step, (b) a unit-impulse.

The inductor and capacitor contain zero energy at t = 0 . Therefore, the Laplace transform of the current is I(s) =
V(s)Y(s).

(a) V(s)=1/s and the unit-step response is

1 Cs 1 1
1(s) = — 2 =7 2 2
SLCs*+RCs+1 L(s+o0) + )
i(t) = ! e % sin(w Hu(r)
Lo, d
where
_R q _(RY__L
=3 an @y 2L IC

(b) V(s)=1 and the unit-impulse response is

l S

()= —— >
® L(s+0) +w;

i(r) = %e_m[a) , €0s (@ 1) = osin (@, )]u(?)
d

(The unit-impulse response may also be found by taking the time-derivative of the unit-step response.)
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EXAMPLE 16.7 Find the voltage across the terminals of a parallel RLC circuit in response to the following two current
sources applied at # = 0: (a) a unit-step, (b) a unit-impulse.

Again, the inductor and capacitor contain zero energy at r = 0 . Therefore, the Laplace transform of the current is
V(s) = 1(s)Z(s).

(a) (s)=1/s and the unit-step response is

1 RLs 1 1
Vi) =7 2 =C 7, 2
S RLCs” + Ls + 1 (s+0) +w,
u(t) = ! e % sin(w,Hu(r)
Co, d
where
_ L d (YL
C=%c: ® =\\2rC ) " IC

1 1
\% N
® C+0) +aw
u(t) = Cio ¢ ”'[o, cos(w,1) — o'sin(w,1)]u(7)

SOLVED PROBLEMS

16.1. Find the Laplace transform of e “ cos wt, where « is a constant.

Applying the defining equation L[f(r)] = J f(H)e*'dt to the given function, we obtain
0

oo

Lle™ coswr] = J. coswte ST gy
0

o0

—(s+a)t + e—(s+a)tw sin ot

_ | —(s + a)coswte
(s+a)’+0°

_ s+a
(s +a)’ + o

16.2. If & [f(r)] = F(s), show that &£ = [ “'f(1)] = F(s + a). Apply this result to Problem 16.1.

By definition, L[f(®)] = I f(®e ™ dt = F(s). Then,
0

Lle™ f(1)] = j e f(t))e ™ dr = j F@0e S dr = F(s + a) Q)
0 0
Applying (5) to line 6 of Table 16-1 gives
Ple™ coswr] = %
(s+a)y +w

as determined in Problem 16.1.
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16.3. Find the Laplace transform of f(f) =1 — e, where a is a constant.

Pl-e“= J‘ (1 —e e dt = J. e Mdt — J. e STy
0 0 0

_ | - 1 —(s+a)t | _ 1 1 _ a
=|——e  +——e =—= =
S s+a , s s+a s(s + a)

Alternative Method:

t
g[“J. e_‘”dT] _Ms+a) _ a
0 S s(s + a)

16.4. Find
_ 1
[/ [
|:s(s2 — a2)}

1 A B C
—=—+ +
ss>—a*>) S sta s-a

Using the method of partial fractions,

and the coefficients are

1

A:
2 2
S —a

L !

B 1 1
o a " s(s—a)

= C

s=——a 20

ns
e 2d°

2 2 2
Hence, P! % — gl —la Ll 1/2a Lol 1/2a
s(s" —a”) S S+a s—a

The corresponding time functions are found from Table 16-1:

= s(s + a)

—1 1 _ 1 1 —at 1 at
£ — 5 |=-5t e +—e
s(s” —a”) a 2s 2a

at —at
[%J = iz(coshat -1

Alternative Method:
According to lines 11 and 14 of Table 16-1,

2 2 r . '
! /(s —a”) _ sinhat dr = coshar _ i(cosh at—1)
S a 2 2
0

a 0

16.5. Find

1 s+ 1
< 2
[s(s +4s+4):|

Using the method of partial fractions, we have

s+1 A B B,
=—+ +
ss+2° S S+2 (542)°
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s+1 1 s+1 1
Then A= =— B. = =
s+2°_, 4 Pos |, 2
and B=s+—*2 | -1
2s(s +2)7|_,
1 _1 1
Hence, ! 25;1 e N 4|y ! #2
s(s” +4s +4) s s+2 (s +2)

The corresponding time functions are found from Table 16-1:

! _ s+1 _ 1_16*2’ +lte72’
s(s+4s+4)| 4 4 2

16.6. In the series RC circuit of Fig. 16-5, the capacitor has an initial charge of 2.5 mC. At # = 0, the switch

is closed and a constant-voltage source V =100 V is applied. Use the Laplace transform method to
find the current.
The time-domain equation for the given circuit after the switch is closed is

Ri(t) + élQo + J. i(r)dr] =V

0

0

or 10i(t) + ;_6 (—2.5%107) + j i(t)dr] =V (6)
50 x 10 1|

Q, is opposite in polarity to the charge which the source will deposit on the capacitor. Taking the Laplace
transform of the terms in (6), we obtain the s-domain equation

3
101(5)—2.5X196 + I(S)76 =m
50x107s 50x10"s S
or 5)=—> %)
s+ (2x107)

The time function is now obtained by taking the inverse Laplace transform of (7):

iy=9" [%} = 15¢7210 (A) (8)
s+ (2x107)

16.7. In the RL circuit shown in Fig. 16-6, the switch is in position / long enough to establish steady-state

conditions, and at r =0 it is switched to position 2. Find the resulting current.

o\c
77\ 1 2 )
i 00 N 25 Q
100 V
- 50V 100 V
o 50 uF 001 H

Fig. 16-5 Fig. 16-6

+
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Assume the direction of the current is as shown in the diagram. The initial current is then i = —50/25 = -2 A.
The time-domain equation is

. di

250 + O.OIE =100 9)

Taking the Laplace transform of (9),
25I(s) + 0.01sI(s) — 0.01i(0") = 100/s (10)

Substituting for i(0"),
25I(s) + 0.01sI(s) + 0.01(2) = 100/s (11)
4

and I(s) = 100 0.02 10 2 (12)

s(0.01s + 25)  0.0Is+25  s(s +2500) s+ 2500

Applying the method of partial fractions,

10* A B
-4 13
s(5+2500) s | s+2500 (13)
. 10* 10*
with - — - - _
A=5T2500 -4 and B= 4
s=0 s=—2500
Then, =22 2__4__ ¢ (14)

s $+2500 s+2500 s s+2500

Taking the inverse Laplace transform of (14), we obtain i = 4 — 6e 2300 (A).

16.8. In the series RL circuit of Fig. 16-7, an exponential voltage v = 50¢ '

switch at ¢ = 0. Find the resulting current.

r o\c
7N 100
02 H

Fig. 16-7

(V) is applied by closing the

The time-domain equation for the given circuit is

di
Ri+L— = 1
i+ 7 (15)
In the s-domain, (15) has the form
RI(s) + sLI(s) — Li(0") = V(s) (16)

Substituting the circuit constants and the transform of the source, V(s) = 50/(s + 100), in (16), we get

5 250

IOI(S) + S(OZ)I(S) = m or I(S) = m

a7
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By the Heaviside expansion formula,

—1 _ —1 & P(an) art
A=< |:Q(s):|

T L Qa)”
n=1.2

Here, P(s) = 250, Q(s) = s* + 150s + 5000, Q’(s) = 2s + 150, a, =-100, and a, = =50. Then,

250 _j00; , 250 _so;
—e +——e¢

5 <0 _ _Se—IOOt + Se—SOt (A)

i= % Ies)] =

16.9. The series RC circuit of Fig. 16-8 has a sinusoidal voltage source v =180sin (2000¢ + ¢) (V) and an
initial charge on the capacitor Q) = 1.25 mC with polarity as shown. Determine the current if the
switch is closed at a time corresponding to ¢ = 90°.

Fig. 16-8
The time-domain equation of the circuit is
t

0

40i(t) + % (1.25%107%) + J i(T)dJ = 180c0s2000¢ (18)
25 x 10 JI

The Laplace transform of (18) gives the s-domain equation

1.25x10°  4x10* 1
401(s) + 222X ?6 L2046 = _ 80s g (19)
25x10s S s"+4x10
4.5s2 1.2
or I(s) = > > 20)

(2 +4x10%s+10°) s+10°

Applying the Heaviside expansion formula to the first term on the right in (20), we have P(s) = 4.55%,
Q(s) =5’ + 10°> + 4 x 10% + 4 x 10°, Q’(s) = 35” +2x 10’s + 4 x 10°, a, = -2 x 10°, a, = j2 x 10°, and

a,= ~10°. Then,
2 PE2X10Y) e | PG2X10Y) s, P10 Lior | s 10
Q) x10°) Q(j2x10) Q'(-10") '
= (1.8 = j0.9)e 10" 4 (1.8 + j0.9)eX107 _ .35¢710" 1)

= —1.8 in2000¢ + 3.6c0s 20007 — 0.35¢ """

= 4.025in(2000 + 116.6) - 0.35¢7'°" (A)

At t = 0, the current is given by the instantaneous voltage, consisting of the source voltage and the
charged capacitor voltage, divided by the resistance. Thus,

-3
i = (18051n90° - 1'25;106)/40 =325A

25x10

The same result is obtained if we set =0 in (21).
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16.10. In the series RL circuit of Fig. 16-9, the source is v = 100 sin (5007 + ¢) (V). Determine the resulting
current if the switch is closed at a time corresponding to ¢ = 0°.

001 H

Fig. 16-9

The s-domain equation of the series RL circuit is
RI(s) + sLI(s) — Li(0") = V(s) (22)

The transform of the source with ¢ = 0° is

_ (100)500)

V(s) 3 >
s” +(500)
Since there is no initial current in the inductance, Li(0") = 0. Substituting the circuit constants into (22),

5%10% 5% 10°
or I(s) = — 7
(s* + 25 x 10*)(s + 500)

SI(s) + 0.01sI(s) = —

_— 23
s +25x%x10* (23)

Expanding (23) by partial fractions,

1+ 1- 10
I(s) = 5| ——L 24
® 5(s+j500)+5(s—j500)+ s+ 500 @9

The inverse Laplace transform of (24) is

i =10 in500¢ — 10 cos 5007 + 10e %" = 10e°"" +14.14 sin (5007 — 45°) (A)

16.11. Rework Problem 16.10 by writing the voltage function as
v = 100" (V) (25)

Now V(s) = 100/(s — j500), and the s-domain equation is

100 Ls) = 10*
s—500 °°  18=5"7500)s + 500

5I(s) + 0.01sI(s) =

Using partial fractions,

_10-/10  -10+j10
T s—j500 s+500

I(s)
and inverting,

i= (10— j10)e”" + (=10 + j10)e "

=14.14e/°%" 1 (—10 + j10)e " (A) (26)



448 CHAPTER 16 The Laplace Transform Method

The actual voltage is the imaginary part of (25); hence the actual current is the imaginary part of (26).
i =14.14 5in (5001 — 7t/4) + 10e"" (A)

16.12. In the series RLC circuit shown in Fig. 16-10, there is no initial charge on the capacitor. If the switch
is closed at r = 0, determine the resulting current.
The time-domain equation of the given circuit is

Coodi 1" B
Ri+ Lo+ EL i(tydt =V 27)

Because i(0") = 0, the Laplace transform of (27) is

RI(s) + sLI(s) + L = I(s)Z (28)
sC S
or 2I(s) + 1sI(s) + LI(s) = ﬂ (29)
0.5s S
Hence, I(s) = 30 >0 30)

s242s+2 (+I+j)s+1-j)
Expanding (30) by partial fractions,

j25 j25

I8=G517) G+1-9

31

and the inverse Laplace transform of (31) is

i = 257" = 7y = 50¢ 7 sing (A)

2Q 50 2H
\—Mﬁ:—' AARA
/i-\ L
I'H I + - s
50 vV v Oy 2F .=5ﬂ

o

05F

Fig. 16-10 Fig. 16-11

16.13. In the two-mesh network of Fig. 16-11, the two loop currents are selected as shown. Write the
s-domain equations in matrix form and construct the corresponding circuit.
Writing the set of equations in the time domain,

1 t d.
Si, + 7[Q0 + J il(r)dr] #5,=v and 10, +252 450 = (32)
0

Taking the Laplace transform of (32) to obtain the corresponding s-domain equations,

51,(s) + g—g + 21511 () +5L,(s) = V(s)  10L,(s) + 2sL,(s) — 2i,(0") + 51,(s) = V(s) (33)
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When this set of s-domain equations is written in matrix form,

[5+(1/25) 5 :|Il(s) [V~ (Qy/29)
5 10+2s || T,(8) | | V(s)+2i,(0")

The required s-domain circuit can be determined by examination of the Z(s), I(s), and V(s) matrices (see
Fig. 16-12).

Fig. 16-12 Fig. 16-13

16.14. In the two-mesh network of Fig. 16-13, find the currents which result when the switch is closed.
The time-domain equations for the network are

, di di,
10i, +0.025% - 0.0252 = 100

dt dt
0.02 diy 5i, —0.02 i _ 0 .
. 7 + 12 — 0. W =
Taking the Laplace transform of set (34),
(10 + 0.028)I,(s) — 0.02sL,(s) = 100/s (5 +0.028)I,(s) — 0.02sL,(s) = 0 (35)

From the second equation in set (35) we find

I(s) = Il(s)(ﬁj (36)

which when substituted into the first equation gives

(37

11(5)26.67[ s + 250 }: 10 3.33

s(s+166.7) | s s+166.7
Inverting (37),

i =10-3.33¢"°7" (A)
Finally, substitute (37) into (36) and obtain

— 1 P -166.7t
IZ(S) = 667(m) whence L, = 6.67¢ (A)

16.15. Apply the initial- and final-value theorems to Problem 16.14.

The initial value of 7, is given by

ST T s+ 250 _
11(0 ) = lsliI:Q [SII(S)] = lyl_Ille [6667(m):| =6.67TA
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and the final value is
N . s+250 Y|
11(00) = 12’)% [SII(S)] = 11_{% [667(m):| =10A
The initial value of i, is given by
. N 1 T S _
L(07) = £I_I)IOIO[S12(S)] = E,I_I,Il[6'667(—s ~ 166.7)] =6.67 A

and the final value is

. T 1 S
iy (9 = lim(sL,(s)] = 1133[6-67(m)} =0

Examination of Fig. 16-13 verifies each of the preceding initial and final values. At the instant of switch
closing, the inductance presents an infinite impedance and the currents are i, = i, = 100/(10 + 5) = 6.67 A.
Then, in the steady state, the inductance appears as a short circuit; hence, i, =10 A, i, = 0.

16.16. Solve for i in Problem 16.14 by determining an equivalent circuit in the s-domain.
In the s-domain, the 0.02-H inductor has impedance Z(s) = 0.02s. Therefore, the equivalent impedance
of the network as seen from the source is

Z(s) =10+

(0.025)(5) s+ 166.7
0.02s+5 s + 250

and the s-domain equivalent circuit is as shown in Fig. 16-14. The current is then

_V(s) _100[ s+250 |_ s + 250
L®) = Z(s) s [15(s+l66.7):|_6'67[s(s+166.7):|

This expression is identical to (37) of Problem 16.14, and so the same time function i, is obtained.

1

10 Q
q\ Ww
/ln-(?‘ —m | iq
1
b
100/s (+ ] Z(s) 50 V 02 F 3: 40 Q

1

Fig. 16-14 Fig. 16-15

16.17. In the two-mesh network shown in Fig. 16-15 there is no initial charge on the capacitor. Find the loop
currents 7, and i, which result when the switch is closed at 7 = 0.
The time-domain equations for the circuit are

t
10i, + %j i dT+10i, =50  50i, +10i, = 50
0

The corresponding s-domain equations are

1 50 50
10L,(8) + g5 1,(9) + 10L,(8) = == 50I,(s) + 10L,(s) = =

1

Solving, I] (S) = m

5 1
510625 L®=5-
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Therefore,

. —0.625¢
i, =5e

: (A) i=1- 0O (A)

16.18. Referring to Problem 16.17, obtain the equivalent impedance of the s-domain network and determine
the total current and the branch currents using the current-division rule.
The s-domain impedance as seen by the voltage source is

_ 40(1/0.2s)  80s +50 _ s+5/8
2O =104 303 1025~ gs+1 - (s+l/8j 5%
The equivalent circuit is shown in Fig. 16-16; the resulting current is
V(s) s+ 1/8
I(s) = = 39
® Z(s) s(s + 5/8) (39)

Expanding I(s) by partial fractions,

= 1 4 : ©_ —-5t/8
I(s) = s + ST5/8 from which i=1+4e (A)

Now the branch currents I, (s) and L,(s) can be obtained by the current-division rule. Referring to Fig. 16-17,
we have

Il(s)=I(s)( 40 ): 3

. & —0.625
20+1/02s )~ s+5/8 and =S¢ T (A)

_ 1/0.2s 1 1 . _ 1 -0.625¢
L) = I(S)(40 T 1/0.25) =5 sesm awd L=l A

-

—_— —
1o 1) lll(s) L(s)
4
V(s) = 50/s ] Zs) 10.2s i: 40 Q
Fig. 1616

Fig. 16-17

16.19. In the network of Fig. 16-18 the switch is closed at = 0 and there is no initial charge on either of
the capacitors. Find the resulting current i.

288

Fig. 16-18
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The network has an equivalent impedance in the s-domain

5+ 1s)5+1/0.55) 12557 + 455 + 2
Z6) =10+ 515 71/05s ~  si0s+3)

Hence, the current is

V(s) 50 s(10s+3) 4(s +0.3)

I(s) = = =
(®) Z(s) s (1255 +45s+2) (s+0.308)(s +0.052)

Expanding I(s) by partial fractions,

18 31/8 .1 0308 | 31 _0.052
18)=570308 "5+0052 d  i=ge tge @

16.20. Apply the initial- and final-value theorems to the s-domain current of Problem 16.19.

oty 1 T 1 N 31 s _
i07) = lim [s(s)] = 1131,[§(s + 0.308) N ?(s + 0.052)] =4A

. . ! s 31 s
i(e9) = lim[s1(s)] = E‘j%[ﬁ(s T 0.308) * ?(s T 0.052)] =0

Examination of Fig. 16-18 shows that initially the total circuit resistance is R = 10 + 5(5)/10 = 12.5 Q, and
thus, i(0") = 50/12.5 = 4 A. Then, in the steady state, both capacitors are charged to 50 V and the current
is zero.

SUPPLEMENTARY PROBLEMS

16.21. Find the Laplace transform of each of the following functions.
(a) flty=At (¢) f(H)=e"sinar (e) f(t)=coshwt
®) fin =t (d) f(r)=sinh ot (f) fH)=e“ sinhwr
Ans.  (a)—(e) See Table 16-1.
w
f)

(s+a)’ -

16.22. Find the inverse Laplace transform of each of the following functions.

S 2s
(@) F(§) = ———— (d) F(s) = ———— (& F@)=—F
(s+2(s+1) s(s® + 68 +9) (s° +4)s+5)
O Fe)=————— (o) F)= 12—
s"+7s+12 s"+2s+5
©F®=—2—  (HF=—Tt
s"+3s+2 s"+4s+13
-2t —t 1 1 -3t -3t 10 4 . 10 -5t
Ans. (a) 2e e (d) 373 e te (9) 29 cos2t + 29 sin 2¢ 79 e
b) e (e) e '(cos2t + 2sin2¢)
(c) 107 = 5¢7" (f) 2¢* cos3t

16.23. A series RL circuit, with R = 10 Q and L = 0.2 H, has a constant voltage V = 50 V applied at # = 0. Find the
resulting current using the Laplace transform method. Ans. i=5-5¢"" (A)
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16.24.

16.25.

16.26.

16.27.

16.28.

16.29.

In the series RL circuit of Fig. 16-19, the switch is in position / long enough to establish the steady state and is
switched to position 2 at r = 0. Find the current.  Ans. i=5¢7% (A)

S
=)
)
3
=}
N

50 vV

100 V Ct)
02H

0.1 H

Fig. 16-19 Fig. 16-20

In the circuit shown in Fig. 16-20, switch I is closed at =0 and then, at t = " = 4 ms, switch 2 is opened. Find
the current in the intervals 0 <t < ¢’ and t > ¢’

Ans. i=2(1-¢7") A i =1.06¢""" +0.667 (A)

In the series RL circuit shown in Fig. 16-21, the switch is closed at position / at # =0 and then, at ¢ = " = 50 us, it
is moved to position 2. Find the current in the intervals 0 <t < ¢’ and ¢ > ¢’

s

Fig. 16-21 Fig. 16-22

Ans.  i=0.1(1-¢2%) (A), i=0.06e2"" _0.05 (A)

100 V

A series RC circuit, with R=10 Q and C =4 UF, has an initial charge Q= 800 LC on the capacitor at the time the
switch is closed, which results in applying a constant-voltage source V=100 V. Find the resulting current transient
if the charge is (a) of the same polarity as that deposited by the source, and (b) of the opposite polarity.

Ans. (@ i==10e7V" (A); () i =306 ()

A series RC circuit, with R =1 kQ and C =20 UF, has an initial charge Q,, on the capacitor at the time the switch
is closed, which results in applying a constant-voltage source V = 50 V. If the resulting current is i = 0.075¢ 0
(A), find the charge O, and its polarity.

Ans. 500 uC, opposite polarity to that deposited by source
In the RC circuit shown in Fig. 16-22, the switch is closed at position 7 at 7 =0 and then, at # = ¢ = 7 (the time

constant), is moved to position 2. Find the transient current in the intervals 0 < <t and ¢ > ¢’.

Ans. i=0.5¢""(A), i = —.0516¢2%" (A)
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16.30.

16.31.

16.32.

16.33.

16.34.

16.35.

16.36.

CHAPTER 16 The Laplace Transform Method

In the circuit of Fig. 16-23, Q=300 UC at the time the switch is closed. Find the resulting current transient.

Ans. i =250 (p)

i)
- < 500 Q
= = = "
6 uF 4~ Qo A1~ 3 uF <+>
+ U\ - _
\i/ Q A~ 0.5 uF
A AA +
20 Q
Fig. 1623 Fig. 16-24

In the circuit shown in Fig. 16-24, the capacitor has an initial charge Q, =25 1C and the sinusoidal voltage source
is v = 100sin (10007 + ¢) (V). Find the resulting current if the switch is closed at a time corresponding to ¢ =
30°.

—4000¢

Ans. i=0.1535e +0.0484 sin (10007 + 106°) (A)

A series RLC circuit, with R =5 Q, L = 0.1 H, and C = 500 uF, has a constant voltage V = 10 V applied at
t=0. Find the resulting current. ~ Ans. i=0.72¢ > sin 1397 (A)

In the series RLC circuit of Fig. 16-25, the capacitor has an initial charge O, = 1 mC and the switch is in position /
long enough to establish the steady state. Find the transient current which results when the switch is moved from
position / to 2 at r = 0.

Ans. i=e (2 cos 222t — 0.45 sin 2227) (A)

10V

Fig. 16-25

A series RLC circuit, with R=5 Q, L =0.2 H, and C = 1 F has a voltage source v = 107100

¢t = 0. Find the resulting current.

Ans.  i=-0.666¢"" +0.670¢ ¥ — 0.004¢ ¥ (A)

(V) applied at

A series RLC circuit, with R = 200 Q, L = 0.5 H, and C = 100 uF has a sinusoidal voltage source v =
300 sin (500¢ + @) (V). Find the resulting current if the switch is closed at a time corresponding to ¢ = 30°.

Ans. i=0.517¢"4 ~0.197¢7% 1 0.983 sin (5007 — 19°) (A)

A series RLC circuit, with R =5 Q, L = 0.1 H, and C = 500 uF has a sinusoidal voltage source v =
100 sin 2507 (V). Find the resulting current if the switch is closed at # = 0.

Ans. i=e2(5.42 cos 139¢ + 1.89 sin 139f) + 5.65 sin(250¢ — 73.6°) (A)
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16.37. In the two-mesh network of Fig. 16-26, the currents are selected as shown in the diagram. Write the time-domain
equations, transform them into the corresponding s-domain equations, and obtain the currents i; and i,.

Ans. i=250+e ") (A), iy =507 (A)

10 Q 50
/;|\ /‘2\ l - sa
iy
50V 10 Q a‘: 2uF S0V l 20 uF
0.1 H
Fig. 1626 Fig. 16-27

16.38. For the two-mesh network shown in Fig. 16-27, find the currents i, and i, which result when the switch is closed
atr=0.  Ans. i, =0.101¢7""" +9.899¢ 7" (A), i, =-5.05¢ """ +5 +0.05¢"" (A)

16.39. In the network shown in Fig. 16-28, the 100-V source passes a continuous current in the first loop while the
switch is open. Find the currents after the switch is closed at 7 = 0.

Ans. i, =1.67¢ *" +5(A), i,=0.555¢ """ +5 (A)

- ‘.\\o——

5Q
10 Q i
i @
100 V v 10 Q :: 10 Q

2H 10 Q

Fig. 16-28 Fig. 16-29

16.40. The two-mesh network shown in Fig. 16-29 contains a sinusoidal voltage source v = 100sin (200¢ + @) (V). The
switch is closed at an instant when the voltage is increasing at its maximum rate. Find the resulting mesh currents,
with directions as shown in the diagram.

Ans. i, =3.01e"" + 8.96 sin (2001 - 63.4°) (A), i, = 1.505¢'*"

+ 4.48 sin (2007 — 63.4°) (A)

16.41. In the circuit of Fig. 16-30, v(0) = 1.2 V and i(0) = 0.4 A. Find v and i for ¢ > 0.

—2.5¢t

Ans. v =1.3334¢" = 0.1334¢ ", 1> 0

i=0.66667¢" —0.2667¢ >, t>0

NV .

3Q

ilgm 29% 1F°— v

Fig. 16-30
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16.42. In the circuit of Fig. 16-31, ig(t) =cos tu(t). Find v and i.
Ans. 0=0.8305cos(t—48.4°),t>0
i=0.2626co0s(t—66.8°),t>0

/\/\/\/ +

3Q

ilng ig<f> 29% IF—— v

Fig. 16-31

16.43. In the circuit of Fig. 16-31, i = Find v and i for t > 0 and compare with results of

Problems 16.41 and 16.42. ¢
Ans. v=0.6667¢" —0.0185¢ >+ 0.8305 cos (¢ — 48.4°), t> 0
i=0.3332¢" —0.0368¢ > +0.2626 cos (t — 66.8°), £ > 0

1A t<0
cost t>0

16.44. Find capacitor voltage v(f) in the circuit shown in Fig. 16-32.
Ans. v=20-10.21¢ " cos (4.9t+11.53°),t>0

i (A)

2Q

v+<f> i ——0I1F

10

N

Fig. 16-32

16.45. Find inductor current i(¢) in the circuit shown in Fig. 16-32.

Ans. i=10—6.45¢"" cos (4.9t —39.2°), >0



Fourier Method of
Waveform Analysis

17.1 Introduction

In the circuits examined previously, the response was obtained for excitations having constant, sinusoidal, or
exponential forms. In such cases, a single expression described the forcing function for all time; for instance,
U = constant or v =V sin wt, as shown in Fig. 17-1(a) and (b).

v b — —
1%

0 t

7w 27w 31r/w\
0 ! !
[ /2 IR
(a) (b) (c)
Fig. 17-1

Certain periodic waveforms, of which the sawtooth in Fig. 17-1(c) is an example, can be only locally
defined by single functions. Thus, the sawtooth is expressed by f(¢) = (V/T)t in the interval O < ¢ < T and
by f(¢#) = (VIT)(t = T) in the interval 7 < ¢t < 2T. While such piecemeal expressions describe the waveform
satisfactorily, they do not permit the determination of the circuit response. Now, if a periodic function can be
expressed as the sum of a finite or infinite number of sinusoidal functions, the responses of linear networks
to nonsinusoidal excitations can be determined by applying the superposition theorem. The Fourier method
provides the means for solving this type of problem.

In this chapter we develop tools and conditions for such expansions. Periodic waveforms may be expressed
in the form of the Fourier series. Nonperiodic waveforms may be expressed by their Fourier transforms. However,
a piece of a nonperiodic waveform specified over a finite time period may also be expressed by a Fourier series
valid within that time period. Because of this, the Fourier series analysis is the main concern of this chapter.

17.2 Trigonometric Fourier Series

Any periodic waveform—that is, one for which f(¢) = f(t + T)—can be expressed by a Fourier series
provided that

(1) Ifitis discontinuous, there are only a finite number of discontinuities in the period T;
(2) It has a finite average value over the period 7;

(3) It has a finite number of positive and negative maxima in the period 7.

457
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When these Dirichlet conditions are satisfied, the Fourier series exists and can be written in trigonometric
form:

1
f@) = 74 + a,coswt + a, cos2t + a,cos3wr + - - -

ey

+ b, sinwt + b, sin2mr + b3 sin3wt + - - -

The Fourier coefficients, the a’s and b’s, are determined for a given waveform by the evaluation integrals.
We obtain the cosine coefficient evaluation integral by multiplying both sides of (1) by cos nw¢ and integrat-
ing over a full period. The period of the fundamental, 27/, is the period of the series since each term in the
series has a frequency which is an integral multiple of the fundamental frequency.

2rlw 2rlw 2rlw
J f(t)cosnwtdt = J 54 cosnwt dt +I a, cos@tcosnwtdt + - -
0 0 0

2rn/w 2rnl/w
+J a, cos’ notdt + - - - +I b, sin t cos not dt 2)
0 0

2rn/w
+J. b2 sin2 wtcosnwdt + - - -
0

The definite integrals on the right side of (2) are all zero except that involving cos” nwt, which has the value
(m/w)a,. Then

o [ 2 (7 2mnt
a,= EJ.O f(t)cosnwtdt = T.[o f()cos T dt 3)

Multiplying (1) by sin net and integrating as above results in the sine coefficient evaluation integral.

o 7 2 (7 2rnt
b, =;L f(t)sinna)tdt=TJ.O F@sin =i (4)

An alternate form of the evaluation integrals with the variable ¥ = @t and the corresponding period 27
radians is

1 2
a,=— J F(y)cosny dy 5)
0
1 2r
b, = 7 j F(y)sinny dy (6)
0

where F(y) =f(y/w). The integrations can be carried out from —7/2 to 7/2, —m to +7, or over any other
full period that might simplify the calculation. The constant a is obtained from (3) or (5) with n = 0;
however, since 1 aq, is the average value of the function, it can frequently be determined by inspection
of the waveform. The series with coefficients obtained from the above evaluation integrals converges
uniformly to the function at all points of continuity and converges to the mean value at points of

discontinuity.
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EXAMPLE 17.1 Find the Fourier series for the waveform shown in Fig. 17-2.

wt

27 47

Fig. 17-2

The waveform is periodic, of period 27/@ in ¢t or 27 in @¢t. It is continuous for 0 < wt < 27 and given therein
by f(t) = (10/2m)wt, with discontinuities at @t =n2w where n=0, 1, 2, . . . . The Dirichlet conditions are satisfied. The
average value of the function is 5, by inspection, and thus, %ao = 5. Forn >0, (5) gives

1 27

2
10 10 | ot . 1
a =— oy wtcosnwtd(wt) = — 751nna)t + — cosnwt
T 0 2 n 0

1
9 5 (cosn2m — cos0) = 0
n'n

Thus, the series contains no cosine terms. Using (6), we obtain

1710y . 10 [ ot 1 10

b =— 5 |wtsinnwt d(wt) = —| ———cosnwt + — sinnwt =——

L 2r o n n n
0 o

Using these sine-term coefficients and the average term, the series is

10 10 10 . 10 O sinnoor
f(t)=5—7sma)t—Estwt—Esm.%wt—-u—5—7 P

n=1

The sine and cosine terms of like frequency can be combined as a single sine or cosine term with a phase
angle. Two alternate forms of the trigonometric series result.

f@) = %ao + ch cos(nwt —6,) (7)
and f) = %ao + ch sin(nwt + ¢,) (8)

where ¢, = ,Iafl + bf, 0, = tan_l(bn/an), and ¢, = tan ™" (a,/b,). In (7) and (8), c, is the harmonic amplitude,
and the harmonic phase angles are 6 or ¢, .

17.3 Exponential Fourier Series

A periodic waveform f(f) satisfying the Dirichlet conditions can also be written as an exponential Fourier
series, which is a variation of the trigonometric series. The exponential series is

=3

f(n) = Z A e 9)

n=-—oco

—jnot

To obtain the evaluation integral for the A coefficients, we multiply (9) on both sides by e and

integrate over the full period:
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2r ) 21 ) ] 2r ) )
j fOe " d@t =+ | A_e e d(wr) + J A_e e d(or)
0 Jo 0
21 ) 2 ) )
+ Ay " d(wt) + j A" d(oot) + - - - (10)
JO 0
2T ) )
+ | A" d(awr) + -
Jg0

The definite integrals on the right side of (10) are all zero except J’Ozﬂ A d(o1) which has the value 27A . Then

1 2n ) 1 T ]
A, = EI f@e™d@n  or A = TI f@oye 2 gy (11)
0 0

Just as with the a, and b, evaluation integrals, the limits of integration in (11) may be the endpoints of
any convenient full period and not necessarily 0 to 27z or O to 7. Note that, f(¢) being real, A_ = A:, so that
only positive n values need to be considered in (11). Furthermore, we have

a,=2ReA, b =-2ImA, (12)

EXAMPLE 17.2 Derive the exponential series (9) from the trigonometric series (1).
Replace the sine and cosine terms in (1) by their complex exponential equivalents.

Jnot P Jjnot jnot

sinnwt cosnwt te
11N n = n =
2j 2

— jnot

Arranging the exponential terms in order of increasing n from —oo to +oo, we obtain the infinite sum (9) where
A,=ay/2 and

1 1
An:7(an - jb,) A_, ZE(an +jb,) forn=1,2,3,---
EXAMPLE 17.3 Find the exponential Fourier series for the waveform shown in Fig. 17-2. Using the coefficients of
this exponential series, obtain ¢, and b, of the trigonometric series and compare with Example 17.1.

In the interval 0 < @t < 27 the function is given by f(#) = (10/2m)wt. By inspection, the average value of the function
is A, =S5. Substituting f(¢) in (11), we obtain the coefficients A, .

o . 27
1 1 j 1 et 1
A, = Z_J‘ (Z_O)wte " gon) = | L o~ 1) | = j2_0
n), (2@ @n)’ | (-jn) A N
Inserting the coefficients A, in (12), the exponential form of the Fourier series for the given waveform is

10 _joe .10 10 Ger 100 oy

S Rk Rt [ = —_—
f(= I3z I3z +5+12ﬂe +]4”e + (13)

The trigonometric series coefficients are, by (12),

a =0 b =——10
n n ﬂn
10 . 10 . 10 .
and so fH)y=5- ?sma)t T sin2wt — I sin3wt — - - -

which is the same as in Example 17.1.

17.4 Waveform Symmetry

The series obtained in Example 17.1 contained only sine terms in addition to a constant term. Other wave-
forms will have only cosine terms; and sometimes only odd harmonics are present in the series, whether the
series contains sine, cosine, or both types of terms. This is the result of certain types of symmetry exhibited




CHAPTER 17 Fourier Method of Waveform Analysis 461

by the waveform. Knowledge of such symmetry results in reduced calculations in determining the Fourier
series. For this reason the following definitions are important.

1. A function f (x) is said to be even if f(x) = f(—x).
The function f(x) =2 + x> +xisan example of an even function since the functional values for x and —x
are equal. The cosine is an even function, since it can be expressed as the power series

2 4 6 8
X X X X

cosx =1-— 2'+ﬂ—a+g—---
The sum or product of two or more even functions is an even function, and with the addition of a constant
the even nature of the function is still preserved.
In Fig. 17-3, the waveforms shown represent even functions of x. They are symmetrical with respect to
the vertical axis, as indicated by the construction in Fig. 17-3(a).

0 \/ ) ol :
SRnAT L | x
\/ ==l 3 51 x x

| | i (]
(a) (b) (c) (d)
Fig. 17-3

2. A function f(x) is said to be odd if f(x) = —f(—x).
The function f(x) = x + X +x isan example of an odd function since the values of the function for x and
—x are of opposite sign. The sine is an odd function, since it can be expressed as the power series

3 5 7 9
X

. X x x
sinx = x — =7 + +57—

31750 7ol
The sum of two or more odd functions is an odd function, but the addition of a constant removes the odd
nature of the function. The product of two odd functions is an even function.

The waveforms shown in Fig. 17-4 represent odd functions of x. They are symmetrical with respect to the
origin, as indicated by the construction in Fig. 17-4(a).

A A
\4& wl/

(b) (d)
Fig. 17-4
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3. A periodic function f(x) is said to have half-wave symmetry if f(x) = —f (x + T/2), where T is the period.
Two waveforms with half-wave symmetry are shown in Fig. 17-5.

N

N

(a)

Q
~

(b)
Fig. 17-5

When the type of symmetry of a waveform is established, the following conclusions are reached. If the
waveform is even, all terms of its Fourier series are cosine terms, including a constant if the waveform has
a nonzero average value. Hence, there is no need of evaluating the integral for the coefficients b , since no
sine terms can be present. If the waveform is odd, the series contains only sine terms. The wave may be odd
only after its average value is subtracted, in which case its Fourier representation will simply contain that
constant and a series of sine terms. If the waveform has half-wave symmetry, only odd harmonics are present
in the series. This series will contain both sine and cosine terms unless the function is also odd or even. In any
case, a, and bn are equal to zero for n =2, 4, 6, . . . for any waveform with half-wave symmetry. Half-wave
symmetry, too, may be present only after subtraction of the average value.

Certain waveforms can be odd or even, depending upon the location of the vertical axis. The square wave
of Fig. 17-6(a) meets the condition of an even function: f(x) = f(—x). A shift of the vertical axis to the position
shown in Fig. 17-6(b) produces an odd function f(x) =—f(—x). With the vertical axis placed at any points other
than those shown in Fig. 17-6, the square wave is neither even nor odd, and its series contains both sine and

(a)

(b)

Fig. 17-6
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cosine terms. Thus, in the analysis of periodic functions, the vertical axis should be conveniently chosen to
result in either an even or odd function, if the type of waveform makes this possible.

The shifting of the horizontal axis may simplify the series representation of the function. As an example,
the waveform of Fig. 17-7(a) does not meet the requirements of an odd function until the average value is
removed as shown in Fig. 17-7(b). Thus, its series will contain a constant term and only sine terms.

LT -
(b)
Fig. 17-7

The preceding symmetry considerations can be used to check the coefficients of the exponential Fourier
series. An even waveform contains only cosine terms in its trigonometric series and, therefore, the exponen-
tial Fourier coefficients must be pure real numbers. Similarly, an odd function whose trigonometric series
consists of sine terms has pure imaginary coefficients in its exponential series.

17.5 Line Spectrum

A plot showing each of the harmonic amplitudes in the wave is called the line spectrum. The lines decrease
rapidly for waves with rapidly convergent series. Waves with discontinuities, such as the sawtooth and square
wave, have spectra with slowly decreasing amplitudes, since their series have strong high harmonics. Their
10th harmonics will often have amplitudes of significant value as compared to the fundamental. In contrast,
the series for waveforms without discontinuities and with a generally smooth appearance will converge
rapidly, and only a few terms are required to generate the wave. Such rapid convergence will be evident
from the line spectrum where the harmonic amplitudes decrease rapidly, so that any above the 5th or 6th are
insignificant.

The harmonic content and the line spectrum of a wave are part of the very nature of that wave and never
change, regardless of the method of analysis. Shifting the origin gives the trigonometric series a completely
different appearance, and the exponential series coefficients also change greatly. However, the same harmon-
ics always appear in the series, and their amplitudes,

Coz‘%%‘ and ¢, =\a,+b, (12 1) (14)
or ¢y =4 and ¢, =|A |+]A_[=2A, |21 (15)

remain the same. Note that when the exponential form is used, the amplitude of the nth harmonic combines
the contributions of frequencies +n® and —n®.

EXAMPLE 17.4 In Fig. 17-8, the sawtooth wave of Example 17.1 and its line spectrum are shown. Since there were
only sine terms in the trigonometric series, the harmonic amplitudes are given directly by %“o and |b, |. The same line
spectrum is obtained from the exponential Fourier series, (13).
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Cn
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N

o)

3

wt 0

Fig. 17-8

17.6 Waveform Synthesis

Synthesis is a combination of parts so as to form a whole. Fourier synthesis is the recombination of the terms
of the trigonometric series, usually the first four or five, to produce the original wave. Often it is only after
synthesizing a wave that the student is convinced that the Fourier series does in fact represent the periodic
wave for which it was obtained.

The trigonometric series for the sawtooth wave of Fig. 17-8 is

f@)=5- %sinwt — %sinZwt - %sin?;a)t —

These four terms are plotted and added in Fig. 17-9. Although the result is not a perfect sawtooth wave, it
appears that with more terms included the sketch will more nearly resemble a sawtooth. Since this wave has
discontinuities, its series is not rapidly convergent, and consequently, the synthesis using only four terms
does not produce a very good result. The next term, at the frequency 4w, has amplitude 10/4x, which is
certainly significant compared to the fundamental amplitude, 10/7. As each term is added, the irregularities
of the resultant are reduced and the approximation to the original wave is improved. This is what was meant
when we said earlier that the series converges to the function at all points of continuity and to the mean value
at points of discontinuity. In Fig. 17-9, at 0 and 27 it is clear that a value of 5 will remain, since all sine terms
are zero at these points. These are the points of discontinuity; and the value of the function when these points
are approached from the left is 10, and from the right O, with the mean value being 5.

10 A e
5 —
//V
0 k=
. 27
Fig. 17-9

17.7 Effective Values and Power
The effective or rms value of the function

1 . .
f@) = 5ay ta Cos®r + a, cos2wt + - - - + b sinwt + b, sin2t + - - -

.F_121212 1b21b2 a1, 5, 1 6
5 Fm=\(2% ) Tad tga oot gbitgh e =G gataa gt (10

where (14) has been used.
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Considering a linear network with an applied voltage which is periodic, we would expect that the resulting
current would contain the same harmonic terms as the voltage, but with harmonic amplitudes of different
relative magnitude, since the impedance varies with n@. It is possible that some harmonics would not appear
in the current; for example, in a pure LC parallel circuit, one of the harmonic frequencies might coincide with
the resonant frequency, making the impedance at that frequency infinite. In general, we may write

v=V,+ ZV” sin(nwr + ¢ ) and i=1,+ ZI" sin(nwr + v, ) 17)

with corresponding effective values of

Vs \/V+ V+5V+ and \/I + 5 I+ I + - (18)

The average power P follows from integration of the instantaneous power, which is given by the product

of vand i
p=0= [Vo + ZVn sin (nwt + q)n):H:IO + ZI" sin (nwt + l//n)] (19)

Since v and i both have period 7, their product must have an integral number of its periods in 7. (Recall
that for a single sine wave of applied voltage, the product vi has a period half that of the voltage wave.) The
average may therefore be calculated over one period of the voltage wave:

T
P=%J[%+§:nmmm+%mﬁ+§:QmMM+%ﬂm (20)
0

Examination of the possible terms in the product of the two infinite series shows them to be of the follow-
ing types: the product of two constants, the product of a constant and a sine function, the product of two
sine functions of different frequencies, and sine functions squared. After integration, the product of the two
constants is still V,/; a@d the sir.le functions squ_ared with the limits applied appear as (Ynln/Z) cos (¢, — ),
all other products upon integration over the period T are zero. Then the average power is

1 1 1
P=V, + 2Vlllcos(9 + 2V2120059 + 2V3I3cos¢9 + - 1)
where 6 = ¢ — y is the angle on the equivalent impedance of the network at the angular frequency n®, and
V and [ are the maximum values of the respective sine functions.

In the special case of a single-frequency sinusoidal voltage, V=V, =V, =-.- =0, and (21) reduces to
the familiar

1VI cos@ =V I _.cos@

-2 eff” eff
Compare Section 10.2. Also, for a dc voltage, Vi=V,= V3 =..-=0, and (21) becomes
P=VI, =VI

Thus, (21) is quite general. Note that on the right-hand side there is no term that involves voltage and current
of different frequencies. In regard to power, then, each harmonic acts independently, and

P=P +P+P+-

17.8 Applications in Circuit Analysis

It has already been suggested above that we could apply the terms of a voltage series to a linear network
and obtain the corresponding harmonic terms of the current series. This result is obtained by superposition.
Thus we consider each term of the Fourier series representing the voltage as a single source, as shown in
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Fig. 17.10. Now the equivalent impedance of the network at each harmonic frequency nw1is used to compute
the current at that harmonic. The sum of these individual responses is the total response i, in series form, to
the applied voltage.

ao/2
a; cos wt

a; cos 2wt

a; cos 3wt Passive

Linear

by sin wt Network

b sin 2wt

bj sin 3wt

"®®®®®®"""‘

Fig. 17-10

EXAMPLE 17.5 A series RL circuit in which R = 5Q and L = 20mH (Fig. 17-11) has an applied voltage
V=100 + 50 sin @t + 25 sin 3wt (V), with @ = 500 rad/s. Find the current and the average power.

te

20 mH

Fig. 17-11

Compute the equivalent impedance of the circuit at each frequency found in the voltage function. Then obtain the
respective currents.
Atw=0,Z,=R=35 Q and

V. 100
— _0 _ —
IO—R— 3 =20A

At =500 rad/s, Z, =5 +j(500)(20 x 1073) =5+,10=11.15 £63.4° Q and

P Vl,max : t—0)=
ll—Tlsm(w -0)=

115(15 sin(wt — 63.4°) = 4.48sin(wr — 63.4°) (A)

At3 = 1500 rad/s, Z, =5 +j30 = 30.4 £80.54° Q and

V, 25
;= _3.max _ - =7 _ oy — i _ °
iy = Z sin(3wt — 6;) = 557 sin(3wr — 80.54°) = 0.823sin (3wr — 80.54°) (A)

The sum of the harmonic currents is the required total response; it is a Fourier series of the type (8).
i =20+ 4.48sin (wr — 63.4°) = 0.823 sin Bwr — 80.54°) (A)

This current has the effective value

I, = 20> + (4.482/2) + (0.823%/2) = J410.6 = 20.25 A
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which results in a power in the 5-Q resistor of
P =1 R=(410.6)5=2053 W

As a check, we compute the total average power by calculating first the power contributed by each harmonic and
then adding the results.

Atw=0: Fy =V, I, =100(20) = 2000 W

1, cos6, = %(50)(4.48) €05 63.4° = 50.1 W

At @ = 500 rad/s: P, :%VI

1 1
At 3w = 1500 rad/s: P, = 7V3I3 cosf, = 7(25)(0.823) cos 80.54°=1.69 W

Then, P =2000+50.1+1.69 =2052 W

Another Method

The Fourier series expression for the voltage across the resistor is
Vp = Ri =100 + 22.4 sin(wt — 63.4°) + 4.11 sin 3wt — 80.54°) (V)

1 1
and Ve = \/1002 +5(22.4)7 + 54117 = /10259 = 101.3 V

Then the power delivered by the source is P = V2. IR = (10259)/5 = 2052 W.

In Example 17.5 the driving voltage was given as a trigonometric Fourier series in ¢, and the computations
were in the time domain. (The complex impedance was used only as a shortcut; Z, and 6, could have been
obtained directly from R, L, and nw.) If, instead, the voltage is represented by an exponential Fourier series,

+oo

o) = ZVnej”“”

—oo

then we have to do with a superposition of phasors V, (rotating counterclockwise if n > 0, clockwise if
n < 0), and so frequency-domain methods are called for. This is illustrated in Example 17.6.

EXAMPLE 17.6 A voltage represented by the triangular wave shown in Fig. 17-12 is applied to a pure capacitor C.
Determine the resulting current.

In the interval -7 < @r < 0 the voltage functionisv =V, +Q27V_ /morandforO<wt<mv=V__ —QV_ /"mot.
7 \
-7 : 0 ; ™ “f

I |

I - Vmax h I
Fig. 17-12

Then the coefficients of the exponential series are determined by the evaluation integral
1 (° : 1 (" 4
V, =52 | W + @V morle " d(eor) + ﬁj‘ Vo — @V Dot d(wr)
- 0

from which V =4V / °n® for odd n,and V, =0 for even n.
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The phasor current produced by V, (n odd) is

2.2
I = \A _ 4V . ITn AV, 0C

nTZ, T UjneC T g2,

with an implicit time factor "', The resultant current is therefore

+oo +oo
e

z ; 4v, cocz et
. nwt . X
i(t) = I = J—n;;z -

—oo —oo

where the summation is over odd n only.

The series could be converted to the trigonometric form and then synthesized to show the current waveform.
However, this series is of the same form as the result in Problem 17.8, where the coefficients are An =—j(2VInm)
for odd n only. The sign here is negative, indicating that our current wave is the negative of the square wave of
Problem 17.8 and has a peak value 2V oC/x.

17.9 Fourier Transform of Nonperiodic Waveforms
A nonperiod waveform x(7) is said to satisfy the Dirichlet conditions if

(a) x(1) is absolutely integrable, fw| x(1)| dt < oo, and
(b) the number of maxima and minima and the number of discontinuities of x(¢) in every finite interval is
finite.

For such a waveform, we can define the Fourier transform X(f) by

X(f) = J. x(H)e " ay (22a)

=3

where fis the frequency. The above integral is called the Fourier integral. The time function x(¢) is called the
inverse Fourier transform of X(f) and is obtained from it by

x(1) =_[ X(f)e* " df (22b)

)

x(¢) and X(f) form a Fourier transform pair. Instead of f, the angular velocity @ = 27f may also be used, in
which case (22a) and (22b) become, respectively,

X(w) = J x()e ' dt (23a)

1 < .
and x(t) = EJ. X(w)e’ '"dw (23b)

EXAMPLE 17.7 Find the Fourier transform of x(r) = ¢ “u(z), a > 0. Plot X(f) for —eo < f < oo,
From (22a), the Fourier transform of x(r) is

1

FESTi (24)

X(f) = J e et =
0
X(f) is a complex function of a real variable. Its magnitude and phase angle, |X( f)| and X(f), respectively, shown
in Figs. 17-13(a) and (b), are given by
1
X(f) = ———=
Ja© +4an’f?

and /X(f) = —tan”' @x fla) (25b)

(25a)
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Fig. 17-13
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Alternatively, X(f) may be shown by its real and imaginary parts, Re [X(f)] and Im [X(f)], as in Figs. 17-14(a)

and (b).
Re [X(f)] =
Cd+ 47r2f2
-2rf
Im [X =
m[ (f)] a2+47r2f2
Im [x(N)]

-0.1
-0.2
-0.3

-0.4

(@)

Fig. 17-14

EXAMPLE 17.8 Find the Fourier transform of the square pulse

1 for—-T<t<T
0 otherwise

x(t) = {

From (22a),

)

T .
X(f) = J‘ oI gy — ;[ejZﬂffT _sin2nfT

. —j2nf

Because x(7) is even, X(f) is real. The transform pairs are plotted in Figs. 17-15(a) and () for T = 1s.

EXAMPLE 17.9 Find the Fourier transform of x(r) = ¢“u(—1), a > 0.

0 ) 1
X(f) = j e gy =

a-— j2nf

=5

(26a)

(26b)

27

(28)



470 CHAPTER 17 Fourier Method of Waveform Analysis

X()

x(1)

N\

f

[SIE

Fig. 17-15
EXAMPLE 17.10 Find the inverse Fourier transform of X(f) = 2a/(a2 + 47r2f 2), a>0.
By partial fraction expansion we have

1 1
XD =5 7mmr T a=jonr

The inverse of each term in (29) may be derived from (24) and (28) so that

x() = e “u(t) + e“'u(-1) = el for all ¢

See Fig. 17-16.

x(1)

Fig. 17-16

17.10 Properties of the Fourier Transform

1\/2 N_S4 5—6
-02}

(29)

Some properties of the Fourier transform are listed in Table 17-1. Several commonly used transform pairs

are given in Table 17-2.

17.11 Continuous Spectrum

1X( f)|2, as defined in Section 17.9, is called the energy density or the spectrum of the waveform x(¢). Unlike
the periodic functions, the energy content of a nonperiodic waveform x(¢) at each frequency is zero. However,

the energy content within a frequency band from f| to f, is

5
W= 2I x(f)* df
f

(30)
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Table 17-1.

Fourier Transform Properties

Time Domain x(z) = J X(f)ej2”ﬁdt

oo

Frequency Domain X(f) = j x(t)e '

v =

x(1) real

x(7) even, x(t) = x(—t)
x(1), odd, x(#) = —x(=t)
X()

x(0) = I X(Hdf

Y1) = x(ar)

Y1) = 1x(1)

Y1) =x(-1)
Y0 =x(t - 1)

X(H=X
X(f)=X(=f)

X(f)==X(=/)
x(=f)

X(0) = I x(t)dt

Y(f) = ]%[X(f/a)

___1 ax{)
Y(f)__ﬂ_ﬂT
Y(f)=X(-)

Y(f) = e X ()

Table 17-2. Fourier Transform Pairs

471

X0 X(f)
—at 1
1. e “u(h),a>0 ST
—a 2a
2. e M, a>0 = 4”2f2
3 a0 o
. ¢ @+ j2nf)
4. exp(—m2/12) T exp(—n'fzrz)
sin 277fT
S. = -
1
1
T G
~—"
6 sin 2fyt
) t 2fo
1
_L
%,
\/ ~fo o
! &5
A1) 1
9. sin 2721, ¢ S(f = fo) =0/ + fy)
2j
10. cos 2mfyt 6(f - fo) +6(f + fp)

2
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EXAMPLE 17.11 Find the spectrum of x() = ¢ “u(r) — ¢”u(~t), a > 0, shown in Fig. 17-17.

x(1)

Fig. 17-17

We have x(f) = x,(1) — x,(1). Since x,(f) = ¢ “u(f) and x,(f) = e"u(t),

1 1
Xl(f)=m Xz(f):m
—jar
Then XU) =X\ =X =
from which XA = _ e
(a® + 4’ f?)*

EXAMPLE 17.12 Find and compare the energy contents W, and W, of y, (1) = ¢ and y,() = e "u(t) — e"u(~t), a >0,
within the band 0 to 1 Hz. Let a = 200.
From Examples 17.10 and 17.11,

44° |

v, = e

2 167°f°
Y =
&+ A ) z(f)| ;

Within 0 < f < 1 Hz, the spectra and energies may be approximated by
V(| =4/a® =10"0/Hz  and W, = 20107 = 200 I
|Y2(f)2| ~107f2 and W, =0

The preceding results agree with the observation that most of the energy in y,(?) is near the low-frequency region in
contrast to y, ().

SOLVED PROBLEMS

17.1. Find the trigonometric Fourier series for the square wave shown in Fig. 17-18 and plot the line
spectrum.
In the interval 0 < wt < 7, f(t) = V; and for w < @t < 2, f(t) = —V. The average value of the wave is zero;
hence, a,/2 = 0. The cosine coefficients are obtained by writing the evaluation integral with the functions
inserted as follows:
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wt

Fig. 17-18

1 d 2 1% 1 T 1 27
J‘ V cosnwtd(wt) + J (=V)cosnwt d(wt) =—{|:—sinn(ot:| - [—sinnwt] }
T wlln n

T 0 T

=0 for all n

Thus, the series contains no cosine terms. Proceeding with the evaluation integral for the sine terms,

T 2r
= J. Vsinna)td(a)t)+J (—V)sinna)td(a)t):|

T

1% 1 v 1 2
=— [——cosnwt] + [—cosna)z:|
T { n o n -

2
= L(—cosnit + cos0 + cosn2w — cosnm) = —V(l — COSNT)
n n

Then bn =4V/anforn=1,3,5, ..., and bn =0forn=2,4,6,....The series for the square wave is

4V . 4V . 4V
f@) = 751110” + 5811’13601 + ESII’ISCDI + -

The line spectrum for this series is shown in Fig. 17-19. This series contains only odd-harmonic sine
terms, as could have been anticipated by examination of the waveform for symmetry. Since the wave in
Fig. 17-18 is odd, its series contains only sine terms; and since it also has half-wave symmetry, only odd
harmonics are present.

aV/m

T T

0o 1 2

T I!Y’
4 5 6 7 8

Y T ¥ wt
2w 3n

|
3

& 4
|
3
=)
3

Fig. 17-19 Fig. 17-20

17.2. Find the trigonometric Fourier series for the triangular wave shown in Fig. 17-20 and plot the line
spectrum.
The wave is an even function, since f(f) = f(—t), and if its average value, V/2, is subtracted, it also has
half-wave symmetry, that is, f(#) = —f(t + m). For - < ot < 0, f(t) = V+ (V/m)wt; and for 0 < wt < 7, f(1) =
V — (V/mwt. Since even waveforms have only cosine terms, all b, = 0. For n 2 1,
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T

(V]
J [V + (VIr)wt]cos nwt d(wt) + %J. [V = (VIr)wt]cos nwt d(wt)
0

T 0 4
|:J‘ cosnwtd(wt) + J. %tcosna)td(a)t) - J %tcosna)td(a)t)]
. - 0

0 T
\% 1 [ 1 wr .
= — 4| —zcosnwt + —sinnwt | —| — cosnwt + —sinnwt
T n
n _z n 0

\% 2V
= ——5[cos0 — cos(—nr) — cosnm + cos0] = —— (1 — cosnrx)
nn T°n

As predicted from half-wave symmetry, the series contains only odd terms, since a, =0 forn=2,4,6, . ...
Forn=1,3,5,...,a,=4V/ n’. Then the required Fourier series is

vV 4V 4v 4v
f() = 5 + —5coswt + ——cos3wt + ——cos5wt + - - -
2 3m) (57)

The coefficients decrease as l/nz, and thus the series converges more rapidly than that of Problem 17.1. This
fact is evident from the line spectrum shown in Fig. 17-21.

Fig. 17-21 Fig. 17-22

17.3. Find the trigonometric Fourier series for the sawtooth wave shown in Fig. 17-22 and plot the line

spectrum.
By inspection, the waveform is odd (and therefore has average value zero). Consequently the series will

contain only sine terms. A single expression, f(f) = (V/m)wt, describes the wave over the period from —7 to
+7, and we will use these limits on our evaluation integral for b, .

1 (" . v[1 . ot i 2V
b =— (VIm)wtsinnwt d(wt) = — | — sinnwt — — cosnwt = ———(cosnn)
nom) o 2\ n n . nw
As cos nmis +1 for even n and —1 for odd n, the signs of the coefficients alternate. The required series is
2 3 4

f@ = 27‘/{sina)t - lsinZa)t + lsin3a)t - lsin4(ut + - }

The coefficients decrease as 1/n, and thus the series converges slowly, as shown by the spectrum in Fig.
17-23. Except for the shift in the origin and the average term, this waveform is the same as in Fig. 17-8;
compare the two spectra.
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Cn
2V/m

YA

n 0 g 2 37w 4m

']Hl
1 2 3 4 5 6

Fig. 17-23 Fig. 17-24

L 11
0 7 8 9

17.4. Find the trigonometric Fourier series for the waveform shown in Fig. 17-24 and sketch the line
spectrum.
In the interval 0 < wt < &, f(t) = (V/m)wt; and for w < wt < 2m, f(t) = 0. By inspection, the average value of
the wave is V/4. Since the wave is neither even nor odd, the series will contain both sine and cosine terms.
For n > 0, we have

1 (" vI[i1 ot 1%
a, =— (VIr)wt cosnwt d(wt) = —2|:—zcosna)t + —smna)t] = ——(cosnm — 1)
TJo n°ln n Tn

0

When n is even, cos nw —1 =0 and a,=0. When n is odd, a,= —2V/(ﬂ2n2). The b, coefficients are

1 (" . v[i1 . wt i 1%
b =— (Vim)otsinnwt d(wt) = —| — sinnwt — —cosnwt | =———(cosnx) = (1)
nor), 2| n n ) n

n+l Vv
n

Then the required Fourier series is

vV o2V 2V
t) = — — —5Ccoswt —
f( ) 4 7[2 (377,')2

cos3wt — 2V2 cosSwt — - - -
(5m)

v .. vV . |
+ —sin@t — =—sin2wt + s—sin3wt — - - -
V/d 2w 3

The even-harmonic amplitudes are given directly by |b |, since there are no even-harmonic cosine terms.
However, the odd-harmonic amplitudes must be computed using ¢, = ,Iaf + bf . Thus,

¢, =\Q@VIZ) + (VIn)’ =V(0.3T7) ¢, =V(0.109) ¢, = V(0.064)

The line spectrum is shown in Fig. 17-25.

Cn

iV ‘ v
| | I l n s wt
1 2 3 4 5

| I |
0 7 8 9 0 T 2w 3

Fig. 17-25 Fig. 17-26

17.5. Find the trigonometric Fourier series for the half-wave-rectified sine wave shown in Fig. 17-26 and
sketch the line spectrum.
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The wave shows no symmetry and we, therefore, expect the series to contain both sine and cosine terms.
Since the average value is not obtainable by inspection, we evaluate a, for use in the term q,/2.

1" % . 2V
a —EI Vs1na)td(wt)—;[—cosa)t]0 =

0
0

Next we determine a,:

Vg
j V sin @t cos nwt d(wt)

T

\% [—n sin @t sinnwt — Cos nwt cos a)z]
T

Vv
(cosnm +1)
—n*+1 nz)

o m(l-

With n even, a, = 2V/a(1 — nz) and with n odd, a, = 0. However, this expression is indeterminate for
n =1 and, therefore, we must integrate separately for a,.

1 nV't tdt—Z ”l'tht—O
a = . sin @t cos . (co)-ir 02s1nw (wt) =

Now we evaluate bn:

U
=0
0

1" . V| n sinwt cos nwt — sinnwt cos wt
b =— Vsinwtsinnwtd(wt) = — 5
T T -n" +1

n
0

Here again the expression is indeterminate for n =1 and b, is evaluated separately.

| Vior sin2w0t]" _V
bl = EJ.O Vsin® wtd(wt) = E[T—T]O =3

Then the required Fourier series is

Vv T . 2 2 2
f = E(l + ?sma)t - gCOSZwt - Ecos4wt - 30036(01‘ - )

The spectrum, Fig. 17-27, shows the strong fundamental term in the series and the rapidly decreasing
amplitudes of the higher harmonics.

Cn

\
Vi N /\
wt
n - 0 l T 2m

| N
3 4 5 6 7

<
N 4

Fig. 17-27 Fig. 17-28

17.6. Find the trigonometric Fourier series for the half-wave-rectified sine wave shown in Fig. 17-28,
where the vertical axis is shifted from its position in Fig. 17-26.
The function is described in the interval —7 < wr < 0 by f(t) = —V sin wt. The average value is the same
as that in Problem 17.5, that is, %ao = V/r. For the coefficients a , we have

n’

0
a, = lJ‘ (=Vsinwt)cosnwtd(wt) = Lz(l + cosnr)
2 . w(l—n")
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For n even, a, =2V/n(1 - nz); and for n odd, a, = 0, except that n = 1 must be examined separately.

0
a = %J‘ (—=Vsinwt)coswtd(wt) =0

-t

For the coefficients b,, we obtain

0
b = %J. (-=Vsinwt)sinnwtd(wt) = 0
except for n = 1.

0
b = %J‘ (=V)sin’ ord(or) = —%

-
Thus, the series is

\%4 T . 2 2 2
f@) = ;(1 - 7s1nwt - §COS2(DI‘ - Ecos4a)t - Ecos6wt - )

This series is identical to that of Problem 17.5, except for the fundamental term, which has a negative coef-
ficient in this series. The spectrum would obviously be identical to that of Fig. 17-27.

Another Method
When the sine wave V sin ot is subtracted from the graph of Fig. 17.26, the graph of Fig. 17-28 results.

17.7. Obtain the trigonometric Fourier series for the repeating rectangular pulse shown in Fig. 17-29 and
plot the line spectrum.

\4

JO . . wt

—-7/6 | 76 m 2w

Fig. 17-29

With the vertical axis positioned as shown, the wave is even and the series will contain only cosine terms
and a constant term. In the period from —7 to +7 used for the evaluation integrals, the function is zero except
from —m/6 to +7/6.

1 /6 1 n/6 )
a, = —J Vd(wt) = % a =— Vcosnwtd(wt) = %sin%
-n/6 -r/6

Since sinnzm/6 = 1/2, 3/2,1,/3/2,1/2, 0,-1/2,---forn=1,2,3,4,5,6,7, .. ., respectively, the series
is

2 2
1(1 1(1
+ i(g)cos&ot - 7(7)cos7wz - ]

or f= % + %Z%Sin(rzn/&cosnwt
n=1

ﬁ(l

vV o o2v|l 1 V3 (1
f@= 3 + 7[—coswt + - E)cosZwt + l(g)cosﬁot + T(Z)coﬂwt
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The line spectrum, shown in Fig. 17-30, decreases very slowly for this wave, since the series converges
very slowly to the function. Of particular interest is the fact that the 8th, 9th, and 10th harmonic amplitudes
exceed the 7th. With the simple waves considered previously, the higher-harmonic amplitudes were progres-
sively lower.

17.8. Find the exponential Fourier series for the square wave shown in Figs. 17-18 and 17-31, and sketch
the line spectrum. Obtain the trigonometric series coefficients from those of the exponential series

and compare with Problem 17.1.
In the interval —z < @f < 0, f(t) =—V; and for 0 < wt < &, f(t) = V. The wave is odd; therefore, Ay= 0 and

Cn
V- \'2
1
eV wt
0 ™ 2w 37
1 T T T ! T ! :I ! ! ! n -V b—-——-
01 2 3 4 5 6 7 8 9 10 11
Fig. 17-30 Fig. 17-31

the A, will be pure imaginaries.

0 3
A, = %“'_ Ve ™ d(wt) + j Vej”“”d(wt)}

0

_ \% 1 —jnwt 0 1 — jnot §
S| TlEme | T Eme

jnm ¥4 jnmw 1)

0 iz _ 0y _ V.
(—e" +e’" +e e) ]mr(e

- —j2nn

For n even, ¢/"" = +1 and A, =0; for n odd, e =—1 and A, =—j(2VInm) (half-wave symmetry). The required
Fourier series is

—j3ot + jZ_Ve—jwz _ .Z_Vejwt _ jz_Veﬁwt _
T T

L2V
JW =t igge 3%

The graph in Fig. 17-32 shows amplitudes for both positive and negative frequencies. Combining the
values at +n and —n yields the same line spectrum as plotted in Fig. 17-19.

1A

2V

) —

N

Fig. 17-32
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The trigonometric-series cosine coefficients are

a,=2ReA =0

n

and b,=-2ImA, = % for odd n only

These agree with the coefficients obtained in Problem 17.1.

17.9. Find the exponential Fourier series for the triangular wave shown in Figs. 17-20 and 17-33 and sketch
the line spectrum.

- ol - 27 37

Fig. 17-33

In the interval —r < @t < 0, f(t) =V + (V/m)wt; and for 0 < @t < 1, f (1) = V — (V/m)wt. The wave is even
and, therefore, the A coefficients will be purely real. By inspection, the average value is V/2.

0 T
A, = %{J‘ [V + (VIm)wtle " d(or) + J [v - (V/n)wt]ej"wtd(wt)}
T 0

vif® r 4 T
=57 lj ote " d(wr) + I (—ot)e " d(wr) +J ne’"“”d(wt)]
n

- 0 -

. 0 . T
V e*]ﬂwt e*]nwt V .
= —514| ——=(jnot -1 - —jnot — 1 = -
= [ i (=J )L { ) (=J ) ([T ( )

For even n, "™ = +1 and A, =0;foroddn, A = 2V/mn>. Thus the series is

2V por 2V e [V 2V e 2V e

TO =t e o’ T2 @ T Gy

The harmonic amplitudes

0 (n=24,6,--)
¢, =2|A,|= 2 2
4Virgn® (n=13,5,---)

are exactly as plotted in Fig. 17-21.

17.10. Find the exponential Fourier series for the half-wave rectified sine wave shown in Figs. 17-26 and
17-34 and sketch the line spectrum.

y wt
0 ™ 2w 3w

Fig. 17-34
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In the interval 0 < wt < 7, f () = V sin wt; and from 7 to 27, f(t) = 0. Then

n

T
A :% I Vsinwte " d(wt)
0

vI[ere T Ve
=57 ———(—jnsinwt —coswr) | = ——5—
(1-n") ) 2n(1—n")

Forevenn, A =V/r(l - nz); for odd n, A, = 0. However, for n = 1, the expression for A becomes inde-
terminate. L’Hopital’s rule may be applied; in other words, the numerator and denominator are separately

differentiated with respect to n, after which n is allowed to approach 1, with the result that A | = —j(V/4).
The average value is

I - 14 v
A, = EJ Vsinwtd(or) = E[—cosa)t]0 =z

Then the exponential Fourier series is

_ Vi jser Vo por LV oje VOV e Ve Vs
JO = —q5ge” " —age T tige T A ige T3p¢T T 15g¢

The harmonic amplitudes,

2Winn* - 1) (n=246,)
¢, =2|A =V n=1
0 (n=3,57-)

are exactly as plotted in Fig. 17-27.

17.11. Find the average power in a resistance R = 10 Q, if the current in Fourier series form is
i =10 sin wt + 5 sin 3wt + 2 sin Swt (A).

The current has an effective value I, = \+(10)* + £(5 + 1(2)° = \/64.5 = 8.03 A. Then the aver-
age poweris P = I R = (64.5)10 = 645 W.

Another Method

The total power is the sum of the harmonic powers, which are given by V axImax €08 6. But the voltage

across the resistor and the current are in phase for all harmonics and 6, = 0. Then,

U, = Ri =100sinwt + 50sin3wr + 20sin5w¢
and P = %(100)(10) + %(50)(5) + %(20)(2) =645W.
17.12. Find the average power supplied to a network if the applied voltage and resulting current are
v =50+ 50sin5 x 10°# + 30sin10*# + 20sin2 x 10*¢ (V)
i=11.2s5in (5x 107 +63.4°) +10.6 sin (10*7 + 45°) + 8.97 sin (2 x 10*# + 26.6°) (A)
The total average power is the sum of the harmonic powers:

P = (50)(0) + %(50)(1 1.2)c0s63.4° + %(30)(10.6)cos45° + %(20)(8.97) c0s26.6°=317.7T W

17.13. Obtain the constants of the two-element series circuit with the applied voltage and resultant current
given in Problem 17.12.
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The voltage series contains a constant term 50, but there is no corresponding term in the current series,
thus indicating that one of the elements is a capacitor. Since power is delivered to the circuit, the other ele-
ment must be a resistor.

_ 1 2 1 2 1 2
I = \/5(11.2) + 5(10.6) + 5(8.97) =12.6 A

€

The average power is P = I:ffR, from which R = P/Iezff =317.7/159.2 =2 Q.
At w = 10" rad/s, the current leads the voltage by 45°. Hence,

1= tan45°=L !

or C=—F=50UuF
@CR wHe "

Therefore, the two-element series circuit consists of a resistor of 2 Q and a capacitor of 50 UF.

17.14. The voltage wave shown in Fig. 17-35 is applied to a series circuit with R =2 kQ and L = 10 H. Use

v, V
300

wt

—lr 1 T T T
-3 0 m T 2w

Fig. 17-35

the trigonometric Fourier series to obtain the voltage across the resistor. Plot the line spectra of the

applied voltage and vy, to show the effect of the inductance on the harmonics. Assume @ =377 rad/s.

The applied voltage has average value V_ /7, as in Problem 17.5. The wave function is even and hence
the series contains only cosine terms, with coefficients obtained from the following evaluation integral:

1 (™ 600
a,= —J 300coswtcosnwtd(wt) = —————cosnm/2V
-2 n(l—n")
Here, cos nn/2 has the value —1 forn=2,6, 10, ...,and +1 forn=4,8, 12, .. .. For n odd, cos nm/2 =0.

However, for n = 1, the expression is indeterminate and must be evaluated separately.

/2 . /2
a = l'[ 300cos’ ot d(on) = 22 [3’+ 51“2‘”’] -0y

1 o T |2 4 - 2
300 T 2 2 2
Th = — — — — — — _— s
us, v 7 (1 + 5 coswt + 3 cos2mt 15 cosdwt + 35 cos 6wt ) V)

In Table 17-3, the total impedance of the series circuit is computed for each harmonic in the voltage
expression. The Fourier coefficients of the current series are the voltage series coefficients divided by Z ;
the current terms lag the voltage terms by the phase angles 6

n

Table 17-3
n now, rad/s R, kQ nowL, kQ Z,, kQ 0,
0 0 2 0 2 0°
1 377 2 3.77 4.26 62°
2 754 2 7.54 7.78 75.1°
4 1508 2 15.08 15.2 82.45°
6 2262 2 22.62 22.6 84.92°
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300/
I, = 5 mA

i = %cos(a}t —62°) (mA)

i = 6(;07/277: cos(2ot — 75.1°) (mA)

Then the current series is

300 . 300

i = 7+ mcos((ot -62°) + cosRawrt — 75.1°)

600
3r(7.78)
- %cos@wt —82.45°%) + %cos(&ot —84.92°) —--- (mA)
and the voltage across the resistor is
Uy = Ri =95.5+70.4cos (wf — 62°) + 16.4cos 2wt — 75.1°)
—1.67cos (4wt — 82.45°) + 0.483cos (6wt — 84.92°) —--- (V)

Figure 17-36 shows clearly how the harmonic amplitudes of the applied voltage have been reduced by
the 10-H series inductance.

cn V cn V
300/ 300/‘!!’*\
1 n L
0o 1 2 3 4 6 7 01 2 3 4 5 6 7
(a) Spectrum of v (b) Spectrum of vr
Fig. 17-36

17.15. The current in a 10-mH inductance has the waveform shown in Fig. 17-37. Obtain the trigonometric
series for the voltage across the inductance, given that @ = 500 rad/s.

Fig. 17-37

The derivative of the waveform of Fig. 17-37 is graphed in Fig. 17-38. This is just Fig. 17-18 with
V =-20/r. Hence, from Problem 17.1,

di . 1. 1.
FICh) = —?(sma)l+§s1n3wt+§s1n5a)t+~~-)(A)
di 400 . 1. 1.
and so v, = me = —?(smwt + §sm3a)t + §s1n5wt +--) (V)
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di
d(wt)
20/ _.]
1 wt
- 0 T 2w
-20/m

Fig. 17-38

SUPPLEMENTARY PROBLEMS

17.16. Synthesize the waveform for which the trigonometric Fourier series is

1 1 1 .
f@) = {smwt 9sm3wt+ﬁsm5wt 79 s1n7wt+---}

17.17. Synthesize the waveform if its Fourier series is

f=5- i—(z)(cosa)t + écos3wt + %COSSCO[ +--)

20 . 1 . 1. 1 .
+7(sma)t—§s1n2wt+§sm3wz—Zs1n4a)t+---)

17.18. Synthesize the waveform for the given Fourier series.

1 1 1 1 1 1
f = ( T Ecoswt—3”0032wt+2 cos3wt — 15ﬂcos4a}t—ﬁcos6a)t+-~-

+l‘ t — 2 2 t+— 4ot —
4SIIICO 3727 sin 2@ 157 sind4w

17.19. Find the trigonometric Fourier series for the sawtooth wave shown in Fig. 17-39 and plot the line spectrum.
Compare with Example 17.1.

Vv Vv . 1. 1.
Ans. f(z)=7+E(smwt+§sm2a)z+§sm3(ot+~~)

\%
RES
wt l/
0 2m 4w 6
Fig. 17-39 Fig. 17-40

17.20. Find the trigonometric Fourier series for the sawtooth wave shown in Fig. 17-40 and plot the spectrum. Compare
with the result of Problem 17.3.

Ans.  f(t) = —

V. 1. 1. 1 .
sma)z+§s1n2a)t+§sm3a)l+Zsm4a)t+~-~
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17.21. Find the trigonometric Fourier series for the waveform shown in Fig. 17-41 and plot the line spectrum.

1 1 2V [ . 1. 1.
Ans.  f(t) = {coswt+-9cos3wt+~§§cos5wt+-~}——7;{mnan+~§mn3wt+~§mn5wt+~-}

1

/] / o ' '

0 ™ 2’\] 3r 0 - 2m
—
v v

Fig. 17-41 Fig. 17-42

wt

17.22. Find the trigonometric Fourier series of the square wave shown in Fig. 17-42 and plot the line spectrum. Compare
with the result of Problem 17.1.

Ans.  f(1) = {cos wt — %costt + ; cos5wt — %cos Tot + - - }

17.23. Find the trigonometric Fourier series for the waveforms shown in Fig. 17-43. Plot the line spectrum of each and
compare.

Ans. (a) f(t) = 12 2[ (sm nﬂ)cosna)t + %(1 - cos%)sinnwt}

D) f(r) = —+ [12(s1nn'57n)cosna)t+%(l—cosnsTﬂ)sinnwt}

n=1

10 I—l 10
wt wt
(

W w12 2w 0 Sw3 2m 4m

(a) (b)
Fig. 17-43

17.24. Find the trigonometric Fourier series for the half-wave-rectified sine wave shown in Fig. 17-44 and plot the line
spectrum. Compare the answer with the results of Problems 17.5 and 17.6.

2 2 2
Ans.  f(t) = —(1 + —cosa)t + = 3 = cos2mt — Ecos4a)t+ ﬁcos6mt - )

Fig. 17-44
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17.25. Find the trigonometric Fourier series for the full-wave-rectified sine wave shown in Fig. 17-45 and plot the
spectrum.

Ans. f(t) = 27‘/(1 + z(:052an - lcos4wt + i(:os6cot — )

3 15 35
m v m
T T wt wt
0] T 2m 0 T 27 37
Fig. 17-45 Fig. 17-46

17.26. The waveform in Fig. 17-46 is that of Fig. 17-45 with the origin shifted. Find the Fourier series and show that
the two spectra are identical.
2V 2 2 2
Ans.  f(t) = 7(1 - gCOSZ(Dl - Ecos4a)t - 30056(0[ - )

17.27. Find the trigonometric Fourier series for the waveform shown in Fig. 17-47.

=

1% 1% \% .
Ans.  f(t) = o ﬁcoswt + Zm(cos nx + n sinnx/2)cosnwt

n=2

Vv .. —nVcosnm/2 | .
+—-sinwt + E ————_— |sinnwt
4 n(l-n?)

n=

I T T T T wt
0 3T T 2w 3w

Fig. 17-47

17.28. Find the trigonometric Fourier series for the waveform shown in Fig. 17-48. Add this series termwise to that of
Problem 17.27, and compare the sum with the series obtained in Problem 17.5.

oo oo

\4 \% V(nsinnm/2 — 1) Vv . nVcosnm/2 .
Ans. f(t) = 5= + 5=coswt + ———————~cosnwt + ——sinwt + ————sinnwt
2 2nm T — 1) 4 w1 —n’)

n= n=

Vm A
1 B
0 3T 2w

Fig. 17-48

wl

m
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17.29 Find the exponential Fourier series for the waveform shown in Fig. 17-49 and plot the line spectrum. Convert the

coefficients obtained here into the trigonometric series coefficients, write the trigonometric series, and compare
it with the result of Problem 17.4.

_ 1 1Y S oL e (1 1) jer 1
Ans. f(t)—V|:---+(—9ﬂ2—j6ﬂ)e —Jgge - ﬂ2_]27r ety

1 1 jor .1 Jj2ot 1 1 Jj3wt
(”2+12ﬂ)e +]4n_e 9”2+]67r e

v ib\ l\
A wt
wt
0 T 2w 3

0 T 2m 3w

Fig. 17-49 Fig. 17-50

17.30. Find the exponential Fourier series for the waveform shown in Fig. 17-50 and plot the line spectrum.

_ 1 1 —j3wt o1 —j20t 1 o1 —jot 1
Ans. f(t)—V|: +(9ﬂ2+]67t)e +]4n_e + 7-;2+]27T e +4

1 o1 jor o1 Jj2ot 1 1 j3ot
+(;‘fﬁ)e gt o TJem)e T

17.31. Find the exponential Fourier series for the square wave shown in Fig. 17-51 and plot the line spectrum. Add the

exponential series of Problems 17.29 and 17.30 and compare the sum to the series obtained here.

1 1 o 11 1
Ans.  f(r) = V(~-+j§e jat tjpe M vy e —jﬁeﬁw’ —)

0 g 2w 3

Fig. 17-51

17.32. Find the exponential Fourier series for the sawtooth waveform shown in Fig. 17-52 and plot the spectrum.

Convert the coefficients obtained here into the trigonometric series coefficients, write the trigonometric series,
and compare the results with the series obtained in Problem 17.19.

1 _; 1 _; 1 1 1
Ans. f(t) = V( B o ‘]Ee J201 + ‘]ﬁe Jot + 5 — jﬁelwt — jﬁejzwt — )
v [\l\,\‘
! wt
0| 2w 4T 6m

Fig. 17-52
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17.33.

17.34.

17.35.

17.36.

Find the exponential Fourier series for the waveform shown in Fig. 17-53 and plot the spectrum. Convert the
trigonometric series coefficients found in Problem 17.20 into exponential series coefficients and compare them
with the coefficients of the series obtained here.

T

v 1%
/_,,/oL "/]IV{ ! 0 \IA\I{ wl
N N

Fig. 17-53 Fig. 17-54

_ o1 —j2mt 1 —jor 1 jot o1 jlot
Ans. f(t)—V(-~- ey 4 - j—e tige tisge +---

Find the exponential Fourier series for the waveform shown in Fig. 17-54 and plot the spectrum. Convert the
coefficients to trigonometric series coefficients, write the trigonometric series, and compare it with that obtained
in Problem 17.21.

_ 2 1 —j3wt 2 1 —jot 2 1 jot
Ans.  f(t) = V|: +(9”2 —J3ﬂ)e +(7r2 Jﬂ)e + o~ tigle

2 1 Jjlot
o]

Find the exponential Fourier series for the square wave shown in Fig. 17-55 and plot the line spectrum. Convert
the trigonometric series coefficients of Problem 17.22 into exponential series coefficients and compare with the
coefficients in the result obtained here.

Ans.  f() = %( St %e_jswl - %e_ﬂw’ +e 4 %e_ﬁwt + %ejsa” - )
\'%
L
T T wt
0 g 2m
—_ _y

Fig. 17-55

Find the exponential Fourier series for the waveform shown in Fig. 17-56 and plot the line spectrum.

) _ v . 2 —j2wt | T\ —jor \% | T\ jor
Ans. f(z)—~~+ﬁsm(?)e +Esm(g)e +€+Esm(g)e

Vv . (2r 20t
+ﬁsm(?)e + .-

—ml6 | w6 by 2w

Fig. 17-56
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17.37.

17.38.

17.39.

17.40.

17.41.

17.42.

17.43.

CHAPTER 17 Fourier Method of Waveform Analysis

Find the exponential Fourier series for the half-wave-rectified sine wave shown in Fig. 17-57. Convert these
coefficients into the trigonometric series coefficients, write the trigonometric series, and compare it with the
result of Problem 17.24.

\% . . vV _. . \% . .
Ans. f(t)=---=q5z€ oty %e ety d oy % + %e’w’ + ﬁeﬂw’ - %eﬂw’ o
\% \%
T T Al wl T T 4
—im 0’ %1r ™ 27 0] T 2w “
Fig. 17-57 Fig. 17-58

Find the exponential Fourier series for the full-wave rectified sine wave shown in Fig. 17-58 and plot the line
spectrum.
2V e | 2

Vv
4
T

_j 2V 2V 2V
Jj2er | AV j2or jhot
157 e 3 + + e +

Ans. f()=---— e =

Find the effective voltage, effective current, and average power supplied to a passive network if the
applied voltage is v =200 + 100 cos (5007 + 30°) + 75 cos (15007 + 60°) (V) and the resulting current is
i=3.53 cos (5007 + 75°) + 3.55 cos (15007 + 78.45°) (A). Ans. 218.5V,3.54 A, 250.8 W

A voltage v =50 + 25 sin 500¢ + 10 sin 15007 + 5 sin 25007 (V) is applied to the terminals of a passive network
and the resulting current is

i=5+2.23s5in(5007 — 26.6°) + 0.556sin (15007 — 56.3°) + 0.1865sin (25007 — 68.2°) (A)

Find the effective voltage, effective current, and the average power.
Ans. 53.6 V,5.25A,276.5W

A three-element series circuit, with R =5 Q, L =5 mH, and C = 50 uF, has an applied voltage v = 150 sin 1000z +
100 sin 20007 + 75 sin 3000z (V). Find the effective current and the average power for the circuit. Sketch the line
spectrum of the voltage and the current, and note the effect of series resonance.

Ans. 16.58 A, 1374 W
A two-element series circuit, with R = 10 Q and L = 20 mH, has current

i =5sin 100 + 3 sin 3007 + 2 sin 5007 (A)

Find the effective applied voltage and the average power.
Ans. 48V, 190 W

A pure inductance, L = 10 mH, has the triangular current wave shown in Fig. 17-59, where w= 500 rad/s. Obtain
the exponential Fourier series for the voltage across the inductance. Compare the answer with the result of
Problem 17.8.

Ans. v, = &(- ce— j%e_ﬁwt - je_jwt + jeja" + j%ejwt +--)(V)

L 2
T

Fig. 17-59
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17.44. A pure inductance, L = 10 mH, has an applied voltage with the waveform shown in Fig. 17-60, where
@ =200 rad/s. Obtain the current series in trigonometric form and identify the current waveform.

.20 . 1. 1 . | L
Ans. = 7(5111 ot — gsin 3wt + ﬁsm&ol ~ Zosin Tt + - --) (A); triangular

10

—-104

Fig. 17-60

17.45. Figure 17-61 shows a full-wave-rectified sine wave representing the voltage applied to the terminals of an LC
series circuit. Use the trigonometric Fourier series to find the voltages across the inductor and the capacitor.

4V L
Ans. v, = n_’” 2a)—LcosZa)t - Llcoﬂa)t +--
4Vm 1 1 1
Ve = 7 12~ I cos2mt + 1 cosdwt — - -+
i 3(2a)C)(2wL - Za)C) 15(4wC)(4wL - 4a)C)
13}
Vm
ol s 27 “
Fig. 17-61

17.46. A three-element circuit consists of R =5 € in series with a parallel combination of L and C. At @ = 500 rad/s,
X, =2Q, X,=8 L. Find the total current if the applied voltage is given by v =50 + 20 sin 500z + 10 sin 1000z (V).
Ans. i=10+3.53 sin (5007 — 28.1°) (A)






APPENDIX A

Complex Number System

Al Complex Numbers

A complex number z is a number of the form x + jy, where x and y are real numbers and j = \/—1. We write
x =Re z, the real part of z; y = Im z, the imaginary part of z. Two complex numbers are equal if and only if
their real parts are equal and their imaginary parts are equal.

A2 Complex Plane

A pair of orthogonal axes, with the horizontal axis displaying Re z and the vertical axis j Im z, determine a
complex plane in which each complex number is a unique point. Refer to Fig. A-1, on which six complex
numbers are shown. Equivalently, each complex number is represented by a unique vector from the origin
of the complex plane, as illustrated for the complex number z, in Fig. A-1.

jlmz ljx
— -~

+is - N
3@ s // = “
% 3 % / /B \
21=6 i | B \
: »---=--—- - j2 | / 90°
x:-—-?—;ﬂ ' L ! j2x=—x f \
n=j4 i . 1 1 — +._,
Ze=-3+2 —t—t+———+ —+— > A=
:!2_4h;4 S4-r-2- Jod 23405 TRes \ P
26=3+)3 for \\ /
r-i3 4 1 \ //
: i i \\\ ///
T Px=-jx
Fig. A1 Fig. A-2

A3 Vector Operator j

In addition to the definition of j given in Section A1, it may be viewed as an operator which rotates any com-
plex number (vector) A 90° in the counterclockwise direction. The case where A is a pure real number, x, is
illustrated in Fig. A-2. The rotation sends A into jx, on the positive imaginary axis. Continuing, j2 advances
A 180°; j3, 270°; and j4, 360°. Also shown in Fig. A-2 is a complex number B in the first quadrant, at angle 6.
Note that /B is in the second quadrant, at angle 8+ 90°.
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A4 Other Representations of Complex Numbers

In Section A1 complex numbers were defined in rectangular form. In Fig. A-3, x =rcos 6, y = rsin 6, and the
complex number z can be written in trigonometric form as

zZ=x+ jy=r(cosf+ jsinh)

where r is the modulus or absolute value (the notation r = |z| is common), given by r = \/xz + y2 , and the
angle 0= tan”' (v/x) is the argument of z.

ym——————— z

Fig. A-3

Euler’s formula, ¢’® = cos 6 + J sin O, permits another representation of a complex number, called the
exponential form:

z=rcosO+ jrsin6 = re’

A third form, widely used in circuit analysis, is the polar or Steinmetz form, z = r /8, where 0 is usually
in degrees.

A5 Sum and Difference of Complex Numbers

To add two complex numbers, add the real parts and the imaginary parts separately. To subtract two complex
numbers, subtract the real parts and the imaginary parts separately. From the practical standpoint, addition
and subtraction of complex numbers can be performed conveniently only when both numbers are in the
rectangular form.

EXAMPLE A1 Givenz,=5-j2and z,=-3 -8,
2,+2,=(5-3)+j-2-8=2-j10

2,—12,=(-3-5)+ j(-8+2) = -8 j6

A6 Multiplication of Complex Numbers

The product of two complex numbers when both are in exponential form follows directly from the laws of
exponents.

Jj6 Je. J(6,+6,)
22,= e e ?)=nne "

The polar or Steinmetz product is evident from reference to the exponential form.
z,=(/6)(r, /6,) =11, /6, 16,
The rectangular product can be found by treating the two complex numbers as binomials.
2,2, = (0, + 305 + 3) = X%, + Y, + 0 + 0,

= (x1x2 - ylyz) + j(-xlyz + ylxz)
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EXAMPLE A2 Ifz = 5¢/" and z, = 2¢7/™°, then z,z, = (5¢/"7)(2¢7/7/°) = 107",

EXAMPLE A3 If z =2 /30°and z, = 5/ —45°, then z;z, = (2 /30°)(5 / —45°) =10 / —15° .

EXAMPLE A4 Ifz =2+ ;3 and z, =—1- /3, then z;z, = 2+ j3)(-1-j3)=7-j9.

A7 Division of Complex Numbers
For two complex numbers in exponential form, the quotient follows directly from the laws of exponents.

Z rejg1 o
1 1 - 1,/6-6)

2

Again, the polar or Steinmetz form of division is evident from reference to the exponential form.

L VA N T
zz_rZ&_rZM

Division of two complex numbers in the rectangular form is performed by multiplying the numerator and
denominator by the conjugate of the denominator (see Section A8).

Z _ 5t (xz - jyz) _ Oy H ) H 0%, =X X% oy, +j NiXy Nt

= ; — 72 22 22
Z, Xt n{X oI, X, +, X, +y, X+,

EXAMPLE A5 Givenz, =4¢"" and z, = 2¢/°,

i3
z,  4e’”"

7 inl6
Z, 2"

=2 Jjml6

EXAMPLE A6 Given z, = 8/=30° and z, =2 /-60°,

-30°
830 e
Z, 2/-60°
EXAMPLE A7 Givenz, =4 —jSandz,=1+ 2,

o _4- (=26 .13
T+ p\T=2)7 757775

z,

A8 Conjugate of a Complex Number
The conjugate of the complex number z = x + jy is the complex number z* = x — jy. Thus,

Z+1z* z-—1z*
Rez = — Imz = % |z| = \Jzz*

In the complex plane, the points z and z*{ are mirror images in the axis of reals.
In exponential form: z = re’®, z* = re 7.

In polar form: z = r£0, z* = r/=0.

In trigonometric form: z = r(cos 6 + jsin 6), z* = r(cos 6 — jsin 6).

Conjugation has the following useful properties:

() @)=z (i) (z,2,)* = 27 2

*
zZ z¥
i3 % = g% % ; 1| _ 4
(i) (z,xz)*=1z} 2z} @iv) (Z—) =5
2 2
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Matrices and Determinants

B1 Simultaneous Equations and the Characteristic Matrix
Many engineering systems are described by a set of linearly independent simultaneous equations of the form

Y= apX T apX, T appxs e tax,
Yy = Ay Xy T AyXy +yaxy t et a,y X,

ym = aml'xl + an12x2 + am3x3 Tt am X

where the x; are the independent variables, the y, the dependent variables, and the a, are the coefficients of
the independent variables. The a,; may be constants or functions of some parameter.
A more convenient form may be obtained for the above equations by expressing them in matrix form.

N A G Q3 4y |1 X
Vol |91 9 Y3 Dy || X2
ym aml amZ amS T amn xn

or Y = AX, by a suitable definition of the product AX (see Section B3). Matrix A = [al.j] is called the
characteristic matrix of the system; its order or dimension is denoted as

d(A)=mXn

where m is the number of rows and #» is the number of columns.

B2 Types of Matrices

Row matrix. A matrix which may contain any number of columns but only one row; d(A) = 1 X n. Also
called a row vector.

Column matrix. A matrix which may contain any number of rows but only one column; d(A) =m X 1.
Also called a column vector.

Diagonal matrix. A matrix whose nonzero elements are all on the principal diagonal.

Unit matrix. A diagonal matrix having every diagonal element unity.

Null matrix. A matrix in which every element is zero.

Square matrix. A matrix in which the number of rows is equal to the number of columns; d(A) =n X n.
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Symmetric matrix. Given

A Gy dyg a4,

A=|% Y2 9 o d(A) = m X n
aml amZ amS amn

the transpose of A is
1 % 4 4y
, iy Gy Gzp " Ay ,

A =la, a,; ay; o a,, dA")=nxm

a]n a2n a3n amn

Thus, the rows of A are the columns of AT, and vice versa. Matrix A is symmetric if A = AT; a symmetric
matrix must then be square.
Hermitian matrix. Given

a4y Ay a,

A= yp Gy Gy @,

aml am2 am3 amn

the conjugate of A is
sk sk %k sk
ar ap ars ai,
ES ES

Af= | D1 @ a3 o
* *k ES £
aml am2 am3 am

Matrix A is hermitian if A = (A*)T' that is, a hermitian matrix is a square matrix with real elements on the
main diagonal and comglex conJugate elements occupying positions that are mirror images in the main
diagonal. Note that (A™)" = (A )

Nonsingular matrix. An n X n square matrix A is nonsingular (or invertible) if there exists an n X n
square matrix B such that

AB=BA =1

where I is the n X n unit matrix. The matrix B is called the inverse of the nonsingular matrix A, and we write
B=A".IfAis nonsingular, the matrix equation Y = AX of Section B1 has, for any Y, the unique solution

X=A"Y

B3 Matrix Arithmetic

Addition and Subtraction of Matrices
Two matrices of the same order are conformable for addition or subtraction; two matrices of different orders
cannot be added or subtracted.

The sum (difference) of two m X n matrices, A = [q, ] and B = [b]] is the m X n matrix C of which each
element is the sum (difference) of the corresponding elements of A and B. Thus, A= B = [aij + bij].
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EXAMPLE B1 If

(1 4 0 5 2 6
A: B:
12 7 3 01 1
[1+5 4+2 0+6 6 6 6
then A+B= _
12+0 7+1 3+1 2 8 4
(-4 2 -6
A-B=
|2 6 2

The transpose of the sum (difference) of two matrices is the sum (difference) of the two transposes:

A+tBY =AT +B

Multiplication of Matrices

The product AB, in that order, of a 1 X m matrix A and an m X | matrix B is a 1 X 1 matrix C = [cll],
where

S

11
21

S S

C=laq,q,a -a

12 %13 7 lm] 31

b

ml

m

=lay by, +ayby +-+a,b, 1= E ayby,
k=1

Note that each element of the row matrix is multiplied into the corresponding element of the column matrix
and then the products are summed. Usually, we identify C with the scalar c|,, treating it as an ordinary
number drawn from the number field to which the elements of A and B belong.

The product AB, in that order, of the m X s matrix A = [aij] and the s X n matrix B = [bij] is the m X n
matrix C = [cl.j], where

¢ = E aikbkj i=12,---,m, j=12,---,n)
k=1
EXAMPLE B2
a4y b, b, abyy +abyy o ay by, +agby,
Gy Ay |:b21 sz = [y by +ayby  ay by, +ayby,
a3 43y ay by +aypbyy ayby, +ayby,
305 =80, [31,+51,-81,
2 1 6|1 |=]|21 + 11, + 6l
4 -6 7|1,| |41, -61,+7I,
5 3|8 -2 6 3 5@8) + (=3)(7) 5(=2) + (-3)(0) 5(6) + (-3)(9) B 19 -10 3
4 207 0 9| | 4®+27) 4(=2) + 2(0) 46)+209) | |46 -8 42
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Matrix A is conformable to matrix B for multiplication. In other words, the product AB is defined, only when the
number of columns of A is equal to the number of rows of B. Thus, if A is a 3 X 2 matrix and B is a 2 X 5 matrix, then
the product AB is defined, but the product BA is not defined. If D and E are 3 x 3 matrices, both products DE and
ED are defined. However, it is not necessarily true that DE = ED.

The transpose of the product of two matrices is the product of the two transposes taken in reverse order:

(AB)" = B"A"
If A and B are nonsingular matrices of the same dimension, then AB is also nonsingular, with

(AB)' =B 'A™!

Multiplication of a Matrix by a Scalar
The product of a matrix A = [aij] by a scalar & is defined by

kA = Ak = [kaij]
that is, each element of A is multiplied by k. Note the properties

k(A+B)=kA+kB  Kk(AB)=(kA)B = A(kB)  (kA)" = kA"

B4 Determinant of a Square Matrix

Attached to any n X n matrix A = [al.j] is a certain scalar function of the A called the determinant of A. This
number is denoted as

a, a, ... a,
a a cee a

detA or N or A, or 2l 722 2n
an] an2 ann

where the last form puts into evidence the elements of A, upon which the number depends. For determinants
of order n =1 and n =2, we have explicitly

a a

11 12

a5y

|a“| =4y a = 4114y, ~ appay,

21

For larger n, the analogous expressions become very cumbersome, and they are usually avoided by use of Laplace’s
expansion theorem (see below). What is important is that the determinant is defined in such a way that

det AB = (det A)(det B)
for any two n X n matrices A and B. Two other basic properties are:
detA” = detA detkA = k" detA

Finally, det A # 0 if and only if A is nonsingular.

EXAMPLE B3 Verify the determinant multiplication rule for

S NS
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We have
ago|t 42 9[22 94
3 2l 1 x| |4 27+2m
and 2 9+4ﬂ—2(27+27r)—(9+47r)(—4)—9O+207r
-4 27+2;| B

But 1 4
5 = 12) - 4(3) = —-10

9‘ = —2(m) - 9(1) = -9 - 27
/1

and indeed 90 + 207 = (-10)(-9 - 27)

Laplace’s Expansion Theorem
The minor, M, of the element a; of a determinant of order n is the determinant of order n — 1 obtained by
deleting the row and column containing a;. The cofactor, Al.j, of the element a; is defined as

"
Ay =DM,

Laplace’s theorem states: In the determinant of a square matrix A, multiply each element in the pth row
(column) by the cofactor of the corresponding element in the gth row (column), and sum the products. Then
the result is O, for p # ¢; and det A, for p =g.

It follows at once from Laplace’s theorem that if A has two rows or two columns the same, then det A =0
(and A must be a singular matrix).

Matrix Inversion by Determinants; Cramer’s Rule
Laplace’s expansion theorem can be exhibited as a matrix multiplication, as follows:

4 G 43 a, (| A Ay Ay o Ay
yp Gyp Ay @y, ([ B Ay Ay A,
anl anZ an3 o ann Aln A211 A3n o Ann
(A Ay Ay A e @, ag 4,
B Byp Ayn o Ay Gy Gy a4y,
_Aln A2n A3n Arm anl anZ an3 ann
[det A 0 0 0
| 0 detA 0 0
[ 0 0 0 - detA
or A(adj A) = (adj A)A = (det A)I

where adj A = [Aji] is the transposed matrix of the cofactors of the a; in the determinant of A, and I is the n X
7 unit matrix.
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If A is nonsingular, one may divide through by det A # 0, and infer that

ATl = q ltAad]A

This means that the unique solution of the linear system Y = AX is

1 .
X _(detAadJ A)Y

which is Cramer’s rule in matrix form. The ordinary, determinant form is obtained by considering the rth row
(r=1,2,...,n) of the matrix solution. Since the rth row of adj A is

[Alr A2r A3r Anr]
we have:

N
Yy

1
X (det A)[A Ay Ay ALY,

Vn

1
(detA)(ylAl +y2A2 +y3A + - +ynAnr)

G 7 Yooy N Yo 4,

_ 1 Ay 0 Gyyy Yo Gy T Gy,
det AJ|... ...
anl T an(r—l) yn an(r+l) ann

The last equality may be verified by applying Laplace’s theorem to the rth column of the given determinant.

B5 Eigenvalues of a Square Matrix

For a linear system Y = AX, with n X n characteristic matrix A, it is of particular importance to investigate
the “excitations” X that produce a proportionate “response” Y. Thus, letting Y = AX, where A is a scalar,

X = AX or AI-A)X =0

where O is the n X 1 null matrix. Now, if the matrix AI — A were nonsingular, only the trivial solution X =Y =0
would exist. Hence, for a nontrivial solution, the value of A must be such as to make AI — A a singular matrix;
that is, we must have

A-ay,  -a, —d; T4y,
-a A—a —a e —a
det(ll _ A) — 21 22 23 2n =0
_anl _an2 _an3 A ann

The n roots of this polynomial equation in A are the eigenvalues of matrix A; the corresponding nontrivial
solutions X are known as the eigenvectors of A.
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Setting A = 0 in the left side of the above characteristic equation, we see that the constant term in the
equation must be

det(-A) = det[(-DA] = (-1)"(det A)

Since the coefficient of A" in the equation is obviously unity, the constant term is also equal to (—1)" times the
product of all the roots. The determinant of a square matrix is the product of all its eigenvalues—an alternate,
and very useful, definition of the determinant.
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ABC sequence/ABC system,
268-270, 274, 280-282,
284-285, 287-289
AC generator, 266-267, 279
AC power, 237-265
apparent, 241-242, 244-245,
250-251, 277, 389
average, 238-240, 243-244,
251-254, 258-265, 275-279,
286, 289-290, 293, 465-467,
480-481, 488
complex, 244-248, 254, 284,
262-264, 378, 244-245, 248,
254, 262-264, 378
exchange of energy between
inductor and capacitor,
242-244
in RLC, 241-242
instantaneous, 237-239, 242-243,
252-253
maximum power transfer, 251-252
parallel-connected networks,
248-249
power factor improvement,
250-251
quadrature, 241, 250
reactive, 241-245, 249, 251
real, 239-241
sinusoidal steady state, 238-239
AC wattmeter, 277-278
Active circuits, 159-161, 193-194
first-order, 159-161
higher-order, 193-194
Active elements, 7-8
Active filters, 299-300
Active phase shifter, 161
Admittance, 214-216, 219
combination of, 215
coupling, 219
diagram, 215
in parallel, 215
in series, 215
input, 219
self-, 219
transfer, 219
Admittance parameters, short-circuit
(see Y-parameters)
Air-core transformers, 374
Ampere, 1-5
Ampere-hours, 5
Ampere-turn dot rule, 377
Ampere-turns, 377

Amplifiers, 64-116
differential/difference, 83-84
feedback in, 73-74, 94
integrator/summer, 85—89
leaky integrator, 86, 89, 310
model of, 72, 404
operational (see Op amps)

Analog computers, 88—89

Analysis methods, 37-63 (see also

Laws; Theorems)

branch current, 37, 47, 56

determinant, 38—40

Laplace transform, 425-447

matrix/matrices, 50-57

mesh (loop) current, 37-38, 42, 48,
56-62,217-219, 226

node voltage, 40—42, 219

Apparent power, 241-242, 244-245,

250-251, 2717, 389

in three-phase system, 389

Attenuator, 31

Autotransformers, 378, 389, 395

Average power, 4, 19-20, 22, 112,

124, 238-240, 243-244,
251-254, 258-265, 275-279,
286, 289-290, 293, 465-467,
480481, 488

B
Bandpass filters, 300-301
Bandwidth, 92, 296, 301-305, 319,
330-333, 340-341, 427

Battery, 5, 102, 145-147
Bode diagram, 311-313

special features, 313
Branch current method, 37
Butterworth polynomials, 320

C
Capacitance/capacitors, 7, 9, 12, 26-27,
127, 143-146, 150-153, 179,
181-185, 192, 210, 237-238,
241-242,250-251, 292, 299,
304-306, 322-323, 397-398,
415416, 440442, 467
DC steady state in, 152-153
discharge in a resistor, 143—144
establishing DC voltage across,
145-146
exchange of energy between
inductors, 242-244
in parallel, 26-27, 31
in series, 26, 31
lossy, 333

Index

Capacitive reactance, 214-215, 261,
303, 382
Capacitive susceptance, 216
CBA sequence/CBA system, 268,
271,274, 281, 287-289
Center frequency, 300-301
Centi, 2
Circuit analysis, 396433, 465468
circuit description, 396-397
DC analysis, 397-398, 401-403
using Fourier method, 465468
using Spice and PSpice, 396-433
Circuits:
analysis methods, 37-71
concepts, 7-23
diagrams of, 12—13
differentiator, 85, 88
elements in parallel, 26-27
elements in series, 25-26
first-order, 143-178
active, 159-161
higher-order, 179-208
active, 193-194
integrator, 85-87
inverting, 79
laws regarding, 24-36
locus diagram, 307-311
noninverting, 80-82
noninverting integrators, 207
polar plots, 307-311
polyphase, 266-290
RC (see RC circuits)
RL (see RL circuits)
RLC (see RLC circuits)
series-parallel conversions, 306-307
sign convention, 8
sinusoidal (see Sinusoidal circuits;
Sinusoidal steady-state
circuits)
summing, 79-80
tank, 305-306, 309
two-mesh, 185-186, 448-450
voltage-current relations, 9
Close coupling, 370-371
Coils, 368-374, 391-392, 408—409
coupled, 371-374, 408-409
energy in a pair of, 373
Column matrix, 494-496
Comparators, 92-93
Complex frequency, 186—188,
191-192, 440-441
forced response and, 190-191
frequency scaling, 192-193
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Complex frequency (Cont.)
impedance of s-domain circuits,
187-188
magnitude scaling, 192-193
natural response and, 191-192
network function and, 188-190
pole zero plots, 188—-190
Complex frequency domain, 434
Complex inversion integral, 434
Complex number system, 491-493
complex plane, 491
conjugate of, 493
difference of, 492
division of, 493
modulus or absolute value, 492
multiplication of, 492-493
rectangular form, 492
representatives of, 451-452
sum of, 492
trigonometric form, 492
vector operator, 491
Complex plane, 491
Complex power, 244-248, 254, 284,
262-264, 378
Computers:
analog, 88-89
circuit analysis using, 396-433
PSpice program (see Spice and
PSpice)
Schematic Capture program, 396
Spice program (see Spice and
PSpice)
Conductance, 1, 214
Conduction, 2, 378
Constant quantities, 4-5
Convergence region, 407
Cosine wave, 123, 135
Coulomb, 1-3
Coupled coils, 371-374
energy in a pair of, 373
conductively coupled equivalent
circuits, 373-374
Coupling admittance, 219
Coupling coefficient, 370
Coupling/linking flux, 370
Cramer’s rule, 39, 498-499
Critically damped, 181-182, 302, 318
Current, 1-2, 7-9
branch, 37
constant, 2, 4
DC, 148
Kirchhoff’s laws, 24-25
load, 82, 270
loop, 37-38, 217
magnetizing, 375-376
mesh, 37-39, 185, 216-217, 455
natural, 371-372, 374, 378
Norton equivalent, 46-47, 361
phase, 270-271, 278

Current (Cont.)
phasor, 213-214
relation to voltage, 13, 24
variable, 4

Current dividers, 28-29, 41, 216

D
Damped sinusoids, 131
Damping, 183-184, 302
critically damped, 181, 302, 318
RLC circuits in parallel, 185
RLC circuits in series, 181
overdamped, 180-182, 302, 318
RLC circuits in parallel, 183
RLC circuits in series, 180
underdamped, 182, 184, 302, 318
RLC circuits in parallel, 184
RLC circuits in series, 182
Damping ratio, 302
DC analysis, 396-397
output statements, 397—401
DC current, establishing in an
inductor, 148
DC steady state in inductors/
capacitors, 152
Decibel (dB), 90, 311
Delta system, 269
balanced loads, 271, 278
equivalent wye connections and,
271-272
unbalanced loads, 274
Determinant method, 38—-40
Diagonal matrix, 494
Diagrams,
Bode, 311
locus, 307-311
Differentiator circuit, 85, 88
Diode, 13, 22-23
forward-biased, 13
reverse-biased, 13
ideal, 22, 23
operating point, 23
terminal characteristic, 23
Direct Laplace transform, 434, 437
Dirichlet condition, 457—459, 468
Displacement neutral voltage, 275,
285
Dissipation factor, 332-333
Dot rule, 377, 378, 408
ampere-turn, 377
Dynamic resistance, 13

E

Eigenvalues, 499

Electric charge, 1, 2-3
Electric current, 2-3
Electric potential, 1, 3—4
Electric power, 4

Electrical units, 1-2, 9, 186
Electrons, 2-3, 5

Index

Elements:
active, 7-8
passive, 7-8
nonlinear, 13, 36
Energy (see also Power)
exchange between inductors and
capacitors, 242-244
kinetic, 3
potential, 3
work, 1, 3
Energy density, 470
Euler’s formula, 492
Euler’s identity, 213
Exponential function, 128-129, 148,
186, 434

F
Farad, 1
Faraday’s law, 367, 370, 374
Farads, 9, 398
Feedback in amplifier circuits, 73-74
Femto, 398
Filters, 298-300
active, 299
approximation, 319
bandpass, 300
Butterworth, 319, 321
order of, 321
Design, 321
first-order, 314-317
summary of, 317
higher-order cascades, 322
highpass, 318, 323
ideal, 299
lowpass, 89, 318
notch, 343
passive, 299
practical 298
scaling frequency response of, 322
second-order, 317-318
specifications, 319
transformation, 323
First-order circuits, 143178
active, 159-161
Forced response, 145, 158-159
Floating source, 83
Flux:
coupling/linkage, 370
leakage, 370, 376
mutual, 374-375
Force, 1, 2
Forced response, 145, 158-159,
190-191
network function and, 190-191
Fourier integral, 468
Fourier method, 457-489
analysis using computers, 416
applications in circuit analysis,
465468
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Fourier method (Cont.)
effective values and power,
464-465
exponential series, 459-460, 463
line spectrum, 463—464
trigonometric series, 459—460, 463
waveform symmetry, 460-463
waveform synthesis, 464
Fourier transform, 468471
continuous spectrum, 470
inverse, 468, 470
pairs, 471
properties of, 470-471
Frequency, 1, 119
center, 300-301
complex, 186-187, 434, 440-441
half-power, 296-297
natural, 302
operating, 306-307
scaling, 192, 322-323
Frequency domain, 216, 323, 369,
434
Frequency response, 291, 297-298,
311, 319, 321, 406
computer circuit analysis of,
426-427
from pole-zero location, 297-298
half-power, 296
high-pass networks, 292-294
low-pass networks, 292-294
network functions and, 297
parallel LC circuits, 305-306
series resonance and, 302-303
scaling of, 192, 322-323
two-port/two-element networks,
296
Frequency scaling, 192, 322-323

G
g-parameters, 351, 354
Gain, open loop, 75, 90-92, 109, 404
Generators:
AC, 266-267, 279
three-phase, 267, 279
two-phase, 266
Giga, 2, 398

H

h-parameters, 350-351, 354, 362-363

Half-power frequency, 296-297

Half-wave symmetry, 462, 472-473,
478

Harmonics, 134, 252, 460, 462—463,
465, 473

Heaviside expansion formula, 439,
446

Henry, 1, 9, 398

Hermitian matrix, 495

Hertz, 1

Higher-order circuits, 179-208
active, 193-194

High-pass filter, 160, 314, 318

Homogeneous solution, 143, 145

Horsepower, 6

hybrid parameters, 351, 355

I
Ideal transformers, 376-378
Impedance, 214-228, 291, 344, 352,
378, 441
combinations of, 215
diagram, 215
in parallel, 215-216
in s-domain, 188
in series, 215-216
input, 192, 218, 291, 373, 406
reflected, 378-379
sinusoidal steady-state circuits,
214-216
transfer, 218-219, 272, 291, 294,
345
Impedance parameters, open-circuit
(see Z-parameters)
Impulse function:
sifting property, 128
strength, 127
unit, 126-128
Impulse response:
RC circuits and, 156-157
RL circuits and, 156-157
Inductance/inductors, 1, 7-8, 9, 11,
15,20
DC steady state in, 152
energy exchange between
capacitors, 242-244
establishing DC current in, 148
in parallel, 27, 31
in series, 26
leakage, 374
mutual, 368-373, 407-408
self-, 368, 370-371, 374
Induction motor, 262, 264
Inductive reactance, 214-215, 250,
303, 373, 383
Inductive susceptance, 214-216
Input admittance, 229, 291, 304-305
Input impedance, 218, 291-293, 404
Input resistance, 43, 404
Instantaneous power, 237-239,
242-243,266-267, 276, 465
Integrator circuit, 85-87
initial conditions of, 87
leaky, 86—87
noninverting, 193, 207
International System of Units (SI),
1-2
Inverse Fourier transform, 468, 470
Inverse hybrid parameters, 351
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Inverse Laplace transform, 434, 436
Inverting circuit, 79

Tons, 2

Iron-core transformer, 374
J

Joule, 1,2,3,4

K

Kelvin temperature, 1
Kilo, 2, 398

Kilowatt-hour, 5

Kinetic energy, 3

Kirchhoff’s current law (KCL), 25,
37,40

Kirchhoff’s voltage law (KVL), 24,
38, 436

L
Lag network, 314-316
Laplace transform method, 434-456
circuits in s-domain, 440-441
convergence of the integral, 437
direct, 434
final-value theorem, 437-438
Heaviside expansion formula,
439-440, 446
initial-value theorem, 437-438
inverse, 434
network function and, 441
partial-fraction expansion, 470
selected transforms, 435
Laplace’s expansion theorem,
497498
Laws, 24-36 (see also Theorems)
Kirchhoff’s current, 25, 37, 40
Kirchhoff’s voltage, 24, 38, 436
Lenz’s, 370-372, 378
Ohm’s, 9, 46
LC circuits, parallel, 305-306
LC tank circuit, 305-306, 309
Lead network, 314-315
Leakage flux, 370, 376
Leakage inductance, 374
Length, 1
Lenz’s law, 370-372, 378
Lightning, 22
Line spectrum, 463-464
Linear transformers, 374-375, 377
Linking flux, 370
Load current, 270
Locus diagram, 307-311
Loop current method (see Mesh
current method)
Loop currents, 37-38, 217
Lossy capacitors, 333
Low-pass filters, 89, 297

M
Magnetic flux, 1
Magnetic flux density, 1
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Magnetic flux linkage, 368-369
Magnetizing current, 375-376
Magnitude scaling, 192
Mass, 1
Matrix (matrices), 494-500
adding, 295-296
characteristics, 494, 499
column, 494, 496
diagonal, 494
eigenvalues of square, 497, 499
Hermitian, 495
inversion by determinants, 498-499
multiplying, 496497
nonsingular, 495
null, 494
row, 494
scalar, 497, 499
simultaneous equations, 494
square, 494, 497-500
subtracting, 495-496
symmetric, 494
types of, 494-495
unit, 494
Z-matrix, 217-218
Matrix method, 38—41, 50-51
Maximum power transfer theorem, 47
Mega, 2, 398
Mesh current/mesh current method,
37-39, 44, 52, 58-60,
216-219, 234, 373, 391
sinusoidal circuits and, 216-219
Meter, 1
Methods, analysis (see Analysis
methods)
Micro, 2, 396, 398
Milli, 2, 398
Minimum power, 35
Motors:
induction, 262, 264
Mutual flux, 374-375
Mutual inductance, 368-369
computer circuit analysis of,
407-408, 416
conductively coupled equivalent
circuit and, 373
coupled coils and, 371-374
coupling coefficients and, 370, 407
dot-rule and, 372, 377, 408

N
Nano, 2, 398
Natural current, 371-372, 374, 378
Natural frequency, 205, 302
Natural response, 145, 158, 191-192,
411
network function and, 191-192
Network function, 188—192, 295-296,
297-301, 311-313, 441
forced response, 190-191

Network function (Cont.)
frequency response and, 297
Laplace transform and, 441
natural response, 191-192
pole zero plots, 188-189

Network reduction, 41, 47

Networks:
conversion between Z- and

Y-parameters, 349-350
g-parameters, 351, 354
h-parameters, 350, 354, 362-363
high-pass, 292-295
lag, 208, 315-316
lead, 207, 314-315
low-pass, 292-295
nonreciprocal, 345
parallel-connected, 248-249
parameter choices, 354
pi-equivalent, 348, 354
reciprocal, 345, 346, 348
T-equivalent, 346, 356, 359, 367
T-parameters, 352-355, 364-365
terminal characteristics, 344,

348-349
terminal parameters, 354-355
two-mesh, 448-449, 450
two-port, 344-367, 369
two-port/two-element, 297
Y-parameters, 346-350, 353-354
Z-parameters, 344-346, 349-350,

352,354

Newton, 1, 2

Newton-meter, 2

Node, 25-26
principal, 25-26
simple, 25

Node voltage method, 40-41, 42,

53-54, 59-61, 62, 63-64, 219
sinusoidal circuits and, 219

Noninverting circuits, 80-81

Noninverting integrators, 193, 207

Nonlinear element, 36, 48, 49

Nonlinear resistors, 13-14, 49
static resistance, 13
dynamic resistance, 13—14, 23, 49

Nonperiodic functions, 125

Nonreciprocal networks, 345

Nonsingular matrix, 495

Norton equivalent current, 46-47,
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Norton’s theorem, 45-47, 220
sinusoidal circuits and, 202

Null matrix, 494, 499

Number systems, complex

(see Complex number system)

(0]
Ohm, 1, 9, 398
Ohm’s law, 9, 47, 215

Index

Op amps, 78-89

circuit analysis of, 75-78

circuits containing several, 84-85

computer circuit analysis of,

404-406

voltage follower, 82, 107, 109, 111
Open-loop gain, 75, 90-92
Operating point, diode, 23, 49, 68
Operational amplifiers (see Op amps)
Overdamping, 180, 183, 302, 318

P
Partial-fraction expansion, 470
Particular solution, 143, 145
Passive elements, 7-8
Passive filters, 299-300
Passive phase shifter, 161
Periodic function, 117-118, 457
average/effective RMS values,
123-124
combination of, 122
Periodic pulse, 117, 412
Periodic tone burst, 118
Phase angle, 1, 119, 187-189,
211-213, 291
Phase current, 270-271, 278
Phase shift, 119, 121
Phase shifter, 161
active, 161
passive, 161
Phasor voltage, 214, 220
Phasors, 211-215
defining, 211
diagrams, 212
equivalent notations of, 213
phase difference of, 211-212
voltage, 214, 220
Pi-equivalent network, 348, 354
Pico, 2, 398
Plane angle, 1
Polar plots, 307-311
Polarity, 8, 29, 370-372
instantaneous, 372
Pole zero plots (see Zero pole plots)
Polyphase circuits, 266-290
ABC sequence/ABC system,
268-270, 274, 280-282,
284-285, 287-289
CBA sequence/CBA system,
268, 271, 274, 281, 287-289
CBA or ABC, 290
delta system, 269, 276
balanced loads, 270-271,
278
equivalent wye connections
and, 271-272
unbalanced loads, 274
instantaneous power, 266, 276
phasor voltages, 269
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Polyphase circuits (Cont.)
power measurement with
wattmeters, 277-278
three-phase loads, single-line
equivalent for, 273
three-phase power, 276-277
three-phase systems, 267-277
two-phase systems, 266267
wye system, 276
balanced loads, 271, 278
equivalent delta connections
and, 272-273
unbalanced four-wire loads,
274-275
unbalanced three-wire loads, 275
Potential energy, 3
Potentiometer, 31
Power, 1, 2, 4, 18-19, 21, 95
(see also Energy)
absorbed, 47
AC, 237-265
apparent, 241-242, 244-245,
250-251, 277
average, 4, 19-20, 22, 112, 124,
238-240, 243-244, 251-254,
258-265, 275-279, 465467
complex, 244-248, 284, 378
effective values and, 464-465
electrical, 4
in sinusoidal steady state,
238-239
instantaneous, 237-239, 242-243,
266-267, 276, 465
in three-phase systems, 276-277
minimum, 35
quadrature, 241, 250
reactive, 241-245, 265, 277
real, 239, 245 (see also average
power)
superposition of, 252-253
three-phase, 276-277
Power factor, 240, 250-251
improving, 250-251
in three-phase systems, 276-277
Power transfer, maximum, 251-252
Power triangle, 244-245, 249-250
Primary winding, 374
Principal node, 25
PSpice (see Spice and PSpice)
Pulse, response of first-order circuits
to, 155-156

Q
Quadrature power, 241, 250

Quality factor, 301-304

R
Radian, 1
Random signals, 131-132

RC circuit, 151-152, 155-157
complex first-order, 150-151
impulse response of, 156-157
in parallel, 138, 308
in series, 155157
response to exponential excitations,

158
response to pulse, 155-156
response to sinusoidal excitations,
159
step response of, 157
two-branch, 309

Reactance, 214-215

inductive, 214-215, 250, 303,
373

Reactive power, 241-245, 265, 277
in three-phase systems, 277, 289

Real power, 239, 245 (see also

average power)

Reciprocal networks, 345-346
pi-equivalent of, 348

Reflected impedance, 378-379

Resistance/resistors, 1, 9, 10, 13
capacitor discharge in, 143-144
distributed, 7
dynamic, 13-14
in parallel, 26-28, 30-32
in series, 25-26, 28
input, 43, 78-79
nonlinear, 13-14, 49
static, 13
transfer, 43—44

Resonance, 180, 198, 302-306
parallel, 180, 198, 304, 411
series, 302-303, 305, 488

RL circuits, 146-148, 150-151,

156-159
complex first-order, 150
impulse response of, 156-158
response to exponential excitations,
158
response to sinusoidal excitations,
159
source-free, 146—147
step response of, 148, 157
RLC circuits:
AC power in, 241-242
in parallel, 183-185
critically damped, 185
overdamped, 183
underdamped, 184
in series, 179-182
critically damped, 181
overdamped, 180
underdamped, 182
natural frequency and damping
ratio, 302
natural resonant frequency, 203
quality factor, 304
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RLC circuits (Cont.)
resonance:
parallel, 304-306
series, 302-303
s-domain impedance, 187-188
scaled element values, 201
Root-mean-square (RMS), 4
average/effective values, 123124
Row matrix, 494, 496

S
s-domain circuits, 185, 404
impedance, 187-188
network function, 188-190
passive networks in, 189-190
s-plane plot, 204, 298
Saturation, 76, 94, 114-116,
177-178
Sawtooth wave, 463-464, 474
Scalar, 496-497, 499
Scaling:
frequency, 192, 322-323, 343
magnitude, 192, 201-202
Second, 1
Secondary winding, 374
Self-admittance, 229
Self-inductance, 368-371, 374
Sensitivity, 109-110
analysis using computers, 416
SI units, 1-2
Siemens, 1
Signals:
nonperiodic, 125
periodic, 117-118, 122, 238
random, 131-132
Simple node, 25
Sine wave, 117, 414, 464
Sinusoidal circuits:
Norton’s theorem and, 220
steady-state node voltage method
and, 219
Thevenin’s theorem and, 220
Sinusoidal functions, 119
Sinusoidal steady-state circuits,
209-236
admittance, 214-216
element responses, 210-211
impedance, 214-216
mesh current method and, 216-219
phase angle, 211-213
phasors, 211-216
voltage/current division in
frequency domain, 216
Software (see Computers; Spice and
PSpice)
Spice and PSpice, 396433
AC steady state, 406407
AC statement, 407
independent sources, 407
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Spice and PSpice (Cont.)
.PLOT AC statement, 407
.PRINT AC statement, 407
data statements, 397
controlled sources, 398—400
current-controlled sources, 400
dependent sources, 399
independent sources, 398
linearly dependent sources, 398
passive elements, 397
scale factors and symbols, 398
voltage-controlled sources, 400
DC analysis, 397-403
output statements, 401-403
using, 399-401
exponential source, 411
Fourier analysis, 416
frequency response, 406—409
modeling devices, 410411
mutual inductance, 407-408
op amp circuit analysis, 406
pulse source, 412
sensitivity analysis, 416
sinusoidal source, 414
source file:
control statements, 416
data statements, 416
dissecting, 397
.END statement, 397
output statements, 397
title statement, 397
specifying other sources,
411-415
.SUBCKT statement, 404406
Thevenin equivalent, 403
time response, 411
transformers, 407-409
transient analysis, 411
Square matrix, 494495, 5, 497-500
Static resistance, 13
Steady state:
AC in inductors/capacitors, 209-210
DC in inductors/capacitors, 152-153
Steradian, 1
Summing circuit, 79-80
Superposition, 4445, 61, 63-65, 220
Superposition of average powers,
252-253
Susceptance, 214, 216
Switching, 99, 143, 153-154, 178
transition at, 153—-154
Symmetric matrix, 495
Symmetry:
half-wave, 462, 473-474
waveforms, 460—463
Synthesis, waveform, 464

T
T-equivalent network, 346
T-parameters, 352, 353, 354

Tank circuit, 305-306
Temperature, kelvin, 1
Tera, 2, 398
Terminal characteristics, 344,
346-351
Terminal parameters, 354-355
Tesla, 1
Theorems (see also Laws):
final-value, 437-438
initial-value, 437-438
Laplace’s expansion, 498
maximum power transfer, 47
Norton’s, 45-47, 220
Thevenin’s, 45-47, 220
Thevenin equivalent voltage, 45
Thevenin’s theorem, 45-47, 220
sinusoidal circuits and, 220
Three-phase systems (see Polyphase
circuits)
Time, 1
Time constant, 129-130, 143-249
Time domain, 92, 440
Time function, 117, 434-435
nonperiodic, 125
periodic, 117-118, 122, 238
random, 131-132
Time response:
computer circuit analysis of, 411
Time shift, 119-121
Tone burst, 118, 135, 127
Transducers, 24, 104
Transfer admittance, 219, 229
Transfer function, 75, 292-296, 312,
314-319, 403
Transfer impedance, 218-219, 291,
294, 345
Transfer resistance, 40, 43-44, 218
Transformer rating, 261-262
Transformers, 368-395, 407-409
air-core, 374
auto-, 378, 389, 395
computer circuit analysis of,
407-409
ideal, 376-377, 394-395
iron-core, 374
linear, 374-376, 387-388, 394
reflected impedance of, 378-380
Transients, 143, 149, 181, 183, 186,
191-192
computer circuit analysis of, 411
Two-mesh circuits, 169, 185-186, 203
Two-mesh networks, 448-450, 455
Two-port networks, 296, 344-367
cascade connection, 353-354
converting between Z- and Y-
parameters, 349-350
g-parameters, 351, 354-355
h-parameters, 350-351, 354-355
interconnecting, 352-354
parallel connection, 353

Index

Two-port networks (Cont.)
series connection, 352-353
T-equivalent of, 346
T-parameters, 352-355
terminals and, 344
Y-parameters, 346-348, 353-355
Z-parameters, 344-346, 352-355

U

Underdamping, 179, 182, 184-185,
302, 318

Unit delta function, 126—128

Unit impulse function, 126-128

Unit impulse response, 156-157, 175,
441-442

Unit matrix, 494

Unit step function, 125-126

Unit step response, 145, 156157,
160-161, 441-442

v
Vector operator, 491
Volt, 1, 3
Voltage, 3
displacement neutral, 275-276
Kirchhoff’s law, 24, 38, 179, 216,
345, 378, 436
node, 40-41, 63-64, 183, 219, 227,
229, 235, 397
phasor, 269-270
polarity, 8-9
Three-phase systems, 267268
relation to current, 9
Thevenin equivalent, 46
Volt-ampere reactive, 241
Voltage dividers, 28, 31-33, 103,
115-116, 216, 225, 231, 292,
324, 336
Voltage drop, 24
Voltage followers, 82, 107-109, 111
Voltage ratio, 235, 323-324, 331
frequency response of, 293
Voltage sources, 7-8
dependent, 7
independent, 7
Voltage transfer function, 199, 204,
292, 295, 303

W
Watt, 1-2, 4
Wattmeters, 277
power measurement with,
277-278
Waveforms:
analysis using Fourier method,
457-489
continuous spectrum of, 470-472
cosine, 119, 457-459
effective values and power,
464-465
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Waveforms (Cont.)
energy density of, 470
line spectrum, 463-464
nonperiodic, 125
nonperiodic transforming, 468—470
periodic, 117-119, 122, 457
sawtooth, 457, 463-464
sine, 117, 119, 457-459
symmetry of, 460—463, 473-474
synthesis of, 464, 483

Weber, 1, 370

Winding, 372, 374-378
primary, 374
secondary, 374

Work energy, 1, 2
Wye system, 269
balanced four-wire loads, 271-272
equivalent delta connections and,
272-273
unbalanced four-wire loads,
274-275
unbalanced three-wire loads,
275-276

Y
Y-parameters, 346-348, 353-355
converting between Z-parameters
and, 349-350
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Z
Zero pole plots, 188-191
frequency response from,
297-298
Z-matrix, 217-218
Z-parameters, 344-346, 352,
354-355
converting between Y-parameters
and, 349-350
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